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The depolarization occurring in attempts to measure the electron’s gyromagnetic ratio by double-scat- 
tering experiments in a magnetic field is discussed. Formulas are found for the effects expected to be most 
significant. These are applied to estimate the possible accuracy obtainable. One part in 10° seems to be quite 
feasible. In addition, formulas are appended which permit rapid estimation of other depolarization effects. 





I. INTRODUCTION 


ly a previous paper’ the change in asymmetry pro- 
duced by a magnetic field acting between the two 
targets in a double scattering of electrons was discussed. 
The magnetic field was idealized as being perfectly 
homogeneous. It is, however, necessary to consider the 
effects of small inhomogenities in the constant magnetic 
field. These will tend to depolarize the beam of electrons 
coming from the first target and thus decrease the 
asymmetry to be found after a second scattering. If all 
particles take the same path, variations in the magnetic 
field will not cause depolarization. The polarization 
vector will merely be rotated. Depolarization occurs 
only when particles take different paths through the 
field. 

In the following, the state of polarization will be dis- 
cussed in terms of the field and orbit parameters. For 
simplicity we restrict ourselves to the case where the 
constant magnetic field is oriented along the plane de- 
termined by the incident beam and first scattered beam 
but perpendicular to the direction of the first scattered 
beam. Thus, the beam executes cyclotron-like motion 
between the two targets. This corresponds to case (2) 
discussed in I. The other case in I corresponds to the 
experiment of Louisell, Pidd, and Crane’; for those 
experimental conditions the time the particles spend in 
the field is short’ so that depolarization is negligible. 

In the situation to be considered there is a magnetic 
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field that is essentially constant in the z-direction. The 
small radial decrease of the field is described by the 
index n(0<n<1). In such a field a charged particle 
executes small oscillations about an equilibrium cyclo- 
tron orbit in the plane perpendicular to the s-direction. 
The frequencies of the radial and axial oscillations about 
the equilibrium orbit are* 


w,=w(1—m)}, (1) 
and 
We=wzn', (2) 
where w,, we are the radial and axial frequencies re- 
spectively. wz is the Larmor frequency 


wr= eXo(1—f*)*/ (mec). (3) 
(Hy is the magnitude of the field along the orbit axis.) 


Il. DEPOLARIZATION 


In considering the depolarization of the beam due to 
small oscillations about the equilibrium orbit, the 
particles will be considered as Dirac particles and the 
effects of the anomalous moment will be neglected. The 
depolarization effects of the radial oscillations and 


. oscillations perpendicular to the plane of the equilibrium 


orbit will be considered separately. It is demonstrated 
that the depolarization arising from the radial oscilla- 
tions is small and independent of the number of revolu- 
tions executed by the particle. However, the depolariza- 
tion due to the oscillations perpendicular to the plane of 


*D. W. Kerst and R. Serber, Phys. Rev. 60, 53 (1941); O. 


Klemperer, Electron Optics (Cambridge University Press, Cam- 
bridge, 1953); H. Mendlowitz, thesis, University of Michigan, 
1954 (unpublished). 
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the orbit is not negligible, and places an upper limit on 
the number of revolutions between the two targets. 


A. Radial Oscillation 


We first consider the effect of the small radial 
oscillations. It has been shown,'* that in the Foldy- 
Wouthuysen representation, the equation of motion for 
the spin wave function for a Dirac particle is given by 


thb= — po HP, (4) 
where y= (eh/2moc)(1—")'= (ch/2mc). This equation 


describes the positive energy solutions in the case where 
the anomalous moment has been neglected. 

It is found that the field that the particle sees when 
executing radial oscillations in the plane of the equi- 
librium orbit (xy-plane) is 


R=K,=KotHK, sinw,t, (5) 
and 
v,(2) n 
A, (6) 
9(t) (1i- n)$ 
where »,(i) is the initial radial velocity and (i) is the 
initial orbital velocity. 
Now let 


(1) =U (tbo, (7) 


where U is a unitary transformation matrix operating on 
the spin components of , and >» is the spin wave 
function at time ‘=0. Then 
tw, K, 
U()=Qp() exp| —o,— sintwd |= 000000, (8) 
Wr Ko 
where 


(9) 


The transformation matrix U(¢) for any given particle 
in the beam depends upon the amplitude of the oscil- 
lating field X,. The relavant parameter being 3C,/Ho 
which is seen to be a function of the initial orbit parame- 
ters as given in (6). 

If the initial spin density matrix is given by 


p =4 1+a-e], 


Op(t) = exp[ iwza,/, 2). 


(10) 


where 1 is a two-by-two unit matrix and @ is the Pauli 
spin vector, the degree of polarization can be defined as® 


P=[»/(v—1) [trace(p)—1/y]={a|*. (11) 


v being the number of accessible polarization states for 
the system. The degree of depolarization is then defined 


as 
P (initial) — P (final) 


P(initial) 


(12) 


Since the Hamiltonian is Hermitian, U(é) is unitary. 
Therefore, if all the particles travelled in the same orbit, 


*K. M. Case, Phys. Rev. 95, 1323 (1954) 
*U. Fano, Phys. Rev. 93, 621 (1954) 
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they would obey the same Hamiltonian, and so 


p ()=U()p (0)U* (0, (13) 


where p(f) is the density matrix at time / and p(0) is the 
density matrix at ‘=0. From this follows that 


tracef p(t) P= tracefp“ (0) F, (14) 


and so the final degree of polarization is the same as the 
initial polarization. The depolarization vanishes. We see 
that even though the spin states of the individual 
particles precess about the field, the beam keeps the 
same polarization. 

The case of interest is the one where the particles take 
different paths. This is caused by variations in the 
initial velocities. In this case, the initial density matrix 
does not describe a pure momentum state. We assume 
that we can average over the momentum states. We 
obtain from Eq. (8) 


pe ()=(U (Dp (0)U* (®) 
=Qr(tXW (ip (0)W*())0r* (0), 


where the angular braces denote an average over the 
momentum states of the ensemble. Although the parti- 
cles of the beam spend different times in the magnetic 
field (depending upon the amplitude of the small 
oscillation about the equilibrium orbit) the experiment 
is designed so that the number of revolutions is the 
same for all the particles of the beam. Therefore wz/ is 
the same for each particle of the beam. Qp(‘) is then the 
same for each electron in the ensemble. Therefore 


trace (1) ?= trace (Wp (0) W+XW p (0)W*)]. (16) 


(15) 


Let W(t) be expressed as 


wr Ky, 
W(=exp| io. sntod | exp /2)v0-h} (17) 
Wr Ho 


where h is the unit vector in the direction of Ho, the 
main component of the field. Then 


(Wp (0)W+)=4{1+e-a(cosy)+e-h(h-a) 
X[1—(cosy)]+e:(hXa)(siny)}, (18) 


and 
trace[ p(t) P= }+{ (h-a)*+[a*+ (h-a)*] 


X[(cosy)*+(siny)*}}. (19) 


The depolarization is 


(a*— (h-a)? 


P.= Ladin sdn 1—[(cosy)*+(siny)*]}. (20) 
a 


If the initial polarization were such that the non- 
vanishing component of a was along the direction of h, 
the depolarization given by (20) would be identically 
zero. However, in general, the other components do not 
usually vanish. Therefore, it is necessary to study the 
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behavior of the trigonometric functions as a function of 
time (number of revolutions) to know how the depolar- 
ization will vary with time. The argument of the 
function + is given by (17) as 


wr KR, 
— — sin’w 


Wr Keo 


wr K,| 
a 


Wr, Heo 


< 


"l= (2 











so that, independent of time, the upper limit of + is 


n 2,(t) 





(22) 














w, Hol [1—mn v(i)| 


The fall off index of the field, m, is much less than unity 
in the proposed experiment. The ratio of the initial 
radial velocity to the initial orbital velocity is much 
smaller than unity. We can therefore consider 


(siny)»™(7), (23a) 
(cosy)~1—(y?)/2, (23b) 
and 
[(cosy)?+(siny) ] 
1— (77) +7 =[1-—((y—-@))]. (23) 


If this is substituted in into (20), we see that the 
depolarization is extremely small, of the order of small 
quantities squared. It is seen that no matter how much 
time the particles spend in the field, the depolarization 
arising from the radial oscillations is negligible. This is 
independent of the initial polarization of the beam. 


B. Transverse Oscillations 


The depolarization of the ensemble arising from small 
oscillations of parts of the beam in a direction transverse 
to the plane of the equilibrium orbits will now be con- 
sidered. The particles oscillate in the z-direction and 
“see” an oscillating magnetic field in the radial direction 
given by 


(H)o=K, Sinwel, (24) 


where 


(25) 


Here »,(i) is the initial velocity in the z-direction, 09(i) is 
the initial orbital velocity, and m is the fall off index of 
the “constant” magnetic field discussed above. 

Each electron is considered as traveling in a cyclotron- 
like orbit but each “‘sees” a radial oscillating field of 
magnitude depending upon the amplitude of oscillations 
in the z-direction (initial z-velocity). The direction of the 
oscillating field that the electrons “‘see”’ is always in the 
same direction as the electron goes about in its orbit. 
Let us consider this the x-direction. This can be decom- 
posed into two circular fields’ 


KR.=4}(K.H,,0)+-4(K,, —Ky, 0), 


(Ha/Ko) = —[0,(i)n4/09(i) J. 


(26) 


‘ 7 Rabi, Ramsey, and Schwinger, Revs. Modern Phys. 26, 167 
1954). 
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where 
(27) 


(28) 


The depolarization arising from one of the circular 
fields in (26) will be considered. This will probably tend 
to depolarize the beam more than the superposition of 
both fields of (26) where one would tend to cancel the 
effects of the other. We now consider the following field 
3 acting on the electron. 


HR,=K, Sinwel, 
Hy =Heo COSwel. 


KH,=Ko, (29a) 
H,=45C, sinwel, (29b) 
Ky= FIC, Ccoswel, (29) 


where 3, is different for different parts of the beam. 

The equation of motion of the spin wave function is 
given by (4) and a solution in the form of (7) is assumed. 
This gives us 


—=—| ¢, +——-(¢, sinw/ +c, coswe) |. (30) 
a 2 2K 
The solution of (30) is given by (Appendix A) 
U()=Qr()W(d), (31) 
where Q p(t) is given by (9) and 
W (t)=exp[ —4(wr—wa)o,t ] 
Xexp(hiro.) exp(}idro,t). (32) 
\ and + are defined by 
d cost= (wr—wa), (33a) 
d sinr= 4wrH./Ko. (33b) 


For the case of interest, the fields will be held as 
uniform as possible so that 


nl. (34) 


The initial velocity in the z direction will be very small 
compared to the orbital velocity because it is desired 
that the electrons execute a very large number of 
revolutions in a comparatively small distance éz, so that 


v,(i)/v9(i)K1. (35) 
From (2), (25), and (33), we have 
tanr= r=35C,/(2K)<1. (36) 


Therefore, the term in W(/) depending on ¢, can be 
expressed as 


exp(}iro,) ~1+-4io,r. 


The contributions of this term to [p(¢) F differ from 
unity by small quantities of the order of magnitude of r, 
which is small for any part of the beam. It should also 
be noted that this quantity is independent of the time. 
In further considerations this will therefore be replaced 
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by the unit matrix. W(/) can now be given by 
W (1) ~exp{ —41,A— (wt—w,)o, }}. (37) 


From (33), we can write 


w,? x.\! 
a oe-epy ee, 
(wr—We) 2Keo 


so that 


[A— (wr—wa) | =4(K,/2K;)w l= y’. (38) 


Therefore 

(39) 
where h is the unit vector in the direction of the main 
field Ko. 


If the initial spin density matrix is given by (10), then 
the depolarization is given by 


W (t) =exp(}io,y’)=ex>(hiy'e-h), 


[a*— (h-a)?] 
(1—L(cosy’)*+(siny’)")), 


D.P.= (40). 


a? 
where the angular braces denote the averaging over the 
initial momentum states of the particles in the beam. 
Although all the particles of the beam do not spend the 
same amount of time in the field, the experiment is 
designed so that all the particles make the same number 
of revolutions between the two scatterings, and there- 
fore, the factor in (38) wz/ is the same constant for all 
electrons. The only variation in y’ among the various 
electrons in the beam that is to be considered arises 
from the different initial velocities (radial fields). 

_ If the particles spend a very long time in the field, we 
have (Appendix B) 


(41) 


lim (cosy’)= lim (siny’)=0, 
wLt-w eL_Li-o 

so that from (40) we see that if a is not parallel toh the 
depolarization can be very large. We could then expect 
the asymmetry in the double scattering experiment to 
decrease. The oscillations transverse to the equilibrium 
orbit cause depolarization of the beam and this places an 
upper limit on the number of revolutions that the 
electrons can execute between the two scattering events 
without eliminating the asymmetry. 


Ill. DOUBLE SCATTERING WITH DEPOLARIZATION 


We have shown that the major depolarization effects 
arise from the small oscillations about the equilibrium 
orbit in the direction of the main component of the 
magnetic field. Here we will show how the formula 
describing the double-scattering cross section is modified 
by the depolarization. The notation of I will be employed. 

The most interesting case is the following. The initial 
incident beam on the first target JA (Fig. 1) is scattered 
into the direction AB at an angle @, with the initial 
beam. The magnetic field is perpendicular to the plane 
1AB. If @,= 90°, then the magnetic field would be along 
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Fic. 1. Schematic 
diagram of 2 double- 
scattering  experi- 
ment. In the case of 
interest 6,=90°. 


IA. In the primed coordinate system, the magnetic field 
is along the x’-axis (Fig. 1). 

If there is no depolarization, the density matrix 
describing the beam incident on the second target is 
given by Eq. (19) of I as 


p= PW)OMp'O*"()P*(), (42) 


where P(t) and Q(/) are the transformation matrices 
related to the rotation of the space and spin states re- 
spectively. In this case, Q is given by Eq. (21) of I as 


Q()=Or()0.(4), (43) 


where Qp(/) corresponds to the same angle of rotation as 
P(t) and Q,(t) arises from the rotation due to the 
anomalous moment. 

When the depolarization effects are included, Q(/) is 
replaced by 


O(1)0r(NO. (OW (D=R(O. (44) 


Equation (42) describing the beam (without depolariza- 
tion) incident on the second target is now replaced by 


pli= P()R(i)p'R*P (0), (45) 


where p’ does not describe a pure momentum state. In 
(44) only W (4) depends upon the momentum distribu- 
tion after the first scattering. 

Instead of I Eq. (23) describing the beam after the 
second scattering, we have 


(o")= P()Or() VQ. (4) 
X(W (Op'Wt (DOA (OVtOr (OP (0. 


We have made the following approximation. We con- 
sidered p’ as describing a pure momentum state which is 
an average of the various momentum states, but the 
averaging over the momentum states has been con- 
sidered when calculating the spin density matrix of the 
beam incident on the second target [denoted by the 


(46) 
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angular braces in (46) ]. The scattering cross section is 
obtained by taking the trace over the spin states in 
(46). If P(t) is a rotation corresponding to an integral 
number of revolutions, the cross section in the primed 
coordinate system is given by 


da~1—6 cos¢:(cos(e+-y’)), (47) 
or 

da~1—6 cos¢g.f cose(cosy’)—sine(siny’)]. (48) 
Without depolarization, we had from I, Eq. (32), 


(49) 


da~1—8 cos¢y» cose. 


The effect of the depolarization is given by the trigono- 
metric functions of y’ which are functions of the number 
of revolutions executed between the two scatterers. 
From (41) we see that if the number of revolutions be- 
tween scatterings is very large, the bracket in (48) tends 
to vanish. Thus the asymmetry will tend to vanish 
because of the depolarization of the beam. 


IV. APPLICATION TO MEASURING THE 
GYROMAGNETIC RATIO g 


In order that the amount of depolarization be small, 
we will limit the number of revolutions by requiring that 


(cosy’)= 1, (50a) 
(siny’)~7'<1, (50b) 
or 
4 (Ha/2Ko)wl<K1. (50c) 
As an upper limit on (y’) let us consider 
(y’)< 4/20, 
so that 
n ere 3 r 
~([0,(t)/ve(t) Pots —. (51) 
8 20 
The time for NV revolutions is 
t=24N/wr, (52) 
so that (51) becomes 
2eNn ™ 
——(r,(i)/t9(i))<—, (53) 
& 0 
or 
1 
N <([09(i)/0,(i) P)—. (54) 
5n 


Thus we have an upper limit on the number of revolu- 
tions in terms of the experimental parameters, the 
initial velocities and the falloff index n. 

Let us consider the case where the maximum velocity 
in the z direction (x’ direction) is given by 


v,(i)=v¢(t) sin(1°), 


or 
v,(4)/09(i) ~0.017. 
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If this is the value taken as the average over the beam, 


then 
(55) 


For these values of .V, (48) is effectively equal to (49), 
the double scattering cross section without depolari- 
zation. 

Let us assume that we can measure ¢ of (49) to within 
+0.3 radian and we would like to measure g, the 
gyromagnetic ratio of the free electron, to one part in 
one hundred thousand. Let 


N<700/n. 





e= eg Ae, (56) 
and the number of revolutions be given by 
N=NotAN. (57) 
Now 
dew l= 420 N = 24 N +e, 
so that 
€0 Ae é AN 
4g = 1-+——_4+—_++——_- —. (58) 
Ny 2eNqo 24No No 
We therefore require that 
Ae 
<10", (59a) 
2nNo 
é AN 
ane om S10", (59b) 
2r Vo N 


We assume Ae~0..3, which means that we must have 


N> 5000. (60) 


It was shown in I, Eq. (38), that 
€= dwt (1 —f*)), 
a=a/2r, 


a being the fine structure constant. Therefore, from 
(59b) we have 


l a AN 
“ <10 ’, 


(1—8)} 2x No 


which, for one hundred kilovolt electrons, can be ap- 
proximated by 


a AN 
quai an —<10 . 
2x No 

so that 


AN/NoS107. (61) 


Thus, one of the requirements on such an experiment is 
that the number of revolutions be of the order of 5000. 
This limits the fall-off index to be of the order of 0.1. 
Also it is necessary that the number of revolutions be 
known to within 1%. 
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Vv. CONCLUSION 


Depolarization effects place certain restrictions on the 
accuracy with which the gyromagnetic ratio of a free 
electron can be determined by double scattering experi- 
ments in a magnetic field. However, with sufficient care 
it does seem possible to make the measurement to at 
least one part in 10°. This is then another feasible 
method of checking the radiative corrections. 


APPENDIX A 


Here we show how we can obtain Eq. (32) from Eq. 
(30) in the text. We are given Eq. (30) 


al Ke 
hiwrl o,+ (a, Sinwolt+o, coswel)|U. (A-1) 
al 2K 5 
Let 
exp| fiwzod |W=Opi . (A-2) 
au wy K a i 
exp] ——-(wr—-Wwa)o,t jo, 
at 4 4% 2 
i 
X exp] —(« wa)o,t (A-3) 
2 
We now express W’ as 
W =expl —4i(w we)o, |X, \-4 
and 
OX ifwrX, 
Tyt (wr—Wwa)o, |X 4-5) 
at IL? ®, 
Now let 
\ CcOsT \w "We \-6 
\X sine = wp, / (25 \-7 
t 
aX /dt= hid exp(}iro.)o, exp(—firo.)X. (A-8 
If we define Y such that 
Y¥=exp(jiro,)} \-9 
then 
ay al hike, ¥ 4-10 
so that 
Y =exp(}io)¥ (A-11 
Where V> may be taken as a unit matrix. Therefore 


A-12) 


U=Op()u 





expl — }i(wr—we)ont 


W(t) 


\-13) 


X exp! hia .r | exp/ hido,t 
which is Eq. (32 
APPENDIX B 


We are interested in determining how the number of 
revolutions that the particles execute in the field will 


AND K. 
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affect the average of the trigonometric functions given 
in Eq. (40) in the text. It is shown that as the number of 
revolutions becomes very large so that wz/—o the 
average values of both the sine and cosine functions 
tend to vanish. Consider 


(B-1) 


lim (cosy’), 
eoLt-o 


(B-2) 


lim (siny’), 


eL_Lt-o 





where 7’ is given by 


y’=4 (Ka, Ko)*wrt= harwzl, (B-3) 
and the maximum of 
a= 1H Rel ° (B-4) 


The average value of one of the trigonometric function 


1S 


x 
(cosy’)= f P(a*) cos(}a*wzf)d(a*), (B-5) 
0 


where P(a’) is the probability over the beam that a 
given particle will “see” the fields denoted by the 
parameter a’. 


Let 
batwrt=X (B-6) 
so that 
2 “s A 
cosy’)=- f P( — ) cosAd,, (B-7) 
wyl wrl 
and ss 
2 , r 
siny’)= f r( ) sindd,. (B-8) 
wrt +; wyl 


It is assumed that P(a*) is a reasonable type probability 
function which is not too peaked at the origin and falls 
off rapidly for large a. Then 


- a COsA 
f »(—)| lin 
0 wrt | sind 
is a bounded function, so that 


lim (B-9) 


wLtoo 


, 
(cosy’) 
=() 





° r 
(siny’) 


This tells us that the beam will tend to depolarize if it 
stays too long in these fields. This is expressed in the 
Eq. (40) of the text. 


APPENDIX C 


The fields causing depolarization considered in the 
main body of the text are analytically so simple that the 
integration problems could be handled very easily. For 
many questions, however, it is convenient to have the 
approximate formulas for more general situations ob- 
tained below. 
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Let us assume the Schrédinger equation for the spin 
function to be 


ihd®, a= [Ho(t)+Hi (ta), 


where H(t) is independent of the orbital parameters a 
and H, is small. 


(C1) 


If 
(t)=U()8(0), (C2) 
we obtain 
U=Q()W (ta), (C3) 
where 
ihdQ/dt= HA, (C4) 
and 
ihaW /dt=Q-"' HOW. (C5) 


Assuming Q(/) known for Eq. (C4), W (t,a) is, correct 
to first order in H;, 


W (ta)=1+W,(t,a), (C6) 


where 


1 t 
Wilta)=— f OM At Ao edt’. (C7) 


th J, 
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Using (13), the definition (12), and the approximate 
formula for U we obtain 


ip —2 trace{[o(0) FLW *()—(Wi)*) 





tracep*(0)—} 


2 trace{(p(0) WO p(0)OW) 
—(p(0)W10"'ip(0OW)} 


3 *8) 
tracep*(0)—4 


+—-—--- —- 


p(0) is the initial spin density matrix. The angular braces 
denote averages with respect to a. Equation (C8) is cor- 
rect to second order in H;. (This follows somewhat indi- 
rectly from an assumed Hermiticity of H;.) It may be re- 
marked, that since the limitations on experiments are 
obtained by requiring the depolarization to be small, 
these could be derived directly using (C8) and 


Ho= f{(He-h, 
H,(t,a)=b(t,a)-e, 


(C9) 
(C10) 
with h a constant unit vector, f(/)-a given function of 
time, and } a small, variable vector. 
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It is shown that the diffusion rate across a magnetic field due to collision of like charged particles is 
derivable from the macroscopic equations of the plasma. However, it is necessary to include the off-diagonal 
terms in the stress tensor. The resultant diffusion rate does not obey Fick's law and is proportional to the 
inverse fourth power of magnetic field strength. This diffusion rate is usually smaller than that due to unlike 


particle collisions, but may sometimes dominate 


I. INTRODUCTION 


ANY of the gross properties of a plasma may be 

obtained from a consideration of the hydro- 
dynamical (or macroscopic) equations of the plasma.! 
Thus, for example, for a gas consisting of ions and elec- 
trons and assuming an isotropic stress tensor, one has 
the following momentum equation in the steady state 


VP=j)XH+eE. (1) 


Here P is the gas pressure, H and E are the magneti 
and electric field strengths respectively, 7 is the current 
and ¢ the charge density in the plasma. Note that a 
nonlinear term in the velocity is neglected. In addition 
to this equation, we have another expression represent- 
ing the generalized Ohm’s law: 


E+ (vX H)/c=j/o+VP;/en. (2) 


‘Lyman Spitzer, Jr., Physics of Fully Ionized Gases (Inter 
science Publishers, New York, to be published) 





Again, steady state has been assumed and nonlinear 
terms neglected. The mass velocity of the plasma is 
denoted by v, the ion partial pressure by P,; and the 
conductivity of the plasma by ¢. The conductivity is 
defined as 


one /mev, (3) 


where n is the density of electrons, m the electron mass, 
and » is the collision frequency for electron-ion impact. 

As Spitzer has shown,' an expression for the diffusion 
rate across a magnetic field may be readily derived from 
Eqs. (1) and (2). Assuming that the density gradient 
and the electron field are in a single direction (say x) and 
the magnetic field is in the z-direction, one may elimi- 
nate j between Eqs. (1) and (2). The result is 


v,= — (c/oH")(VP—e«£). (4) 


This has the usual form for diffusion in that Fick’s law 
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is obeyed (o~Vn). The effective diffusion coefficient is 
D=cnkT/cH’, (5) 


which is proportional to H~* and to the cross section for 
electron-ion collisions. The mobility u has the usual 
form 


u=eD/kI (6) 


It is the purpose of this note to point out that the 


assumption of an isotropic stress tensor in Eq. (1) omits 
the effects due to like particle collisions and leads to a 
contradiction for the case of a gas consisting of one type 
of particle only (simple gas). Inclusion of the off-diagon- 


al terms in the stress tensor removes the contradiction 
and yields a diffusion rate for collisions of like particles 
which is of an unusual form in that Fick’s law is not 


obeyed and the diffusion coefficient_is proportional to 


ie 


Il. DIFFUSION IN A SIMPLE GAS 


( onsider a impie gas of charged particies In tnis 
case, | 2) does not exist. Equation (1) is still valid 
however v and j are » longer independent and are 
related | 

j= nev 7 
Asa res I 1) predicts that no mass flow occurs 
the dire fa dens gradi¢ s perpendic- 
ilar to the igne eid 1 he e that the diffusion 
rate is zero. It is als ir from the resulting form of the 
d i etl ‘ ] . that ike p 
sions are not! ed $ expresso und he e the 
parad xical re It for as pie gas vas ist 
obtained, is not unexpected 

A very different result may now be obtained DY in 
luding the off-diagonal terms of the stress tensor 7, in 
I 1) for a simple gas. Assume that e magnetk 
field is the dire that a jua es vary only 

the x-cdire ind i ass \ y in the 
dire { ol the magne iG 18 ce ~ every w her;re 
The resultant « lation is | tollowing three com 


Ul ip in and Cowl g* have derived t pr r e€x- 
pressio! S lor the stress tensor o! a Si npie vas 1 i mag 
netic field. The relevant expressions are 

] 

~- 


*S. Chapman and T. G. Cowling, The Mathematical Theory of 
Nonuniform Gases (Cambridge University Press, Cambridge, 
1952), p. 338 


2u 1 + 
rn Sayt 2 (Zyy— Zea) "“WT I, (12) 
1+ (16/9)w*r? 2 3 


Too ——————{8sa+-Jor?n}, 


+ (4/9) a*r? (13) 


where yu is the usual coefficient of viscosity in the absence 
of a magnetic field. Thus 


po=§Pr. (14) 


The mean free time between collisions is denoted by 
r(=)/v) and w=eH/mc. The symbol é,; represents the 
symmetrical and traceless tensor Vv. The usual case of 
interest is where wr>>1, which corresponds to a particle 
making very many gyrations between collisions. Clearly 
the opposite limit wr <1 is of no interest since the mag- 
netic field is then unimportant. 

By our assumptions @2,,=2@,,=0 and hence T,,=0 
Equation (10) is thus satisfied identically. It will be 
seen from the form of the final result that pé,<w7rP 
and that é,,/€ 


the remaining tensor components can be written as 


>wr. If one assumes these inequalities, 


ToL2P, (15) 
Ta —, (16) 


Solving Eq. (8) for 2, and substituting in Eq. (9), one 
I 
O 


Dtains 


neH dx\16 (wr)? dxineH \ dx |" 


Assume a constant temperature in the gas and ignore 
the electric field. By virtue of the fact that r~n™ and 


hence that uw is independent of n, Eq. (17) can be 


rewritten as 


! (18) 


where ro= mvc/eH is the Larmor radius. Equation (18) 
is the desired result. The diffusion velox ity due to like 


particle collisions is clearly proportional to H~ and does 


not obey Fick’s law. Instead, the diffusion rate depends 
on the second and third space derivatives of the 


particle density. An alternative form for Eq. (18) is 


agen | 19) 


S 7 dxin dx 


Equations (18) and (19) can be expected to give the 
proper form for the diffusion due to like particle 
collisions even in a nonsimple gas. An expression which 


le ee te 
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is identical to that given in Eq. (19), except for the 
factor 2, has been obtained by Kruskal by the use of a 
model based on individual particle orb:ts.* 

It remains now to justify the approximation made in 
deriving the results. All order of magnitude estimates of 
the various terms which have been used above rest on 
the following assertion. It is extremely unlikely that the 
ion density m, in any practical problem, can fall off 
faster than with an e-folding length equal to the 
Larmor radius ro. In fact, the actual e-folding length 
should usually be considerably larger than this. Hence, 
order-of-magnitude estimates may be made by replacing 
each space derivative of m by the quantity («ro)~', 
where «x is substantially larger than unity. 

By combining this assertion with the result of Eq 
(19), it is seen that 

v,=Of ro/rx*], (20) 


where the symbol O denotes “‘of the order of.” 
Similarly, by Eqs. (8) and (15), 


ckT 1 To WT 


eH xro t« 


(21) 





Hence 


r 
v,/?2= ( ) wrk? >wr. 


As a result, then, 


e Ov, / Ox 
sweun’ oad 


é, z or z Ox 


ty 
—~ 


as was asserted earlier. In addition, 
wey Prdv,/dx= P-Olwr/x* ). 
Hence yué.,“<wrP as was also asserted earlier. 


IIl COMPARISON OF DIFFUSION RATES 


It is of interest to compare the rate of diffusion of ions 
due to ion-ion collisions with that due to electron-ion 
collisions in a plasma consisting of both types of 
particles (assumed in approximate space-charge neutral- 
ity). The rate due to ion-ion collisions is obtained from 
Eq. (19) and is of the order of magnitude 


v= Of ro:/rax ], 


3 Martin Kruskal (private communication 


where ro; is the Larmor radius of the ions and 1; is the 
mean free time between ion-ion collisions. The ion 
diffusion rate due to electron-ion collisions is obtained 
from Eqs. (4) and (3), (assuming E=0) and is of the 


order of magnitude 
. 
Toe 
=O — |, 
T AT 04 


where ro, is the electron Larmor radius and rf, is the 
mean free time between electron-ion collisions. Hence, 


t TorTe M\!x, 1 
of -4 (2) = 
r’ Toe TK m/ 


where equal temperatures have been assumed for the 
electron and ion gas, and where M denotes the ion mass. 
For the case of equal temperatures, \ =), and 


f) My\'1 
ol ( ) . | (22) 
r’ m ne 


Hence it is possible for the diffusion rate due to ion-ion 
collisions to be larger than that due to electron-ion 
collisions, since (M/m)' is of the order of 10%. However, 
in most cases one might expect «>>1 and then the self- 
diffusion rate will become comparable to or smaller than 
that due to electron-ion collisions. 

A curious point which is worth noting is that if one 
were dealing with a truly simple gas with density vary- 
ing only in the x-direction then the electric field E is 
related to the density by Poisson’s law dE/dx= 4ane. 
Upon substitution of this relation in Eq. (17), one now 
finds that a term proportional to dn/dx contributes to 
v,. Hence, to this extent, Fick’s law is obeyed. The 
coefficient of this term is still proportional to H~. 
Moreover, in a nonsimple gas, which is all that may be 
obtained in practice, the electric field gradient is no 
longer simply related to the density of one species of 
charged particle 
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Bremsstrahlung Differential Cross-Section Measurements for 
0.5- and 1.0-Mev Electrons*? 


J. W. Morz 
National Bureau of Standards, Washington, D. C. 
(Received August 19, 1955) 


The bremsstrahlung cross section, differential in photon energy and angle, has been determined by 
measuring the x-rays emitted from thin targets of beryllium, aluminum, and gold, for incident electron 
energies of 0.5 and 1.0 Mev, with a S-inch diameter, 4-inch long NaI (T1) scintillation spectrometer at angles 
of 0, 10, 20, 30, , 90, and 120 degrees. The results show that in this energy region, the Bethe-Heitler-Sauter 
(Born approximation) theory underestimates the cross section. A comparison of the cross section for 
beryllium and aluminum gives evidence for electron-electron bremsstrahlung. The experimental values for 
the Heitler parameter ¢,.4/@ with a gold target are 10 at 1.0 Mev and 9.5 at 0.5 Mev. The low-Z values 
for res /O(1 +-1/Z) are 8.8 for beryllium and 8.4 for aluminum at 1.0 Mev and 6.8 for aluminum at 0.5 Mev. 
The accuracy of these values is estimated to be better than 20%. The corresponding Bethe-Heitler values 


for dnua/@ are 6.5 at 1.0 Mev and 5.5 at 0.5 Mev. 





I. INTRODUCTION 


NVESTIGATIONS of the elementary process of 

bremsstrahlung production have been few and in- 
complete. On the one hand, the present theory that 
has been developed to account for the important 
features of bremsstrahlung radiation depends on the 
Born approximation except in the extreme energy 
regions.' On the other hand, very few measurements of 
the bremsstrahlung cross section are available. These 
measurements mostly involve studies of the energy loss 
of electrons passing through a material, and in the low- 
energy region require corrections for the ionization 
energy loss. 

With the development of scintillation spectroscopy, 
considerable progress has been made in measurements 
of photon energies and intensities. This technique of 
photon analysis has been utilized in the present work, 
which was undertaken to provide detailed experimental 
information about the bremsstrahlung differential cross 
section in the low-energy region from 0.5 to 1.0 Mev. 

The bremsstrahlung cross section for electrons ac- 
celerated in the field of a nucleus has been evaluated by 
Bethe and Heitler,?* by Sauter,‘ and by Gluckstern 
and Hull® on the basis of the Born approximation. 
From their results, the cross section at various stages 
of integration may be designated as 


doy.e(Eo,k,0), [CEq. (11), reference 4; Eq. (4.1), 


reference 5]; (1) 


* Work supported by the U. S. Atomic Energy Commission 

t A preliminary report of this work was given by J. W. Motz 
and William Miller, Phys. Rev. 96, 544 (1954). ; 

! Theories not depending on this approximation have been given 
in the nonrelativistic region by A. Sommerfeld, Ann. Physik (S) 
11, 257 (1931), and in the extreme relativistic region by H. A. 
Bethe and L. C. Maximon, Phys. Rev. 93, 768 (1954) 

?H. Bethe and W. Heitler, Proc. Roy. Soc. (London) 146, 
&3 (1934) Me bs 

*W. Heitler, The Quantum Theory of Radiation (Oxford Uni- 
versity Press, London, 1954), third edition, p. 242 

*F. Sauter, Ann. Physik (5), 20, 404 (1934). 

*R. L. Gluckstern and M. H. Hull, Jr., Phys. Rev. 90, 1030 
(1953) 


dox(Eo,k), (Eq. (16), reference 3]; (2) 
draa, (Eq. (28), reference 3]; (3) 


where £p is the initial total electron energy, & is the 
photon energy, and @ is the angle between the directions 
of the incident electron and the emitted photon. 
Expression (1) is integrated over the direction of the 
emerging electron and represents the differential form 
of the cross section with respect to photon energy and 
angle, without screening. Expression (2) gives the 
cross section integrated over the direction of photon 
emission, and expression (3) defines a cross section for 
the energy lost by radiation, which is given by the 


quantity 
1 Bo-» day 
—f (=) ae 
Eo Jo dk 


In the relativistic region, experimental results have 
shown better than 10% agreement with the cross 
section given by expression (2). Such confirmation was 
obtained for the upper half of the bremsstrahlung 
spectrum at 60 Mev and 247 Mev by Curtis® and 
Fisher’ respectively, who used a cloud chamber to 
measure the energy losses of electrons which passed 
through thin targets with high atomic number (Z~ 80). 
In addition, experimental agreement® (not in absolute 
value) with the shape of the photon spectrum predicted 
by expression (2) has been obtained for electron energies 
covering a range from about 10 Mev to 300 Mev for 
both thick and thin high-Z targets. 

In the region where the electron kinetic energy is of 
the order of the electron rest energy, the extent of 
agreement between existing measurements and the 
theoretical predictions has not been established. In this 
energy region the validity of the Born approximation 


*C. D. Curtis, Phys. Rev. 89, 123 (1953). 

’ Philip C. Fisher, Phys. Rev. 92, 420 (1953). 

*H. W. Koch and R. E. Carter, Phys. Rev. 77, 165 (1950); 
J. W. DeWire and L. A. Beach, Phys. Rev. 83, 476 (1951); Motz, 
Miller, and Wyckoff, Phys. Rev. 89, 968 (1953). 
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becomes more questionable, especially for high Z. 
Also, it is difficult to accurately evaluate the large 
effect of electron energy loss and scattering on the 
intensity and on the angular and energy distribution of 
the bremsstrahlung radiation in the measurements. 
Experiments which point up this uncertainty may be 
summarized as follows: 

(a) Measurements’ were made of electron energy 
losses due to radiation in cloud chamber gases (Z = 7, 18, 
36, and 54) and in high-Z absorbers” with initial elec- 
tron kinetic energies in the energy region from about 
1 to 5 Mev. The experimental values were factors of 
about 1.5 to 100 larger than theoretical predictions 
found from expression (3), although it was indicated" 
that at least some of the disagreement could be at- 
tributed to the effects of multiple scattering. 

(b) In the same energy region, the total energy loss 
of electrons that were completely stopped in a high-Z 
thick target was measured with a calorimeter,'* and 
the bremsstrahlung intensity produced in such a process 
was measured with an ionization chamber." The results 
indicated about 10 percent agreement with theoretical 
estimates obtained from expression (3). These estimates 
included corrections for the electron energy loss due to 
ionization, but did not account for electron back- 
scattering. In addition, different values (33 and 45.5 
electron volts) for the energy required to produce an 
ion pair in air were used in the ionization chamber 
measurements." 

(c) Spectrometer measurements“ of high-Z thick 
target bremsstrahlung spectra yielded results that were 
about a factor of two greater than theoretical estimates 
which were based on expressions (1) and (2), and which 
took account of electron backscattering. 

The general lack of agreement in the above results 
indicates the need for more studies in this energy region. 
It would be particularly desirable to have measurements 
which do not involve such large corrections for electron 
multiple scattering before a comparison with the theory 
can be made. 

In the present work, measurements are made of the 
angular and energy distribution of the bremsstrahlung 
from low- and high-Z targets for electrons with initial 
kinetic energies of 0.5 and 1.0 Mev. The bremsstrahlung 
radiation is measured directly with a scintillation spec- 
trometer, and the targets are thin enough so that the 


*H. Klarman and W. Bothe, Z. Physik 101, 489 (1936); 
L. Leprince-Ringuet, Compt. rend. 201, Je (1935); D. Skobeltzyn 


and E. St jowa, Nature . 234 (19. 
wy. J. urin and H. R. Crane, og Rev. %) (1937); 
A.J. R and H. R. Crane, Phys. Rev. 53, 618 5 (iss 
uM.M. ya and H. R. ‘Crane, Phys. Rev. 56 17} (1939). 
“Ivanov, Walter, Sznelnikov, Taranov, and Abramovich, 


J. Phys. (USS.R.) 4, 319 (1941). 
Petrauskas, Van Atta, and Myers, Phys. Rev. 63, 389 (1943); 
ace Van de Graaff, Burrill, and Sperduto, Phys. Rev Rev. 74, 


1348 1948). 

, Motz, and Cialella, Rev. 96, 1344 (1955); 
K. "iden tnd N. Starfelt, Phys Ree "97, 419 (1955); N. Starfelt 
and N. L. Svantesson, Phys. 97, 708 (1955). 
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electron scattering and energy loss is negligible. From 
these measurements, the bremsstrahlung differential 
cross section with respect to photon energy and angle 
is determined and compared with the theoretical pre- 
dictions given: by expression (1). A study of the cross 
section in this differential form constitutes a much more 
sensitive test of the theory than the integrated forms 
(2) and (3). Furthermore, this energy range lends itself 
nicely to such an angular distribution measurement 
because the radiation ‘ntensity is not peaked so sharply 
in the forward direction, and therefore is not so sensitive 
to small errors in the photon angle @. For example, 
estimates made from expression (1) indicate that for 
small values of @, there is only about a 10% difference 
in the photon intensity for a one-degree error in @, 
while at higher energies the difference becomes much 
larger. 


Il. EXPERIMENTAL METHOD 
A. Apparatus 


The experimental arrangement for these measure- 
ments is shown schematically in Fig. 1. A beam of 
monoenergetic electrons is incident on a target of a 
specific thickness and atomic number Z. The brems- 
strahlung emitted from the target at a given angle 6 
with respect to the incident electron direction, passes 
to a scintillation spectrometer through a 15-mil alu- 
minum window in the target chamber and a #-inch 
diameter, 12-inch long brass collimator. 

The electron beam is produced by the National 
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Bureau of Standards 1.4-Mev cascade-type accelerator." 
The electron energy is determined from the electrostatic 
potential of the accelerator, which is measured with a 
high-resistance voltmeter’® with an accuracy of approxi- 
mately one percent. A lens-type magnet coil is used to 
focus the electrons toward the target position where 
geometry that the 
spread in the beam is less than 0.5°. In order to align 


considerations indicate angular 
the beam with the center of the target chamber and to 
prevent any shifting of the beam on the target, it 
necessary to introduce a }-inch thick, }-inch diameter 
aluminum defining baffle before the entrance to the 
chamber. The beam position and size was determined 


was 


trom the visible darkening on exposed glass lantern 
The slides indicated that the beam diameter at 
h for 1000 


slides 
the target position was approximately } in 
kilovolts, and } inch for 500 kilovolts 


The 


diameter, 


target chamber is const 
10-inch 
The ports are spaced at 10 
to 130°. 


long brass cylinder with 3-in 
diameter ports intervals 


covering a range of 6 values from 0 srass 
plates with O-rings seal the ports and ends of the 
cylinder. One end plate contains a bellows-type rotating 
seal which is used to turn a wheel for the target holders 


The 


aluminum frames which are 


targets are mounted on 2-inch diameter thin 


automatically positioned in 
or out of the beam path at the center of the chamber 
with the aid of a Yardeny SL-3 Servo-Control unit. 

The scintillation spectrometer consists of a 5-inch 
diameter 4-inch long NalI(Tl) crystal and a Dumont 
K1198 5-inch diameter photo-multiplier tube. These 
components were assembled in a steel cylindrical con- 


tainer and mounted inside a brass-lead collimator pot 


having the dimensions given in Fig. 1. The total weight 


of the collimator unit is about 1000 |b, and a counter- 


weight is used to swing the collimator pot to any 


desired angle @. With radiation incident on the crysté 
the integrated pulses from the photomultip! f 
in succession to a cathode follower, a nonoverloading 


linear amplifier'® with an RC clipping time of 10 micro- 


seconds, and a 12-channel differential pulse-height 
aler iS ised 
a base pulse- 


analyzer. Also at the amplifier output, a s 


to count the total number of Pp ilses above 
height level corresponding to 5 kev. During a run, 


there is less than a 2% in the base line of the 


shift 
analyzer, and less than a 10% maximum variation in 
the window width of any channel. For the 


given 
bremsstrahlung measurements which cover a range of 
photon energies extending up to 500 kev in one case 
and 1000 kev in the other, the window widths are set 
at about 10 kev. The actual window 
channel is continuously calibrated during a run with 
type sliding pulser, which is motor 


width of each 


a mercury relay 


driven so that the 60-cps pulse output increases in 
* FE. E. Chariton and H. S. Hubbard, Gen. Elec. Rev. 43, 272 
(1940) 
*R. L. Chase and W. A. Higginbotham, Rev. Sci. Instr. 23 


34 (1952 


MOTZ 


height at a rate that is constant to better than 1 percent. 
The over-all resolving time of the system as determined 
with a double pulse generator, is approximately 10 
microseconds. The intensity of the bremsstrahlung 
radiation is controlled so that the total counting rate 
from the amplifier for all pulses larger than 5 kev does 
not exceed 900 counts per second. Therefore, the 
probability that 2 successive pulses in this energy 
range will be registered as a single pulse is less than 1%. 


B. Procedure 


With the accelerator operating at 500 and 1000 
kilovolts, measurements were made at angles of @ equal 
to 0, 10, 30, 60, 90, and 120 degrees and 0, 10, 20, 30, 
and 90 degrees respectively. 

The measurements were carried out according to the 
following procedure. The pulse-height distribution of 
the scintillation crystal was determined for a particular 
set of conditions: a given incident electron kinetic 
energy (500 or 1000 kev), a given target material and 
thickness, an integrated charge incident on the target, 
and a given angle @. For each set of conditions, the 
pulse-height distribution was measured with the target 
foil in and out of the electron beam. 

For a given incident electron energy Eo, the brems- 
strahlung differential cross section with respect to 
photon energy and angle is determined by the quantity 
P(kg where P(k,6) is the number of photons 
emitted from the target in the solid angle 2 per unit 
energy interval at energy & and angle @ for nm electrons 
incident on m target atoms per cm*. The photon flux 
P(k,6) is directly related to the pulse-height distribution 
measured by the spectrometer. The method of deter- 
mining each of the above quantities and estimates of 
the corresponding errors are discussed below. 


mnt), 


C. Measurement of Electron Current 


Electrons incident on the target are collected by the 
target chamber as shown in Fig. 1. This chamber is 
electrically insulated from the grounded section of the 
accelerator, and serves as a Faraday cup. Only a 
negligible fraction of the incident electrons can be back- 
scattered out of the chamber because of the small solid 
angle (less than 0.01 steradian) subtended by the 
entrance aperture with respect to any point on the 
chamber wall. Target currents in a range from 10-" to 
10-* ampere are measured with approximately 2 per- 
cent accuracy with a Higinbotham-Rankowitz type 

irrent integrator.'’ The input circuit to the integrator 
has the property of maintaining the chamber at ground 
potential. To assure the absence of spurious effects such 
as the external collection of charge produced by ioniza- 
tion in the air, the chamber potential was varied plus 
and minus 45 volts with respect to ground, and no 
change was observed in the target current. The in- 


?W. A. Higinbotham and S. Rankowitz, Rev. Sci. Instr. 22, 
688 (1951 
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tegrator was calibrated with currents in the specified 
range, which were determined with an accuracy of one 
percent. The area in the vicinity of the target chamber 
was surrounded with a ring of lead shielding stands 
which were grounded to minimize outside electrostatic 
disturbances. During a run, the target current appeared 
stable, and frequent checks were made of the zero- 
target-current setting. 


D. Target Materials and Thicknesses 


The target materials were selected to test the theory 
over a wide range of atomic numbers, and included 
beryllium, aluminum, and gold. The purity of these 
materials was determined by spectrochemical analysis. 
Various target impurities were detected in quantities 
not exceeding a fraction of one percent by weight. 
Because of the Z? dependence of the bremsstrahlung 
intensity, the relative contribution to the total radia- 
tion intensity from these impurities is primarily im- 
portant for the low-Z targets. This contribution was 
estimated for the impurities in a given target by the 
use of the Z* impurity-target ratio, and was found to 
be less than 5% for all of the targets used in these 
measurements. 

A detailed measurement of the bremsstrahlung differ- 
ential cross section requires thin targets in which the 
electron energy loss and scattering is negligible. As an 
aid in the selection of such a thin target the angular 
spread of the electrons emerging from the target may 
be compared with the angular spread of the brems- 
strahlung radiation. From the results of multiple 
scattering theory, Blanchard'* has given a convenient 
expression for the mean square angle 6,” of the electrons 
emerging from a given target. His results indicate 
that 6,2~0.6Z4/To(To+1), where the average electron 
energy loss, A, is about 2 Mev per g per cm? in the 
present energy range,'® and 7> is the initial electron 
kinetic energy in Mev. For the bremsstrahlung radia- 
tion, angular distribution plots obtained with the 
Sauter theory‘ indicate that the angular spread can be 
approximated by a Gaussian distribution with a mean 
square angle 6,* of 2/37 ?. From these estimates, a 
rough guide which can be used in the selection of thin 
targets, is that 6,*/6,*<1, or that the target thickness 
t(g/cm*)<(1/2Z)[(To+1)/To]. In order to definitely 
establish the fact that the targets used in the present 
study are thin enough, measurements were made with 
two target thicknesses of gold and of aluminum (see 
belew). The plots of the differential cross section, 
computed from the measurements for two thicknesses 
of the same material, agreed within the limits of the 
experimental error. 

The average thickness of each target was determined 
with one percent accuracy from measurements of the 


*C. H. Blanchard, in Electron Physics, National Bureau of 
Standards Circular 527 (U. S. Government Printing Office, 
Washington, D. C., 1954), p. 9. 

® See reference 3, p. 368. 
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target area and weight. In order to check the uniformity 
of each target thickness, the target was scanned in 
3-inch diameter segments with a polonium a-particle 
gauge, which measured the relative alpha-particle trans- 
mission through the foil. The maximum variation from 
the average foil thickness was found to be less than 
10% over the whole target area and less than 3% over 
the limited area where the electron beam impinges on 
the target. 

A summary of the targets used in these measurements 
is given as follows: a 0.22-mg/cm? gold foil, a 6.43-mg/ 
cm? gold foil, a 0.63-mg/cm* aluminum foil, a 1.0-mg/ 
cm? aluminum foil, and a 4.3-mg/cm? beryllium foil. 
Because each of these targets was tilted at an angle of 
45° with respect to the direction of the incident electron 
beam (see Fig. 1), it is necessary to use a multiplying 
factor of 1.4 to obtain the effective target thickness. 


E. Geometry Measurements 


The important geometrical quantities involved in an 
absolute determination of the differential cross section 
are the angle @ (Fig. 1), and the solid angle 2 in which 
the photons emitted from the target are detected by 
the spectrometer. : 

The collimator axis of the spectrometer was set at 
given values of @ (see Sec. B) with the aid of an index 
plate. The accuracy of each setting was determined by 
comparing the angle between the collimator axis and 
electron beam direction with calibrated angles inscribed 
on a template. The maximum possible error in a 
specified @ value was less than 1 degree, and the corre- 
sponding error in the photon intensity P(#,6) (Part II-B) 
was about 10%. 

The solid angle 2 was determined from the geometry 
shown in Fig. 1. The area subtended by the spectrometer 
crystal with respect to the center of the chamber is 
mainly defined by the j-inch diameter collimator hole, 
which gives an angular resolution of about 1°. However, 
depending on the photon energy, there can be various 
degrees of photon penetration and scattering through 
the collimator walls. Such an effect would tend to 
increase the solid angle. In order to estimate how this 
effect depends on photon energy, measurements were 
made with gamma-ray sources, Cs’ (0.66 Mev), and 
Co® (1.17 Mev, 1.33 Mev), placed at position A directly 
in front of the collimator and at the target position B 
(see Fig. 1). Because of the difference in solid angle at 
the two positions, there is a corresponding difference 
in the relative number of photons which strike the 
collimator wall. Therefore, if the pulse-height distri- 
bution curves measured at the two positions, are 
normalized to a given source-crystal distance by the 
use of the inverse square law, the percent change in the 
effective solid angle in the two cases can be found by 
the ratio of the curve areas. The results show that the 
effective solid angle is 14% larger for the Cs’ source, 
and 32% larger for the Co™ source, at position A 
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compared to position B. Additional measurements made 
with a calibrated Co® source at the target position B 
(see Sec. G) indicate that the effective solid angle of 
detection for 1-Mev photons emitted from the target is 
approximately 10% larger than that computed by 
using an area equal to the j-inch diameter hole at the 
front crystal face. This solid-angle correction was used 
in the present measurements for 1-Mev photons, and 
on the basis of the results obtained above with the 
Cs"? and Co® sources, the correction was assumed to 
have approximately the same dependence on photon 
energy as the photon penetration that is given by using 
the total photon absorption coefficient for brass. 


F. Determination of the Photon-Flux 


The radiation incident on the NalI(T1) crystal can be 
separated into two components: (a) the normal back- 
ground radiation which includes that produced by the 
electrons incident on the walls of the target chamber, 
and (b) the photons defined in Sec. B as P(k,8), which 
pass from the target through the j-inch diameter 
collimator hole to the crystal as shown by the geometry 
in Fig. 1. Component (a) is measured with the target 
foil out of the electron beam, and component (b) is 
then the difference measured with the foil in and out 
of the electron beam. In addition to the target itself, 
other materials in the collimator line of sight can act as 
potential sources of radiation. These materials include 
the 15-mil aluminum window of the target chamber and 
a small region of the opposite chamber wall (Fig. 1). 
Radiation from the wall region is mainly accounted 
for by the measurements made with the foil moved out 
of the electron beam. To eliminate radiation from the 
window, an electron trap employing a permanent 
magnet deflects electrons traveling in the direction of 
the window. The effectiveness of the trap was checked 
in the following manner: A tantalum foil was placed 
over the inside area of the aluminum window for values 
of @ equal to zero degree (where the window is in the 
direct electron beam) and 20 degrees, and no appreciable 
difference was detected in the pulse-height distributions 
for a given target as compared to the cases with no 
tantalum foil. 

The pulse-height distribution produced in the NaI (TI) 
crystal by the incident radiation is measured with the 
differential analyzer, as described in Sec. A. If the pulse 
heights are calibrated in terms of photon energies, then 
the pulse height distribution can be expressed in terms 
of the number of pulses per unit energy interval at a 
given photon energy. Such a distribution is shown in 
Fig. 2 for the case where the initial electron kinetic 
energy is 1 Mev, @ is 30 degrees, the charge of the 
electrons is 3.5X10~* coulomb, and the target is a 
0.43-mg/cm?* gold foil. The solid line (open circles) 
represents the pulse height distribution, \(h), pro- 
duced by the photon flux P(4,@). The values for \ (4) 
are obtained from the counting rate difference for the 
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Fic. 2. Pulse-height distribution measured with 1-Mev electrons 
incident on 0.43-mg/cm* gold target for total electron charge of 
3.5X 10~* coulomb and for @ equal to 30 degrees. The dashed line 
(closed circles) is the background distribution with the target 
removed from the electron beam, and the solid line (open circles) 
is the distribution given by the difference between the target in 
and out of the electron beam. 
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target positioned in and out of the electron beam. The 
dashed curve shows the target out data which indicates 
the relative contribution of background radiation over 
the entire energy range. The effect of the finite spec- 
trometer resolution is shown by the extension of the 
N(h) curve beyond the maximum photon energy 
expected for 1-Mev bremsstrahlung. 

For a given photon flux P(&), the pulse-height distri- 
bution V(h) can be expressed as 


Be-» 
N(h) -f R(h,k)P(k)dk, (4) 


where yu is the electron rest energy, and R(h,k) is the 
spectrometer response function which represents the 
probability that a pulse is recorded in a unit pulse- 
height interval at height # for a photon of energy k. 
Approximate solutions of the integral equation for 
P(k) have been considered for certain analytical re- 
sponse functions.™:?! 

In the present case, the pulse-height response of this 
large crystal spectrometer to monoenergetic photons 
has a Gaussian shape with a low-energy tail*? which 


* G. E. Owen and H. Primakoff, Phys. Rev. 74, 1406 (1948); 
Rev. Sci. Instr. 21, 447 (1950); J. P. Palmer and L. J. Laslett, 
Atomic Energy Commission Report AECU-1220, 1951 (unpub- 
lished ). 

* Theus, Beach, and Faust, J. Ae. Phys. 26, 294 (1955). 

® R.S. Foote and H. W. Koch, Rev. Sci. Instr. 25, 746 (1954) 
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replaces the prominent Compton escape peak found 
with small crystals. Response curves were measured for 
the photons from sources of Co™ (1.17 Mev, 1.33 Mev),* 
Cs¥7 (0.662 Mev), Hg™ (0.279 Mev),™ and Cd 
(0.087 Mev). Corrections were made for the back- 
ground pulse-height distribution which was measured 
by plugging the collimator hole. The resulting response 
curves showed good agreement with the theoretical 
response curves obtained from Monte Carlo calculations 
by Berger and Doggett.™ For example, with the gamma 
rays from thin sources of Cs*’ and Co® placed at 
target position B, the response curves gave values of 
the photo-fraction (defined as the ratio of the photo- 
peak area to the total area under the pulse-height 
distribution curve) equal to 0.79 and 0.65 (1.33-Mev 
Co® gamma rays only), compared to the theoretical 
values of 0.82 and 0.67 respectively. In addition, the 
measurements indicated that with the source placed at 
the closer position A (Fig. 1), there was about a 10 
percent decrease in the photo-fraction due to the 
increased scattering in the collimator. The shapes of 
these curves, which have half-widths that are inversely 
proportional to &! for photon energies below 2 Mev,” 
can be represented as a single universal curve, if the 
peak values are normalized to one and the abscissas are 
plotted in terms of the quantity (4/k—1)\/k. Such a 
universal shape is plotted in Fig. 3 for the above photon 
energies. The data shows that the ratio of tail height 
to peak of the response curve, decreases with photon 
energy. In the present case, it is a good approximation 
to assume that the tail height is constant with pulse 
height for a given photon energy, and a functional 
relationship can then be obtained between the tail 
height and photon energy. 

With the above information, the response function 
R(h,k) can be constructed in the form of a matrix with 
indices 4 and k, and Eq. (4) can be solved for P(k) by 
numerical inversion.” The matrix elements are deter- 
mined by adjusting the values obtained from Fig. 3, so 
that for a given k, {> R(h,k)dh is equal to the detector 
efficiency. In practise, the matrix elements are summed 
over h for pulse-height intervals of both 25 and 50 kev. 
(These intervals were found to be small enough to 
cause no distortion in the shapes of the computed 
spectra.) The detector efficiency is given by the quantity 
(i—e*™*), where u(k) is the total absorption coeffi- 
cient® and ¢ is the length of the NaI(TI) crystal. If this 
response matrix is now applied to a given input photon 
spectrum, a set of simultaneous linear equations is 
determined which relate the photon spectrum to the 
corresponding pulse-height distribution. 

The accuracy with which values of the photon flux 


™ Nuclear Data, National Bureau of Standards Circular No. 499 
(U. S. Government Printing Office, Washington, D. C., 1950). 

™“M. J. Berger and J. Doggett, Rev. Sci. Instr. (to be pub- 
lished). 

% Gladys R. White, National Bureau of Standards Report 
NBS-1003, 1952 (unpublished). 
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Fic. 3. Universal spectrometer response curves for mono- 
energetic photons. The measured counting rate is plotted as a 
function of the pulse height 4 and the photon energy &. Small 
fluctuations which appear in the low-energy tail region have been 
smoothed out to simplify the data analysis. 


P(k) can be determined from a measured pulse-height 
distribution by numerical inversion, depends on the 
detailed shape of the photon spectrum. In the present 
case, the measurements indicate that the bremsstrahlung 
photons have a well-behaved continuous distribution, 
which falls off rapidly with energy, and which cuts off 
at a maximum photon energy. The pulse-height distri- 
bution data (Fig. 2) have statistical errors that increase 
up to 30% as the background level is approached in 
the region of the cut-off point. It is therefore not reliable 
to carry through the numerical inversion by a simple 
peeling-off process where the value of the photon flux 
at a given energy would be critically dependent on the 
corresponding pulse height value. A more accurate 
treatment is obtained if it is assumed that the photon 
spectrum is linear in a small region: then the inversion 
procedure can be initiated at a pulse-height corre- 
sponding to the maximum photon energy, and with 
the aid of a simple perturbation type calculation, a line 
by line solution of the simultaneous equations is per- 
missible. Such inversion computations were made for 
the pulse-height distributions measured with 500- and 
1000-kev electrons and with different target materials 
and photon angles. The resulting correction factor, 
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Fic. 4. Spectrometer response correction factor for the brems- 
strahlung spectra. Below 100 kev, the correction factor included 
the effect of absorption by materials (0.24 g/cm* Al and 1.2 
g/cm* MgQO) in the path of the photon beam before it strikes the 
Nal crystal. 


P(k)/N(h), is plotted in Fig. 4 as a function of the 
ratio k/ko, where kp is the maximum photon energy. 
For a given ko, a single correction curve is obtained for 
the different cases, probably because all of the spectra 
have the common property that the flux density P(z) 
drops sharply with increasing photon energy. Except in 
the cut-off region of the spectrum, the correction factor 
is inversely proportional to the photo-fraction (defined 
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above) of the response curve. Because the photo- 
fraction increases as the photon energy decreases,™ it is 
not surprising that the correction factors are smaller 
for the 500-kev curve. In the region below 100 kev, 
these curves include a correction which accounts for 
the photon absorption in the windows of the target 
chamber and NaI(T]) crystal, and in the MgO powder 
that is used as a reflector around the crystal. 


G. Calibration Measurements 


The photon energies measured by the spectrometer 
were calibrated with the gamma rays from the radio- 
active sources listed in Sec. F. Frequent checks on the 
pulse height stability of the spectrometer were made 
with the gamma rays from the Co”, Cs"’, and Hg™ 
sources, and it was found that the pulse-height corre- 
sponding to a given photon energy showed less than a 
2 percent variation during a days run. No effects on 
the energy calibration due to the earth’s magnetic 
field were observed as the spectrometer was rotated 
into the various positions used in the measurements. 

The accuracy with which photon intensities were 
determined was checked by measurements made with 
a calibrated Co source and with cavity ionization 
chambers. A Co® source was calibrated by the method 
of gamma-gamma coincidences and the absolute dis- 
integration rate was found to be (2.0340.01)10" 
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Fic. 5. Differential cross sec- 
tions for 0.5- and 1.0-Mev brems- 
strahlung at photon energies & and 
angles 6. The experimental values 
(open circles) were obtained with 
a gold target. The fractional stand- 
ard deviations due to statistical 
counting errors are less than 5% 
for points below 0.8%o, less than 
20% for points below 0.9%o, and 
less than 40%, for points below ho, 
where bo is equal to (Es—y). The 
theoretical cross sections (without 
screening) are shown by the solid 
curves which were computed from 
Sauter’s results [see expression (1)]. 











immeal 




















400 500 
PHOTON 


OO 200 300 00 


ENERGY, Kev 





700 











BREMSSTRAHLUNG DIFFERENTIAL CROSS SECTION 








Fic. 6. Differential cross sec- 
tions for 0.5- and 1.0-Mev brems- 
strahlung at photon energies & and 
angles 6. The experimenta! values 
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disintegrations per second.** In comparison, the dis- 
integration rate of this source as measured by the 
spectrometer with the source at the target position was 
found to be 2.23+0.05 disintegrations per second. This 
latter result was obtained from the product of the area 
under the pulse-height distribution curve produced by 
the Co® gamma-rays, the detection efficiency of the 
Nal crystal (the absorption coefficient was selected 
from White’s Tables* for an average photon energy of 
1.25 Mev), and the solid angle correction factor (where 
the collimator diameter was used to determine the 
area subtended at the crystal). The 10% excess rate 
measured by the spectrometer was used as a solid angle 
correction factor for 1-Mev photons, which arises 
because of photon penetration through the collimator 
(see Sec. E). 


Ill. EXPERIMENTAL RESULTS 


The experimental values of the differential cross sec- 
tion are divided by Z? in order to eliminate the expected 
Z* dependence of the bremsstrahlung radiation. The 
results are summarized in Figs. 5 and 6, which show the 
high-Z and low-Z measurements respectively for the 
initial electron kinetic energies of 0.5 and 1.0 Mev. 
(Additional results for other values of @ (see Part II- 
B) are omitted to avoid crowding of the data.) 


* This calibration was made by Dr. George Minton who is 
preparing a description of his measurements for publication. 
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The solid lines in these graphs represent the Sauter 
theoretical values which are obtained from expres- 
sion (1) and do not include the effect of screening. 

The experimental values of the cross section in- 
tegrated over the direction of the photon emission are 
obtained by graphical integration of the results given 
in Figs. 5 and 6, and are shown in Fig. 7. The theoretical 
values computed from expression (2) are given by the 
solid lines. 

Finally, the total integrated cross section sa, which 
is equal to the quantity (1/Eo) fo®**k(do,/dk)dk, was 
found by integrating the data given in Fig. 7, and is 
presented in Fig. 8. The theoretical values for dra are 
shown by the solid line in Fig. 8, and were obtained 
from the results given in reference 2. The screening 
effect which becomes important at the higher energies 
is shown by the dashed line for Z=82. In order to 
account for the contribution of electron-electron brems- 
strahlung, Fig. 8 indicates the shift in the low-Z results 
that is produced by the factor Z?/Z(Z+1). 

As a final check on the accuracy of the photon flux 
P(k,§) that is determined from the spectrometer meas- 
urements, a Landsverk 200-milliroentgen ionization 
chamber was used to measure the dose produced by the 
bremsstrahlung radiation at a point on the collimator 
axis at the front face of the crystal 80 cm from the 
target. These measurements were made for three differ- 
ent targets, with @ equal to 10 degrees, (Ep—y) equal 
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Fic. 7. Cross sections for 0.5- 
and 1.0-Mev bremsstrahlung in- 
tegrated over the direction of 
photon emission. The experimental 
values were obtained with a gold 
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to 1 Mev, and the total electron charge incident on the 
target equal to 1.7X10-* coulomb. For comparison, 
the dose was computed from the spectrometer measure- 
ments made under the above conditions by integrating 
the photon energy flux density over photon energy. 
An approximate conversion factor of 2900 ergs per cm? 
per roentgen was used over this energy range. This 
value was obtained by using 0.029 cm*/g for the mass 
absorption coefficient of air and 33.5 ev for the energy 
required to produce an ion pair. Also, the dose was 
computed for the photon energy flux density that would 
be produced according to the Sauter-Bethe-Heitler 
theory under the same conditions. The results are shown 
in Table I, where the accuracy of the values measured 
by the chamber and spectrometer is estimated to be 
approximately 10% (see Part IV). The spectrometer 
measurements show good agreement with the chamber 
dose measurements compared to the considerably lower 
values computed from the theoretical cross sections. 


Tasty I. Comparison of expected and measured dose 80 cm from 
target (Ey—p= 1000 kev, @= 10°, 0=1.7X 10 coulomb) 








Milliroent gens 
Landsverk 
Foi ionization Spec- Sauter- Bethe 
2 mg ‘cm'* chamber trometer Heitler theory 
4 43 120 113 “~ 
13 0.63 47 44 30 
79 0.43 147 147 110 








IV. SUMMARY OF ERRORS 


The accuracy of the experimental! values obtained for 
the bremsstrahlung cross sections may be estimated 
from a survey of the important errors and corrections 
involved in the measurements. 

Sources of systematic error and estimates of the 
upper error limits are given as follows: 

(1) Photon angle (Part II-E): A maximum error of 
one degree gives a corresponding error of approximately 
10% in the value of the photon flux P(4,6) (Part II-B). 

(2) Target current (Part II-C): +2%. 

(3) Target uniformity and thickness (Part II-D): 
+3%. 

(4) Angle between target plane and incident electron 
direction (Part II-D): A maximum error of 2 degrees 
gives a 2% error for the effective target thickness. 

(5) Photon flux P(k,8) (Part II-F, G): +5%. 

If these errors were in the same direction, the. total 
error would be +22%. 

The important corrections made in the measurements 
include: 

(1) Foil impurity correction (Part II-D). The photon 
intensities P(£,0) (Part II-F) measured with the low-Z 
beryllium and aluminum targets were reduced by 5% 
to account for the contribution from the high-Z im- 
purities. The reliability of this correction is estimated 
to be better than 30%. 

(2) Solid angle correction (Part IT-E). Because of 
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photon penetration through the collimator, the solid 
angle computed with the ?-inch diameter collimator 
was increased by 10 percent for the detection of 1-Mev 
photons. For decreasing photon energies, the correction 
decreases in a manner determined by the total photon 
absorption coefficient for brass. A comparison of the 
measurements (Part II-E) with the Co® and Cs"? 
scurces indicates that this correction is reliable to 
within 30%. 

Other experimental errors are as follows: 

(1) Statistical counting errors. The fractional stand- 
ard deviations for the points given in Figs. 5 and 6 are 
less than 5% in the energy region below 0.8ko, less than 
20% between 0.8ko and 0.9, and less than 30% 
between 0.9) and ko, where ko is equal to Eo—y. 

(2) Variation in the window width of the differential 
analyzer (Part I-A). The fractional standard deviation 
for the window width is estimated to be less than 4% 
for any given bin. 

(3) Error arising from graphical integration over 
photon energy and angle of the differential cross section. 
The maximum uncertainty produced by this integration 
is estimated to be +3%. 

From a consideration of the above errors, it is esti- 
mated that the values for the integrated cross section 
draa (Shown in Fig. 8) are reliable to within 20%. 


V. DISCUSSION OF RESULTS 
A. Breakdown of the Born Approximation 


The theoretical cross sections given in the above 
results have been formulated on the basis of certain 
assumptions”’ of which the most important is the Born 
approximation. The necessary conditions for this ap- 
proximation are severe: namely that (2*"Z/137)(c/v0) 
and (2"Z/137)(c/v)<1, where v» and » are the electron 
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Fic. 8. Cross section for the energy lost by radiation. ¢yea is 
equal to (1/E») fi?" *k(dox/dk)dk, where do, is given by Ex- 
pression (2), and ¢ is 5.8X 10-*Z* cm*. The dashed line indicates 
the screening effect for Z equal to 82. The low-Z experimental 
values are multiplied by Z*/Z(Z+1) to account for electron- 
electron bremsstrahlung. Theoretical values obtained from the 
Sommerfeld theory! are shown in the nonrelativistic region. 


77 See reference 3, p. 254. 
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Fic. 9. Comparison of the Bethe-Heitler and Sommerfeld cross 
sections integrated over the direction of photon emission. 
maximum photon energy, ho, is equal to 40 kev. The Sommerfeld 
values for the cross section are obtained from the results of Kirk- 
patrick and Wiedmann.** 


velocities before and after the collision. Accordingly, 
the approximation breaks down for large Z. 

As v) becomes small, the manner in which the differ- 
ential cross section is modified because of this approxi- 
mation is difficult to follow intuitively. As a possible 
aid, it is of interest to compare the exact Sommerfeld 
theory in the nonrelativistic region with the approxi- 
mate Bethe-Heitler-Sauter theory.*-* Such a com- 
parison provides some grounds for inferring: possible 
qualitative differences between an exact theory and the 
Bethe-Heitler-Sauter theory at the higher energies 
(Tou). The Sommerfeld and Bethe-Heitler values of 
the cross section integrated over the direction of photon 
emission are plotted in Fig. 9 for an initial electron 
kinetic energy of 40 kev. The Sommerfeld values for Z 
equal to 13 and 79 were obtained from the calculations 
made by Kirkpatrick and Wiedmann™ and the Bethe- 
Heitler values were obtained from Eq. (18) in refer- 
ence 3. A comparison of these curves gives the following 
information for the nonrelativistic region: (a) The ap- 
proximate Bethe-Heitler bremsstrahlung theory under- 
estimates the cross section as given by the exact 
Sommerfeld theory. In the exact theory, the cross 
section approaches a finite value at the upper limit of 
photon energies compared to the sharp drop to zero 
of the Bethe-Heitler curve. At small photon energies, 
the Bethe-Heitler curve which does not include screen- 
ing, rises above the exact theory curves. (b) The exact 
cross sections are not simply proportional to Z*. At low 
photon energies, the values of the low-Z curve are 
greater than the high-Z values, and with increasing 
photon energies there is a crossover where the low-Z 
curve drops below the high-Z curve. This crossover 
feature makes the cross section integrated over photon 
energies approximately proportional to Z*. The above 


* P, Kirkpatrick and L. Wiedmann, Phys. Rev. 67, 321 (1945). 
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results provide some clue as to what might be expected 
in the higher energy region (7)>~y) where the present 
measurements were made. 


B. High-Z Bremsstrahlung 


The high-Z bremsstrahlung results, which are shown 
in Fig. 5, indicate that the Bethe-Heitler values of the 
differential cross section underestimate the measured 
values over most of the range of photon energies. The 
manner in which the theory departs from the measure- 
ments is at least in qualitative agreement with the trend 
suggested by the results in the nonrelativistic region. 
The departure of the theoretical curves from the 
measurements increases consistently as (a) the photon 
angle of emission 6 (or the momentum transfer to the 
nucleus) increases, (b) the photon energy increases, and 
(c) the initial electron kinetic energy decreases. The 
trends (b) and (c) hold also for the cross section in- 
tegrated over the direction of photon emission, as shown 
by the results in Fig. 7. The error given for each experi- 
mental point in Fig. 7 is an estimated upper limit for 
the combined errors discussed in Part IV. 

Quantitative estimates of the difference expected 
between the approximate Bethe-Heitler theory and an 
exact theory were made by Elwert.” His results are 
given as a correction factor that can be applied to the 
Bethe-Heitler values for the cross section.” The Elwert 
corrected Bethe-Heitler curve is plotted in Fig. 7 for 
case where (Eo—y) is 500 kev and Z is 79. The 
that the Elwert 
curve and the corresponding experimental curve, shows 
that Elwert’s theory does not provide an adequate 
correction factor for the Bethe-Heitler theory. 

Figure 8 shows that the high-Z experimental cross 
section values for the energy lost by radiation, ¢,sa, are 
about a factor of two larger than the corresponding 
sethe-Heitler values. The high-Z experimental values 
for dra’ @ (where ¢ is 5.8X 10-*8Z? cm?) are 9.54+1.9 at 
500 kev and 10+2.0 at 1000 kev compared to the 
theoretical values of 5.5 and 6.5 respectively. 


the 


large discrepancy remains between 


C. Low-Z and Electron-Electron Bremsstrahlung 


Low-Z bremsstrahlung is complicated by the fact 
that the role of atomic electrons becomes important in 


the process. The cross section dependence is expected 
to go more like Z(Z+1) rather than Z?,*' which means 


that the contribution from electron-electron brems- 
strahlung would be about 10 percent for aluminum and 
25 percent for beryllium. The results obtained for these 


® G. Elwert, Ann. Physik 34, 178 (1939 

® See reference 3, p. 246 

"The Z(Z+1) formula gives only 
magnitude. A detailed theory of bremsstrahlung in 
free electrons has not been worked out except for limiting 
conditions, see J. Katzenstein, Phys. Rev. 78, 161 (1950) and 
M. L. G. Redhead, Proc. Phys. Soc. (London) A66, 196 (1953 
For the role of binding in various processes involving atomic 
electrons, see also J. A. Wheeler and W. E. Lamb, Phys. Rev. 55, 
&58 (1939) and U. Fano, Phys. Rev. 93, 117 (1954) 


an estimate of order of 
collisi ys 


bet weer 


MOTZ 


two materials with 1000-kev electrons are shown in 
Fig. 6. Except for the effect of electron-electron brems- 
strahlung, it may be expected that the cross section 
divided by Z* would be approximately the same for all 
low-Z materials. Therefore, it is difficult to escape the 
conclusicn that the differences shown in Fig. 6 are 
indeed evidence of the electron-electron bremsstrahlung 
process. The fact that the differences are large at 10 
degrees and practically disappear at 90 degrees carries 
additional weight, since the radiation intensity from 
electron-electron bremsstrahlung is expected to be con- 
centrated at small angles from considerations of the 
dynamics involved in transforming from the center-of- 
mass to the laboratory system. It is alsu of interest to 
determine the maximum photon energy, Ko, for elec- 
tron-electron bremsstrahlung that is available in the 
laboratory system at the laboratory angle 6. With the 
aid of the Lorentz transformation, it can be shown that 


K =F /(1—cos0 \/F), (S) 


where F is equal to (Eo—yu)/(Eo+u). From this ex- 
pression, the values obtained for Kyo with (Ey—) equal 
to 1000 kev are 824 kev at 10 degrees, 650 kev at 30 
degrees, and 253 kev at 90 degrees. These results are 
not inconsistent with the measurements shown in 
Fig. 6, where it is seen that the differences between the 
two materials tend to vanish as the curves approach 
the above values for Ko. 

The low-Z cross section measurements shown in 
Fig. 6 indicate that even if electron-electron brems- 
strahlung is accounted for, there still appears to be 
some discrepancy between theory and experiment. As @ 
becomes smaller, the Bethe-Heitler curve underesti- 
mates the measured values. For these small values of 6, 
a comparison of the low- and high-Z curves reveals a 
cross-over in which the low-Z curve drops from above 
to below the high-Z curve with increasing photon 
energies. This behavior which is not revealed in the 
Born approximation theory is similar to what occurs 
in the nonrelativistic region for the Sommerfeld theory 
(see Fig. 9). 

The experimental values for the integrated cross 
section given in Fig. 7 show the combined error for the 
various factors discussed in Part IV. Most of these cross 
sections are larger than the theoretical values by an 
amount that exceeds the error limits. The final low-Z 
values for ¢,.4 are shown without the error limits in 
Fig. 8. When these values are corrected for electron- 
electron bremsstrahlung by the factor Z?/Z(Z+1), 
they are only about 30% larger than that corre- 
sponding theoretical values, compared to the much 
larger differences obtained in the high-Z results. The 
experimental values for @na/¢ with the Z?/Z(Z+1) 
correction factor are given as 8.8+1.8 and 8.4+1.7 for 
Be and Al respectively at 1000 kev, and 6.8+1.4 for 
Al at 500 kev. The corresponding Bethe-Heitler values 
are 6.5 and 5.5. The Sommerfeld values for }raq are also 
shown in Fig. 8, and it is seen that like the experimental 
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values at the higher energies, they are larger than the 
corresponding Bethe-Heitler cross section. 


VI. ACKNOWLEDGMENTS 


The writer wishes to thank Dr. William Miller for his 
contributions and suggestions, Dr. H. O. Wyckoff for 


1571 


his help and advice, Mr. Fred Frantz and Mr. George 
Dempsey for their assistance with the measurements, 
and Mr. Richard Bach for his help with the calculations. 
Also, the writer is grateful for the beneficial discussions 
with Dr. U. Fano, Dr. I. Oppenheim, Dr. M. Danos, 
and Dr. H. W. Koch. 





PHYSICAL REVIEW VOLUME 


100, 


NUMBER 6 DECEMBER 15, 1955 


Small Oscillation Theory of the Interaction of a Particle and Scalar Field 


E. P. Gross 
Syracuse University, Syracuse, New York 
(Received July 28, 1955) 


We study the interaction of a nonrelativistic particle with a scalar field, with particular application to 
the theory of polarons. The approach is based on a general classical method for the integration of equations 
of motion. The Hamiltonian is transformed by successive canonical transformations, the first corresponding 
to describing the motion relative to special solutions of the equations of motion. This stage as applied to 
suitably ordered Heisenberg equations of motion is identical with intermediate coupling theory. The second 
transformation treats the coupled small oscillations of particle and field oscillators about the chosen special 
solution. This affords a natural extension of intermediate coupling theory for this problem. Differences 
between the classical and quantum theories arise in the ordering of operators; the differences play a crucial 
role in determining the effective cutoff in wave vector space 


1. INTRODUCTION 


HE theory of the interaction of an electron with 
lattice vibrations has received much attention 
recently. Aside from the question of oversimplifications 
customarily made in describing the physical system, 
there is the problem of finding quantum theoretic 
methods powerful enough to analyze the structure of 
the typical Hamiltonians encountered. The present 
deficiency hampers progress in the theory of normal 
and super conducting metals at low temperatures, and 
makes uncertain, estimates of lattice mobility in polar 
crystals and semiconductors. The electron-lattice 
interaction is also interesting from the point of view of 
the theory of elementary particles. The Hamiltonian 
corresponds to a simplified nonrelativistic field theory 
with a bona fide cutoff. One is concerned with developing 
theories of source recoil for intermediate and strong 
coupling which may have implications for the general 
theory of fields. The studies have already given rise to 
a new adiabatic theory.’ 

We will here be chiefly concerned with the polaron 
problem—loosely speaking, the theory of the inter- 
action of a free electron with the optical modes 
of a polar lattice. It possesses the simplification that a 
minimum energy fw is required to excite a quantum of 
optical vibration (w is the common frequency of the 
vibrations). For the lowest states of the system, one has 
a pure self energy situation with no free quanta present. 
A range of such states is possible ; they are characterized 
by an integral of the motion P with the dimensions of 
a momentum, where P satisfies P*/2m<hw. Most 


IN. Bogoliubov, Ukr. Math. J. T I, No, 2, 3 (1950); $ 
Tyablikov, Zhur. Eksptl. i Teort. Fiz. 21, 377 (1951) 


studies*~* have dealt with the properties of the above 
class of states as a function of coupling strength, in 
particular the energy of the very lowest state with 
P=0, and the nearby states for which P?/2m<Khw. 
Less attention has been paid to the case where P*/2m 
hw» and to the nature of the excited states. These 
regions are of interest in the theory of dielectric break- 
down and in mobility calculations. The determination 
of the energies of the low-lying states has involved 
mainly variational techniques. The most successful 
methods are those of Hohler and Feynman. The 
advantages are known; the disadvantages are that it is 
hard to make a picture of the behavior, that the intrinsic 
structure of the Hamiltonian is lost sight of and that 
the determination of the excited states is made difficult. 

In the following, we note that classical theory points 
to a natural attack on the problem, and we explore some 
of the consequences. In the theory of orbits one finds a 
solution of the equations of motion (stable orbit) for 
which the initial conditions have been chosen in a 
particular way. Then one studies small oscillations 
about the orbit. If the orbit is stable, there is a region of 
phase space in which the full freedom in choice of initial 
conditions is present. At the edges of the region of 
stable motion the small-oscillation assumption is not 
valid ; however, classically the amplitude may be made 
arbitrarily small so that there is always a domain 
where anharmonic terms can be neglected. For the 


*S. I. Pekar, Untersuchungen uber die Elekironentheorie der 
Kristalle (Akademische-Verlag, Berlin, 1954). 

+H. Frohlich, Advances in Phys. 3, 325 (1954). 

*G. Hohler, Z. Physik 140, 192 (1955). 

*R. P. Feynman, Phys. Rev. 97, 660 (1955). These papers 
contain references to earlier work. 
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polaron problem there is such a stable motion; the 
electron moves with uniform momentum and the 
lattice modes undergo forced oscillations. There are then 
neighboring in which eiectron lattice 
oscillators undergo coupled small oscillation. This 
classical picture will be applied here to the lowest 
states; the intimately phased motion of electrons and 
ions leads to lowering of the energy, and may be of the 
type needed in the theory of superconductivity. 
Mathematically both classical and quantum theory 
involve transformations.* The 
first introduces coordinates relative to the stable orbit, 
and the second is a normal mode transformation; later 
transformations are perturbation treatments of the 
anharmonic However, because of the finite 
de Broglie wavelength of the electron and the zero-point 
motion of the lattice, the quantum 
transformations differ. The differences are most signifi- 
cant for short-wavelength modes and provide a cutoff 


states and 


a series of canonical 


terms. 


classical and 


in the quantum theory not present classically. This 
advantage is offset by the fact that the concept of small 
oscillations is not entirely natural in quantum theory, 
since the minimum amplitude of zero-point vibrations 
may take a problem inherently anharmonic. This is 
reflected in the mathematical formalism in questions of 
ordering of creation and annihilation operators, and in 
approximations beyond the classical scheme 


2. CLASSICAL THEORY 
For details of notation and the analysis leading to 
the Hamiltonian refer Frohlich ef al.’ The 
Hamiltonian is 
H= p/2m+430.4 (V2/M)+ Ma?X 2} 
+¥° ge’ { X, sin(k-q)+ (V¥i/Max) cos(k-q)}, (1) 
where p and q are canonical coordinates of the particle 
of mass m; w, is the frequency of a lattice oscillator with 
wave vector k; Vy and X, are canonical momenta and 
coordinates of the oscillators; M is a constant 
dimensions of the square of a time; Y,?2 and Y?/M 
g. has dimensions of a 


we to 


with 


have dimensions of energy ; 
square root of energy. We may write g;’=g:/L', 
where L is the tength of the cube enclosing the system 
periodic boundary conditions). Then k takes on the 
values k=n2x/L, where the triplet n consists of 
negative and positive integers. 

One verifies that the following is a special solution of 
Hamilton’s equations for the system®: 
const ; 


q= (Po/ m)i+ qo; 
cos(k-q) 


P= Pi 

g. _—sin(k-q) 

X ‘> " } a= Be 
Me, (k: Po m)— ws h Po/ 1%) — we 

* The approach is a special case of the general method for 

of classical equations of motion. See Whittaker, 

Dynamics (Dover Publications, New York, 1944 


integration 
{ mal yiscal 
Chap. 16 

’ Prshlic h, Pelzer and Zienau (hereafter 
Phil. Mag. 41, 221 (1950) 

* E. P. Gross, Technical Report No. 55, Laboratory for Insula 
tion Research, Massachusetts Institute of Technology, December 
1952 (unpublished 


F.PZ 


denoted 
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Since there are no terms with a time dependence at 
the frequency of the free oscillations of the lattice, the 
solution must be closely related to the quantum 
solution for the lowest state where no free quanta are 
present. The quantum eigenstate will be seen however 
to involve at least an additional range of classical states, 
in which particles and oscillators undergo coupled forced 
oscillations of a particular type in the vicinity of the 
special classical solution. 

The general equations have, in addition to the energy, 
the integral of the motion 


k/Y¥2 Mo; 
ponte h(t) 


Wk 2M 


(3) 


The special solution (2) yields for H and P; 
k ge” 
+), —_ ——_ 


P= po mann, 
¥ 2Mwy [ (k- po/m)—wx F 


gx”, M 
[(k- Po ‘m)—wr? 


The special solution thus involves a relationship 
between H and P through the intermediary of po. 

Equations (2) and (4) have singularities for waves 
whose phase velocity wk/k is at the particle velocity 
po'm. If one restricts consideration to sufficiently 
small values of po so that ‘k-po/m!</a,! for all 
oscillators, the results depend on the cut-off value of 
k. For a classical electron in a crystal the maximum 
value of & is given by the lattice spacing, and the 
singularity means that excitation of natural lattice 
oscillations must be considered. Quantum theory 
provides a cutoff arising from wavelength of the 
particle. For weak coupling this has been discussed by 
F.P.Z. and is kugx~ (2mw/h)' which leads to an energy 
proportional to g*. One can also estimate the effective 
mass for small pp by using (4). For strong coupling the 
cutoff will depend on the strength of interaction, 
representing a tendency to confine the particle in a 
potential well. The question of the behavior of the 
cutoff is thus vital, and is inherently quantum 
mechanical. 

We now go further into the structure of the equations 
of motion by studying small oscillations. The results are 
simplified by making the following canonical trans- 
formation: 


k Y;? MoX? 
P=p+)>. - (: oa 


k w,\2M 2 


), Q=q, (5) 


Y; 
QO,’ = X, cos(k-q)—-—— sin(k-q), 
M 


we 


P,’ Vs 
——= X, sin(k-q)+ a cos(k-q). 


Wk I We 
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In terms of the new variables the Hamiltonian is 


ig(ck 


Mw, 


P? . P,’ 
=—+> gr’ 
2m Mu, 
1 1 
x (P,” *+ Mw?) + = 
(2M)? 2 


k 2 
x > —(P,'*+ M*w,*0,”) * . 
Wk 


The solution (2) corresponds now to a simple shift in 
the new momentum coordinates, 


Be 
Bile Iikeocaeniereind (7) 
(k- Po, ln) —e0y, 


P= Pot dx (kPy”/2Ma). 


0.’ =0,°=0, 
and 
To introduce variables describing the motion relative 


the stable orbit, we perform the following canonical 
transformation: 


P,=P, Or=Q'. (8) 
Then H=> .20'H;, with H,=0 and 


po P, M P, 0 2 
Ho=—+> gx'— —-+- -> w a(- —), 
2m & Mas 254 Mex 


1 /_kPPs\? I k- po 
we L(g) oh (2) 
2m\‘e Mw, / 2M‘ mio 


x ( P+ M*w,*0,’). 


! > 0 
— Pi’, 


We have not written down the cubic and quartic 
parts of H. The constant part Hp is just the energy of 
Eq. (4). The next stage in the solution is to find the 
normal modes for 2. This is always possible in principle, 
but here H, has a particularly simple form which 
permits explicit calculation of the normal frequencies 
and modes. We write 


Qr=Dd Rob, Pi=DLa Rom, 


where & and m are the new cancnical coordinates and 
momenta and Ry is a real, orthogonal matrix. The 
quadratic portion of the Hamiltonian is diagonal in 
terms of the new coordinates with { as the normal 
frequencies. The Ry» and Q are determined by writing 
the equations of motion using only H:, and inserting 
into them Eqs. (10) together with 


aF= 2,7m. 


(10) 


We find 
prkP,® IP?Ro 
—Qh7) Re aS Sane e ee 
mM, I Mw, 


(11) 


where py = w,(1—Kk- po/ mus). 
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There are two types of solutions. In the first type, 


b pate 
= 
1 Me, 


For a given \ R~=0 unless p,?=2,*. The Q are simply 
the original lattice frequencies, (as modified by the 
Doppler shift), relative to a particle moving with 
velocity po/m. Only a small fraction of the lattice 
oscillators satisfy p,?=Q,*, and these are modes built 
out of a small number of oscillators combined so as to 
form standing waves with a node at the position of the 
electron. This is the reason why the frequencies a are 
unmodified by interaction. 
The second type has §, #0 and 


(12) 
(p.? ~2,%) 


The §, are determined by the normalization condition 
on Ry. The Q, are determined from 


ies pePs e *k(k- Br) 
PR, ype 2 (13) 
k mMa,(p2— —9,3) 


These modes are built up from small contributions from 
all the lattice oscillators and contain the coupling 
constant for the electron lattice interaction. The normal 
frequencies are found between the poles of the right- 
hand side of (13). 


3. QUANTUM TREATMENT 


Because of the similarity of the operator equations 
of motion in the Heisenberg representation and the 
classical equations the classical theory may be taken 
over. The new points all involve the appropriate 
ordering of noncommutative factors. We introduce 
the creation and destruction operators 


b,* Mu 
-(- ‘) (Oy'FiPs'/Mun), 


(14) 
by 2h 


satisfying [ b,,b;* }=6,,. Introduce the purely imaginary 
quantity (dimensions of energy), 


Vi — igs’ (h/2Mu,)', (15) 
and rewrite Eq. (6) as 
» k-P hk* 
H=—+Z A(o.- —+— ith 
2m m 22m 
+2¥ (Vidi t+ Vib, *) 


h? 
+, —(k-Dbi*b/*byb;. (16) 
kl 2m 


We have made use of the fact that the zero-point 
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momentum > #k/2 is zero and have discarded the 
zero-point energy > fiw,/2. The operators have been 
ordered so that the creation operators stand to the 
left of the destruction operators; this arrangement 
brings out the term > (#i*k*/2m)b,*b, from the quartic 
part of the Hamiltonian (6). This term comes originally 
from the ~?/2m term, i.e., from the particle kinetic 
energy and represents physically the DeBroglie 
wavelength cutoff. Now perform the shift, Eq. (8). 
The ordering of operators is unaltered. We have 


a,=b,-4 f(k), a," = 5,* T f*(k . 


Oi=Qs, Pr=P,’—PiP 


(17) 


Here a,= (Mw,/2h)*{O0,+-iP:/Mo x}, and we will later 
that /f(k) is purely imaginary. Thus P,°= 

(2Mhuw,)4i f(k). We will discuss the choice of f(k) 
in detail below. Equations (9) are replaced by H= > 0! 


<x, 


P*(1—7)? . h*k? 
H" HE (hort ) f(k)|?, 
)m . 2m 


show 


where 


H® > (hp, f(k)+V.*}a.%+c.c., 


H® => hpyay*ay+ (h/2m)>- k-1f(k) f(D{ar*a;* 
x 


a,*a;+4,4;—a;*a,)}, 
h?/m) {> ka,* f(k)->- la;*a, 


+> la;*a,->- ka, f*(k)}, 


— 


baw 


(h?/2m)>- k-la,*a;*a.a;, 


where now 


nP => k| f(k)!? 


One can now choose f(k) so that H™ is zero. This 
that there are no constant “forces” in the 
Heisenberg equations of motion of the operators a, 
and a,*. Thus there are no linear increases of these 
operators with time and the stable 
orbit. As in the classical case, there are contributions 
from the quartic terms of the original equation (6) to 
the determination of f(k). A reason for adopting 
the above order is that the H#®, #®, Hy“ 
have no the energy of 
the ground state in a” perturbation calculation in a 
representation where a,*a, is diagonal. The results then 
agree with quantum perturbation theory in the limit 
of weak coupling. 

This stage of the procedure is precisely the inter- 
mediate coupling theory of the polaron." Here we 


ensures 


we have found 


terms 


ymntribution to 


first-order c 


* Lee, Low, and Pines, Phys. Rev. 90, 297 (1953 
*M. Gurari, Phil. Mag. 44, 329 (1953 
"S. Tyablikov, Zhur. Ekspt!. i Teort. Fiz. 25, 688 (1953) 
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have been motivated by a study of the equations of 
motion of the operators rather than by a variational 
approach. The fact that the diagonal matrix elements 
of H®, H®, H™ are zero means that the true ground- 
state energy is below the value obtained with Ho. 

Now our object is to take into account the coupled 
vibrations of electron and lattice oscillators. We shall 
therefore find the normal modes of H®. If one takes f 
as in the intermediate coupling theory, we find that 
including effects of the oscillations gives a solution 
valid for larger coupling strengths and lowers the 
energy at all coupling strengths. However, one does not 
obtain results valid in the strong coupling limit. This 
is connected with an important point. The a; will be 
linear combinations of new creation and annihilation 
operators belonging to the new normal modes. Thus, 
the Hamiltonian will not be appropriately ordered in 
terms of the new variables. In so ordering, H® contains 
linear terms and the process of finding the normal 
modes destroys the stable orbit. It is therefore more 
appropriate to keep f free until the normal modes have 
been found and to determine it by then setting the 
linear terms equal to zero. 

Now introduce coordinates and momenta appropriate 
to the Doppler-shifted waves. We have 


Mp, i 
-(—) (G,—iF,/Mp,) 
2h 


| % 


(20) 
a,* 


Fy = Py (px/wr), 
Fr=>) Tom. 


Gi=Qr(wr pr), 
Gi=> Ticks, 


H® becomes 
| hk fF ,\? 
(2). ap 
Mhm ps! 


F,? Mp? 
x (Stee 
2M 2 
The lowest states are characterized by zero quanta in 
each of the normal modes. There will therefore be a 
zero-point energy >_,(#2,/2). Thus, the contribution of 
H® to the energy is 


AQ, h? 
AEM =F —-—F —-——E P| f(b) |*. 
bin uae 


- 


(22) 


The reordering of H™ gives in general an additional 
contribution to the energy which can be found after 
the normal modes are determined. 


4. ENERGY OF LOWEST STATE 


In this section, we treat the lowest state of the polaron 
for which P=0. For simplicity of presentation we go 
through the calculations for a one-dimensional case. 
Measure energies in units of Aw, momenta in units of 
(2mfw)', and introduce 


te= (p,/w)?; s= (Q,/w)*. 
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Consider modes of type 1, and label them with the 
index 59. Then the frequencies are given by 


so(k)== (1+). 
For a given so>0, there are two values of k: 
ki (so) = +[(so)t— i} 


Since one must satisfy > (kfT%s/ps*)=0, and since 
f(k) is an even function of k for P=0, we have 


Tks 09> Ti = 1/v2. 


(23) 


(24) 
The last step follows from the normalization condition 
Tky.2¢°-+ Tog? = 1. 

Thus, for normal modes of type (1) and P=0, 
feo= (1/¥2) (Qe, +Qx-). (25) 


There is no shift in zero-point energy for type-1 modes. 
The frequencies of type-2 modes are determined from 


4(t,) 4k? f*(k) 
—i=) Rea 3 (26) 
sd (s—te) 


with ¢,= (1+)? or #=t,!—1. This type of eigenvalue 
equation has been treated in the literature."?* The poles 
of the right-hand side are at s=4, with k=2xn/L the 
spacing of poles is 


€(tn) = bagi —la= (2m41)(24/L)*{ (24 /L)?* 
X (2n+1)+2+2(2an/L)*}. 


Inserting the value of 2xn/L as a function of ¢,, we 
have as Lo : 


€(t,)—>4(29/L) (t,4—1)4,!, (27) 


which gives the spacing as a function of frequency. 
Let s, be the root lying between /,, and t»4:. Then 
introduce the shift ¢., 


O<om<e(tm). (28) 


Sm= {1+ (2xm/L)*}?+-00, 


The ratio o,,/¢,, is less than unity and tends to a non- 
zero value as L—~, but c,,—0 as L-~. The total 
shift is zero-point energy of type-2 modes is therefore 
(in dimensionless units), 


A> (Smt—tmt) => (om/tor), 


all Om tm 


(29) 


where we keep only the first term in the expansion of 
Sm? since ¢,—0 as L—»~ and (,, is finite. The energy 
shift is then 


(30) 


i 


Om(Sm) €m(Sm) " a(s) ds 
Be he 
fm én fud V/ ten Pa | e(s) Vs 


since As—e,, as L—+~. To find the ratio o(s)/e(s), one 


Wigner, Critchfield, and Teller, Phys. Rev. 56, 530 (1939). 
4N. V. Kampen, Kgl. Danske Videnskab. Selskab, Mat.-fys 
Medd. 26, No. 15 (1951) 


uses the result 


+o a,* a (td: 
$ om (dt 


nwo s—t,, 


ma(s) 
+-ra*(s) cot( ) (31) 
(s) 


sl € 


where P stands for the principal value of the integral 
and 


a (¢,) =an*/e(ta). (32) 
For our problem, a,?= 4t,!(n2x/L)* f?(29n/L), so that 
a? (t)= (L/2n) PL (A—1)4)[(A—1)}. (33) 


Inserting Eq. (31) into the eigenvalue equation, we 
find 


ra(s) us : “a, © a? (t)dt ¥ 
Fea [-r9 / ( -s f ey | s) 


The normal modes of type 2 are related to the original 
lattice coordinates by the transformation coefficients : 


4t,' f(k)8,k kf(k)Ty. 
ftom halle —— (35) 


i-—-s ‘ 
The 7;, satisfy the orthogonality relation: 


ry PR Fe =§,,', (36) 


as may be seen by breaking the left-hand side of (36) 
into partial fractions and using the eigenvalue equation 
(26). The 8, are normalization coefficients and are 
determined by 


1 4ty|ay|? 


-——— = 


8,|? 


; (37) 
t (4—s)* 
To evaluate this we need the sum” >-,[7,7/(t,a—s)*], 
where +*(t)=7,"/¢,(t)=4t\a(t)|*. In the limit Lo, 


2x (st—1)! 
6,|*>— - - sin*(wo/e). 


nt (38) 
L #*(s)*\a*(s)| 


For type-two modes, we therefore have 
Eo= DT Oe. 


The inverse transformation giving the Q, and P, in 
terms of the &,, », will be needed in order to rewrite 
the Hamiltonian in terms of the new variables. A given 
Q, involves both types of normal modes. We have 


Qu= (1/V2) Eso) +2 Tes Es, 


where so is the single value of s for the type one mode 
arising from k. 

The above information concerning the transformation 
coefficients enables us to complete the calculation of 
the energy. We introduce creation and annihilation 


(39) 


(40) 
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operators for the normal modes 


M2Q,\! 
2 ( ) (£,in./MQ,), 
2h 


t, = (h/2MQ,)"d,+d,*} 
in,/ MQ, = (h/2MQ,){d,—d,*}. 


{% 
ee 


We work in a representation where d,*d, is diagonal 
and consider the ground state WV» for which d,W,=0. 
Then H™ and H®, have an odd number of creation 
and annihilation operators and thus have the property 


WHO Vo, V5) =0 
Ihe energy of the system by our method is therefore 


E= (Wo HY¥ H+ (Vo HOW) + Wo HO (42 
rhe true energy must always be less than this value. 
We now show that the quartic contribution to the 
i 
for P=0 


energy 1s zero One has 


Vo AO 


Vp.\! 
jz 
nm) 


(h/2m)>¢ (kD) (a;a¥o,a;a.¥ 
dsolk 
a + 
v2 


use of the fact that 


We have made 


modes). Then 


a,V Dok te (p,/%2,) l {2,/ pi d,*¥ 


The term @,a,¥ involves T,,7),: as a factor, and the 
entire inner product (a;a,¥o,a,a,¥ 
x 71.7, which is an even function of both & and / 
The summation over & and / involves the odd factor 
k-1 so that (Wo,H“Wo)=0 

The complete expression for the energy is therefore 
H® + (Wo, Wo), where {(k) can still be chosen freely. 
From this point of view, the method contains a varia- 
tional principle. It will be of interest later, however, to 
seek to determine f(%) in a natural way in accordance 
with our basic physical picture. The total energy is 


involves 7:,7 x, 


+} Ne od T ry 


1 f* ds 
- ivs 


os a {dt 
< tan - ro? i/ (4 pf — ) 
i s—l 


In the one-dimensional problem, V,.= V (a constant). 
Introduce the pure number 


U? = [V2/(Peao)* J (h/2omce) 4. 


(44) 


(45 


GROSS 


A simple choice for f(&) is 


f(k)= (46) 


1+h?/b? 


For weak and intermediate coupling b6=1, but for 
stronger coupling it depends on the interaction strength, 
i.e., the DeBroglie cutoff for a free particle is no 
longer appropriate. We have 

L/*p4 


2 ({) = —- —_—___—_, 
2e (b’+(t)!—1)° 


“ar(t)dt U*b' 
pf ——-=——{ K(s,b)+J(s,b)}, 
l ° 


s—{ 2ns 


(t#—1)! 
(47) 


(48) 


where 
” (x—1)!xdx 
K(s,b)= f ~ — 
| 


= — = — J | == §. b)+2x 
(s+-x)(x+b'—1)* 


2s(i+s)! 2x 2b(1+s)!+1+0 


(P—s)? b [B+(1+s)'P ’ 
(49) 
(x—1)'xdx 2x 


rsd)=P f — - = 
1 (s—x)(x+hP-—1)? 0 


s(1—3b*)— (b’—1)? 
(s—1+8%)? 


The integrals have been evaluated by the method of 
residues. Examine first the case b=1 (intermediate 
coupling theory). Then the total energy of the system is 


1 «x 
a ape 
2r 


re | 


| (r—1)! 
: —}dr. 


— (50) 
| (2 U\?)—[(1+r)'-—2] 


X tan 


Now tan™'x has the expansion 


tan 'x=2—-27/3+2°/5 for #<1. 


For this expansion to be suitable for all r, we must have 
r. 

U|?<min— -S 1.6. 
(r—1)'§—2+(1+r)!| 
In addition, for 

2 
U'?<min < 1.6, 
(1+r)!—2 


one can expand the denominator in powers of |U|*. 
The result is 
E=—4$|U|?—|U|*(1/6r—1/16)+---. (51) 


This result is probably accurate for |U * somewhat 
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> 1.6 since the region of r where convergence fails is 
small. The additional energy is always lower than 
—4|U\?, representing an improvement over the 
intermediate coupling theory. However, for very large 
coupling strengths the term containing the tan™ 
saturates, and gives a dependence which is slower 
than | U|*. The energy is then roughly —?| U|* rather 
than the weak coupling value of —4/U|?*. 

Thus with the choice of f suggested by intermediate 
coupling theory we do not get the correct strong 
coupling energy given by the adiabatic approximation 
(E~—0.1|U|*). From the present point of view this 
arises because the intermediate coupling choice of / 
has implicit a cutoff related to the DeBroglie wave- 
length of the free particle. The cutoff in reality must 
depend on the coupling strength, so as to represent the 
“binding”’ of the particle in the potential well created 
when it polarizes the lattice. 

We have checked numerically that letting ?= 
+(U) improves the energy in the region | U|?~10, 
but have not discovered whether 6? can be chosen as a 
function of coupling strength so as to obtain the strong 
coupling limit. In the next section, a ‘natural’ way to 
specify f is discussed. 

The energy for the three-dimensional situation is 
easily expressed in terms of the one-dimensional results: 
The eigenvalue equation is a vector relation: 


(tx)* f?(k) 
4>° - a (k-§,). 


ke (-—s 


(52) 


There are three independent modes of type 2 for a given 
frequency s. We take these to have 6, along the x, y, z 
axes respectively. To find the frequency shift of these 
modes, consider, for example, the mode with §, along 
the z axis. Then 

(ty) 4k,? f?(k) 

——_———_. (53) 
& s—t, 


For the P=0 case f(k) and & depend only on the 
absolute value of &. We may therefore perform the 
angle integrations and find 


dr Ly? c* (ku) PUR) 
14 (~)f {- ae +t dk. (54) 
3 \2e i—s 


The eigenvalue equation is of the same form as the 
one-dimensional one. Here we take 


=(=): (=) ~) 
iy: hcNE 5 


(55) 


L a 
a*(t) = w—spo-9(—) -4r. 
2x 


With this expression for a*(t), the energy shift of the 
type-2 modes is then 3 times the value given by Eq. 
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(35). Corresponding to the one-dimensional choice (46), 
in three dimensions we may take 


f(a) = Vi/(14+-8/8). 
In dimensionless units,’ 
Viy= — (i/k)(4a’/L*)!. 


Insert in Eq. (55) for a*(¢) and compare with Eq. (33) 
for one dimension. With |U|*=4a’ and with the 
factor 3, the arc-tangent term in Eq. (44) is correct 
for the three-dimensional case. The tota! energy is 
then 


3 ds 
E=> (Vift+Vi8 f*)+E | f(k)|?+— 


tS on \/'S 


* a? (t)dl 
tan ~ree(s) /(1+P f 0 )- «0 
f st 


Again, as in one dimension, the three independent 
type-1 normal modes of a given frequency are standing 
waves with modes at the particle. 


5. REORDERING OF H\® 


We return to the question of the systematic deter- 
mination of f. The diagonalization of H® destroys the 
ordering of the cubic term. We investigate the process 
of determining f by the requirement that the linear 
terms in the Hamiltonian vanish when it is expressed 
in terms of ordered operators for the new normal modes. 
We order H™, as given in Eq. (19), so that the d, 
stand to the right of the d,* and select the linear 
portion. 

Examine first > k fa, (for P=0). From (43), noting 
that dso(t)=dso(—k) one sees that there is no contribu- 
tion from type-1 modes. Then for the one-dimensional 


case, 
(2) 
Q, 


Q, Q, 
u(r) sn 
Pe Pe 


Next consider > ka,*a,. Since T,, is an odd function 
of k, only the terms consisting of products of one 
operator of type 1 and one of type 2 will survive the 
summation over k. 


aoe) Cc 
ye 


The linear portion of H® is then [using /*(k) 


Zz hfor= > kf( 


+c.) (58) 
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= — f(k)]}, 

h? T1£°T 1. ( p1 ‘ 
Hin =— Y (kl) f(Q—— (=) 

mile Vv ps 


x (1—Q, ‘p1){ dag k) — dao(k)*}. (59) 


Since dso(k)=deo(—k&) and deo(k)= (1/V2)(ay+a_,), one 
can express /7;,"" in terms of the ay, a,*. 


ad ; Pi ‘ 
Hi =— ten s0T.°Tu(~) 


maki Pe 


2, 
x(1 - =) fo.—a.") (60) 
Pe 


Combining this with H, we determine f(k) by setting 
the coefficients of a,, a,* equal to zero. The condition is 


- Pi j Q, 
puf*(k)+VitkD Uf (DT * T..2( ) (1-+)-o. 
. \ Pk Pl 


Now insert expressions (35) and (36). We find 


2.p.8,7 
f(k) vi / (1448 —- ) 
e (p,?—2,”) 


The >, term is positive since 8,?<0, and the root Q, is 
larger than the corresponding root for zero coupling. 
The effect of ordering of the cubic term is thus a 
modification of the cutoff of {(k), in a way that depends 
on coupling strength; the change is more complicated 
than that of Eq. (46). 

With the help of Eqs. (27), (31), (35), and (38), 


one finds 


a’ (tdi 
of 
2.0.8,° pet 
e p?—-2/ adi? 
rey+(1+P f ) 
pil 


peds sin wa(s)/e} 
+P - —, (62) 


r’sta*(s)(py?—s) 
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As the coupling strength —0 the sum tends to 1. In 
principle f(k) can be obtained from this nonlinear 
integral equation with a degenerate kernel. By direct 
variation of the energy of Eq. (56), it can be shown that 
f satisfying Eq. (61) yields the lowest energy attainable 
by the present method. We have not succeeded in 
using the results of this section to find the proper 
explicit form of f(k) for large coupling strengths. 


CONCLUSIONS 


Our results underscore the value of analysis of the 
structure of the classical equations of motion. If this 
can be done by canonical methods, so that a portion of 
the transformed Hamiltonian describes a set of classical 
states accurately, there is the basis for an attack on 
the properties of some quantum eigenstates. In the 
present problem one is led to a natural extension of 
intermediate coupling theory. It is interesting that the 
quantum modifications arising from the ordering of 
operators affect mainly the proper cutoff. The first step, 
leading to intermediate coupling theory, replaces a 
classical theory sensitive to the maximum value of k 
by a quantum theory with a cutoff arising from the 
electron wavelength; the effect comes from ordering 
of nonlinear terms in the equations of motion. The 
second step of treating the quadratic terms modifies 
the cutoff as discussed in Sec. 5. The approach is 
readily applied to the states P=0; this will be done 
elsewhere. 

The important question whether the best /f(k) 
yields correct results for strong coupling has not been 
resolved." If not, one would like to know whether 
anharmonic classical motions contribute, or whether 
classically forbidden ‘motions’ are needed. One should 
keep in mind that H“™ may contain quadratic terms, 
if reordered in terms of creation and annihilation 
operators for the normal modes. It appears formidable 
to simultaneously remove linear terms, and have 
quadratic terms diagonal and anharmonic terms 
“properly” ordered ; this may be an unwarranted exten- 
sion of the small-oscillation concept to the quantum 
theory. 





“ Note added in proof.—Investigations of T. Schultz show that 
results inferior to the adiabatic approximation are obtained in 
the limit of strong coupling 
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The state of a real gas of electrons of uniform density is examined. An equation for the coordinate repre- 


sentation of the density matrix for two particles is found which satisfies the various necessary conditions 
and which gives a lower energy than the antisym netrized Single Slater Determinant. The additional nega- 


tive correlation energy found is proportional to the one-sixth power of the density at high densities. 








1. INTRODUCTION 


E wish to discuss the electron correlation energy 

in a system of electrons of uniform density and 

infinite extent. Start with a finite system of N electrons 
in a volume, V, and of density: 


po= N/V. (1.1) 


In order that the density of electrons be kept constant, 
assume that there is a uniform density of positive charge, 
epo. If the unit of length is chosen to be one Bohr 
radius, 


ao= h?/4x*me*, (1.2) 
and the unit of energy is the atomic unit, 
e?/ao= 27.21 ev, (1.3) 


then the Hamiltonian of the system is 


z > (1/1) 


N> i>j>1 


tN 
— ao*po p > Sffe ‘7 <)d to 
Leal | 
v 


t+ haotod? f be f (1/re)dridte. (1.4) 


nN 
H=40 -Vs-Vi+ 
ve] 


The last constant term is the self-energy of the con- 
tinuous positive charge which is added to the Hamil- 
tonian for convenience. This term depends upon the 
shape of the system, and diverges at infinite volume, but 
cancels with the major terms in the potential of the 
electrons. 

It is convenient to change to the equally dimension- 
less coordinates, x, which are po' times the metric 


length, 
X= dopo'r=c'r, (1.5) 


where r is the dimensionless coordinate used in Eq. 


(1.4), and 
c= pode’, (1.6) 


so that ¢ is the concentration of electrons per cubic 
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Bohr radius. In these units the Hamiltonian is 


LL (1/zu) 


N> i>! 


-E f f fassoae 


+f Siarsoanan, (1.7) 


The usual zeroth-order solution is to assume a Single 
Slater Determinant of plane waves with a minimum 
kinetic energy. With this zeroth-order solution, the 
kinetic energy per electron is known to be, 


tN 
H= hcl p< —V;-Vitet 
tant 


ton = (Or 10) (x /3)*ct, (1.8) 
and the total potential energy per electron to be, 
€op™= — (3/4) (3/r)ict. (1.9) 


The major terms in potential energy have been made 
to cancel to zero by the inclusion of the self-energy of 
the uniform positive charge. The term, éo,, of Eq. (1.9) 
is due to the fact that the Single Slater Determinant 
implies a certain correlation in the position of electrons 
with equal spin, namely that no two electrons of the 
same spin approach each other infinitely closely. The 
term éo, is usually called the exchange energy. We shall 
attempt in this paper to derive an expression describing 
a state of the system which is no longer a Single Slater 
Determinant, and which gives a lower energy, namely 
one in which the energy is 


€= €ont €opt Ate, (1.10) 


where Ae, will be called the correlation energy and will 
be given in units of double Rydbergs, e/ao, Eq. (1.3). 

The electron correlation energy, Ae., is made up of 
two terms, one of them positive, namely an increase in 
the kinetic energy, and the second term negative, due 
to an increased correlation between the electrons such 
that they are on the average less close together than 
given by the Single Slater Determinant solution. The 
units of length, pc~4, which we are using are now such 
that the density is unity. Let us define conceptually a 
function, F,(x;,%2), by the statement that Fy, shall 
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represent the probability density that one will simul- 
taneously have an electron at the position x, and 
another electron at the position x». For large distances, 
%:2, between the electrons, F, should approach unity 


in value. We therefore write 
F2(x,%2) = 1—g(212). (1.11) 


Since the integral of F, over dx,dxz over the volume of 
the system, which in these units is N, must be equal 
to N(N—1), we have that 


(1.12) 


f 4orx?g(x)dx=1. 
0 


Due to the cancellation of the major terms, the po- 
tential energy of the system is 


Q=- sf dong (x)ds (1.13) 


1) 


rhe value of eo, given by Eq. (1.9), is obtained by 
putting into Eq. (1.13) the value 
go(x) =4f0? (x), (1.14) 


where fo is the expression for the single particle density 
matrix element in coordinate representation appro- 
priate to a Single Slater Determinant of plane waves of 
minimum energy, namely 


sin[ (34")'x} cos[ (3r*) tx] 
[ (30*)tx P 
1 — (1/10) (3x) 'x2+ 


fo(x) =3 
[ (3e*)tx P 


(1.15) 


The kinetic energy is also determined by / and is 


ex = 4cll — (8°/dx*) f(x) ] 20, (1.16) 


which leads to the numerical value of Eq. (1.8) with 
Eq. (1.15) for f. The derivation of these relationships is 
given in Sec. 2 of this paper 

The method which we propose to use is as follows: 
we introduce the coordinate representation, p2(Xx,',x,”’; 
x,’,x:"), of the density matrix of two particles.' The 
diagonal element, namely that obtained when x, 
= x,;'"= x, in ps, is the function F; of Eq. (1.11), and 
hence by that equation determines g and the total 
potential energy by Eq. (1.13). If xo’= x2’’= x2, is set 
in F; and the function is integrated over dx, one ob- 
tains a function f(x), where x= | x;’— x,"|. This func- 
tion, f(x) is the coordinate representation of the density 
matrix for single particles, and determines the kinetic 
energy by Eq. (1.16). 

Now there are a number of necessary conditions 
which must be satisfied by p:. Some of these are sym- 
metry conditions and others are conditions which must 

' Since preparation of this manuscript a paper has appeared by 


Per O. Léwdin, Phys. Rev. 97, 1474 (1955), describing the prop 
erties of this and similarly defined density matrices. 
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be satisfied by the function f(x). The most significant 
of the latter is imposed by the demand that the original 
eigenfunction, ¥, be antisymmetric in all particle ex- 
changes. This requires that if f(x) is regarded as a 
function of two coordinates and brought into diagonal 
form, the coefficients of any of the diagonal terms must 
lie between zero and two, expressing the condition that 
only two electrons with opposite spin can occupy one 
single-particle quantum state. In this case of uniform 
density, the diagonal form of f(x) is given by a trans- 
formation to plane waves, and the condition simplifies 
to the statement that the Fourier transform of f(x) in 
three dimensions is limited to lie between 0 and 2 in 
value. 

We then set up a simple form for p: which satisfies 
the necessary conditions and try to determine, subject 
to this simple form, the function which minimizes the 
total energy. Actually, even subject to the simple form 
assumed, only an approximation to the best analytical 
function to minimize the energy is found. 

One may easily see what the minimum possible po- 
tential energy is. The minimum value of ¢, given by 
Eq. (1.13) in view of (1.12) is satisfied if 


O<x<(3/4r)t, 
(3/4x)i<x<o, 


im (X = a 

anti (1.17) 

gm (x) =0, 
namely, when no two electrons can get within a dis- 
tance (3/4)! of each other. With this g(x) in Eq. 
(1.13) for the potential energy, one finds 


€Pmin = — (3/2) (x, ‘6)tct 


1.18 
= (26/3)"cop™ 1.637 oy aad 


The correct expressions for Ae., Eq. (1.10), must lie 
between zero and this value. The Single Slater Deter- 
minant solution gives g(x)=4 at x=0 since there is 
correlation only between electrons of the same spin. 
It is interesting to look at the numbers obtained if one 
sets go(x) = 4 for x between 0 and (3/2x)'. This would be 
the optimum form if there were correlation only be- 
tween electrons of equal spin. One then satisfies Eq. 
(1.12) and finds 


min (correlation same spin only) 


= 2-4, in = 1.299 €05. (1.18") 


2. DENSITY MATRIX ELEMENTS 


In this section we propose to define the density 
matrix element for paired particles, to discuss its 
properties, and incidentally to derive some of the 
equations introduced in the last section. The three 
dimensional space coordinates that we use are x;= po! 
times the metric coordinate of electron i, so that the 
volume of the system containing N particles is VN. The 
symbol g;= x;, ¢; is used for the three-dimensional space 
coordinate and the spin coordinate, ¢;. The state of the 
system is given by the normalized eigenfunction 
¥(¢1,92,-**,@.). The Hamiltonian of the system is given 





ELECTRON CORRELATION 


by the Eq. (1.7), in which the self-energy of the uni- 
form positive charge has been included. Now define the 
element of the density matrix including spin for two 
particles by the equation, 


P20 (gx' 91"; q2' 2") 


-vv- ff fvr@atan: *+,Qn) 


Xo (91'",92"",¢2,°**,9n)dqs-+-dgy, (2.1) 


and the element of the coordinates of position alone by 


p2(X1',X1”"; Xo’, X2”) 
a J fem (xisesx”.0; Xo’ ,02,X2"",02)doidoz, (2.2) 


in which the integration is carried over the diagonal 
elements of both spins. The density matrix element p; 
in the coordinates of a single particle is defined by 


pi(X1',X2””) 


=[1 w—If f fota'n” Xo,X2)dXo. 


The energy of the system is given by 
B= fvivda --dgy, 


and the result is seen to be expressible as 


k= <4 f fl f00" vax) awe dx 
+40 ff ; a eo X2,X2)—1 |dxidx., 


where the operator V” operates only on x” in p;. The 
diagonal elements of p2 are equal to the probability 
density function F, defined conceptually in the last 
section, and we write 


(2.5) 


p2(X1,X1; X2,X2) =F 2(x1,X2)=1—g (x12), 
; (2.6) 
Xi2= | Xi— Xa), 


in which the fact that the number density is independent 
of position and equal to unity has been used. The den- 
sity matrix for single particles is written as 


pi(x’,x’)=f(x), x=|x’—x”"|, f(0)=1. (2.7) 


Since both expressions in (2.5) are independent of the 
diagonal coordinate, one may divide by the total 
numbér of particles to obtain the energy per particle 
by omitting one integration. The operation (V”"-V"") e2.” 
=[(2/x)d/dx+@*/dx*),.0= 3[d*/dx*)},0, since f is regu- 


lar and even at x=0. One has 
E/N =e= cll — (@/da*) f(x) ].~0 


— ci f 4orxg(x)dx. (2.8) 


The first term on the right is the kinetic energy of Eq. 
(1.16) and the second term is the potential energy of 
Eq. (1.13). 

Even in the more general case the energy of the 
system is completely determined by the density matrix 
element, p2, of Eq. (2.1) provided none of the terms in 
the Hamiltonian contain the coordinates of three 
particles explicitly. As long as the Hamiltonian does 
not depend upon spin, the energy is determined com- 
pletely by the elements integrated over the spin given 
by Eq. (2.2). Instead of seeking the eigenfunction y 
which gives the lowest energy, one may seek the density 
matrix element which leads to the lowest energy of the 
system. However the function p2, must obey certain 
symmetry conditions. If P’ is an operator that com- 
mutes the two primed indices, P” an operator that 
commutes the two double primed indices, and P* an 
operator that commutes the primes with the double 
primes, then 


P’pre=—Ppre, P'pre=—pre, P*pre=pre*. (2.9) 


Since the Hamiltonian is real, we can choose a real 
solution, and write the third condition as P*p2,= p2,. 
In addition to this an integral relationship on the 
diagonal element must be satisfied, namely 


ff fovcun: X2,X2)dX-e 


= (N —1)p:(x;,x:)=N—1, (2.10) 


as well as the condition that the density matrix element 
for a single particle is given by the integral of Eq. (2.3). 
The application of Eq. (2.10) leads to the limitation of 
Eq. (1.12) on g(x), namely that its integral over three 
dimensional space be unity. 

The element p; for a single particle must be Her- 
mitian, and therefore, if real, f(x) must be even in x, 
and if brought into diagonal form, p; must contain 
elements which lie between 0 and 2 in value, since only 
two electrons of opposite spin can occupy one state. 
Since p, depends only on the distance between the co- 
ordinates, its diagonal form is obtained by the coeffi- 
cients of plane waves, or is just the three dimen- 
sional Fourier transform of f(x). This transform is the 
function : 


sin2rxt 
o()= f tusts(x)——ds, 
2rxt 


sin2rxt 


f(x)= | 44rfo()——t, 
2rxt 
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where ¢ has the physical significance, 
t= | P| /hpo', 
and p= momentum. The condition, 


0<¢(4) <2, 


(2.12) 


(2.13) 


must be satisfied. The physical significance of ¢(t) is 
that it represents the total square amplitude of the 
single particle plane-wave function of momentum p in 
the total eigenfunction of the system. The condition 
that f(x) at x=0 should be unity imposes the limitation 


that 
J sxeo(oa ==, 


which can be readily seen by putting x=0 into the 
second part of Eq. (2.11). The conditions of Eqs. (2.9), 
(2.10), (2.13), and (2.14) with @ connected to p2 by the 
sequence of Eqs. (2.2), (2.3), and (2.11), must be 
imposed on pre. 

We now propose to suggest a very simple form for 
p2 which satisfies the symmetry conditions for Eq. 
(2.9). This form will not be that which gives the mini- 
mum energy of the system, which in turn would be the 
exact solution of the problem, but we will limit ourselves 
to solutions which follow the form suggested. With 
this form we shal] then attempt to approximately 
minimize the total energy subject to the other conditions. 

Any additive term in p:, may be written as the 
product of the function of the coordinates times the 
function of spin. For two electrons one can write one 
antisymmetric spin function and three symmetric 
functions. We will write, therefore, for the spatial part 


(2.14) 


p2= dpeat ons, (2.15) 


where the function p24 which is to be multiplied by the 
three symmetric spin functions must obey the same 
symmetry conditions as Eq. (2.9), whereas p2s, which 
is multiplied by the antisymmetric spin function obeys 
the conditions Eq. (2.9) with plus signs for the first 
two operators. A function of the form 


pus. 8= Cf¢ x,'- a” )f( z,/— 2 ) 
- 7 7 fi , ‘7 ) 
F f(| xr’ — x2} ) f(| x2’ — x1") J 


x [1—k(| xy’ — xe!) 1 —a(| xy’ — xy”), (2.16) 


satisfies the symmetry condition for p24 with the minus 
sign, and for pzs with the plus sign. The correct function 
p2 could always be written as a sum of functions of this 
form. We will assume that there is only one function 
of the antisymmetric kind with triple weight, and one 
of the symmetric with single weight, and that they occur 
with the same function f and the same function &, 
where both f and & are real even functions of their 
variables. If the expression obtained is inserted in 
Eq. (2.3) for p:, one finds indeed that in the limit 
N — @, the function / is equal to p;, namely Eq. (2.7). 
We thus obtain for the diagonal element of the pair 
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density matrix, 
F2(x;,X2)=(1—4/7(x12) JI1— k(x12) F, 
and for g, from Eq. (2.6): 
g(x) =4f?(x) + [1-4/7 (x) [2k (x) — (a) ]. 
We now wish to find k and f such that 


(2.17) 


(2.18) 


(2.19) 


sexes a 


that @ defined by Eq. (2.11), satisfies the conditions 
(2.13) and (2.14), and that the total energy be a 
minimum. 

The Single Slater Determinant solution of lowest 
energy has f equal to fo given by Eq. (1.15) for which 
the Fourier transform is ¢o(t), 


go()=2 O<t< (3/8x)!, 
do(f)=0 (3/8r)'<icgoa. 


This solution satisfies Eq. (2.14) as well as the condition 
of Eq. (2.13). It corresponds to full use of every plane 
wave of minimum energy up to ‘= (3/8x)!, or from Eq. 
(2:12), the momentum, p, having all values less than 
Pnax = poth(3/8x)*. With this solution for f the condition 
(2.19) demands that k be zero everywhere since the 
integral over the three dimensional space of 4/*(x) is 
unity. 


(2.20) 


3. ANALYTICAL FORM OF THE FUNCTIONS 


The next step is to find the analytical form of & and 
f that minimizes the total energy, subject to the condi- 
tions to be imposed on these functions. We first deter- 
mine the form of & for fixed f, and secondly find a form 
for f that minimizes an approximation to the energy. 
We thus obtain a simple, but approximate, form for 
f(x) containing one parameter to be adjusted so as to 
minimize the energy. 

Since k(x) does not directly enter into the expression 
(1.16) for the kinetic energy the best form for k, with 
f(x) fixed, is that which minimizes the potential energy, 
Eq. (1.13), subject to the condition (1.12) that the 
integral of g(x) over three dimensional space be unity. 
This is best satisfied by having F;=1—g as small as 
possible near the origin, or from (2.17) having k=1 for 
0 <x <xo, and zero for greater x. The value of xo up 
to which & be unity is to be determined from the condi- 
tion (1.12) on the integral of g. 

Define & by 

k(x)=1 O<2x< xo, (3.1) 
=0 m<x<~, 
and since =k everywhere, from (2.18) 
g(x) =4f7(x)+[1—3/7(x) Ja(), 
O<x<x, 
<x Qe. 


(3.2) 


g(x)=1 


=$/*(zx) ee) 
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Now define four integrals of /, 


1 
I,=1 ~~ f sestp*(a), 


1 
I,=3 (3/a)—- faref*(a)ds, 
(3.3) 


1p 
I (x0) = fax — =f 4x? f?(x)dx, 


1 +0 
J \ (x9) =2x0?— J 4orxf?(x)dx. 


The limit x» beyond which k(x) is zero is determined 
by (1.12) as 
(24 /3)xP+1—I2+J2(xo)=1, 
Xp= (3 ‘29)4LI2—J2(xo) }*. 
Since f(x=0) is unity, f is even, and hence f’(x=0)=0; 
we may then assume that for small x» the function J; 
is negligible. Hence, approximately, 


x= (3/2m) 47h. 


(3.4) 


(3.4’) 


The potential energy, ¢,, is given by (1.13) as 


tp=— jot [ anre(a)ax 


= —4hci[3(3/m)!+arx —11+Ji(x) ]. (3.5) 


Use the value of ¢o, given by (1.9) to write this as 


€p= €op— bel exe? —[ 1, —J (x0) J). (3.6) 


In this expression assume 7,—J; to be negligible, and 
use the approximation of (3.4’) for xo. One finds 


(3.6') 


€ paetop— (3/4) (20/3) bcAT,!. 


We use this approximation to determine the analytical 
form of f(x). . 

Actually it is easier to discuss the form of the three- 
dimensional Fourier transform, ’¢(é), related to f by 
(2.11). The Fourier transform has the property that 


sete a= [axe p(ayde=201-1), (3.7) 


The kinetic energy is given in terms of ¢(/) by the 
relation, 


€,= 2x*c! f 4ni*(i)dt, (3.8) 


and of course ¢ must be restricted to obey the condition 
(2.14) on its integral over three-dimensional space. 


Now find ¢ that minimizes 


ated {drt olds, 
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with A an undetermined multiplier of the condition 
(2.14). Using the approximate form (3.6’) for e, and 
(3.7) to determine 7; by an integra! over ¢’, one finds 


o=a—bF, 


with a and } rather complicated constants, independent 
of t. However, condition (2.13) limits ¢ to lie between 
zero and two. Hence we set ¢(/)=2 for 0<i<h, 
¢o(t) =2—6(1—2/t;2) from 4; <t<4,(2b-'—1)!, and ¢(d) 
=0 for greater values of ¢. We leave } arbitrary, but use 
the condition (2.14) on the integral to eliminate one of 
the parameters, ¢, or fy. Finally it is simpler to convert 
to a new variable, 


r= ro! (84/3) "= ro (8a/3)*| p|/hpot, (3.9) 


where ro is related to the single parameter, y, by the 
equation, 
ro= (1/107 ][(1+7)*— (1—7)*]}* 
=(1+27*+47}"', (3.10) 

and write, 

0< ¢Si—y, 
1—ySrSl+7, 
i+ySrSo@. 


o(t)=%(7r)=2 
= 201/47] (1+7)*— 77] 
=() 


(3.11) 


The expression (3.10) for ro is so chosen that 


fartooa- tnd [ *8()dr 1. (3.12) 


We now have #(r) that satisfies the necessary condi- 
tions on the density matrix for single particles: namely 
from (3.12) it follows that f(0)=1 and hence the di- 
agonal element does give the correct number density, 
and secondly, since ® lies between zero and two there 
are only two or fewer electrons in every plane wave 
single-particle function. In the limit, y=0, the function 
is that for the Single Slater Determinant of minimum 
energy. 

The kinetic energy is now, from (3.8), (3.9), (3.10) 
and (3.11), 


x= (94/10) (9/3) tch(S art f r*b(r)dr 


= (9/10) (x /3)'cl+ (39/2) (x/3)'chy* 
x[1+2y2+ 4 F-*"L1 + (4/15)9*+ (109/945) 


— (1411/6075)y*+---], (3.13) 
which becomes éo, Eq. (1.8) for y — 0. 

The function f(x) is the Fourier transform of $(é). 
Introduce 


t= (39°) trox, (3.14) 


tr= 2x, 
and 


(x)= F(s), (3.15) 





1584 JOSEPH 


where 


3.16) 


F(z) = $r¢' f rT) sinrzdr 


After some rather painful manipulation one obtains 


1+¥ 
f y Fy zy \dy, (3.17) 


¥ 


(3.18) 


Fo(zy) = 3(zy)*{sinzy— zy coszy | 
Obviously in the limit y—>0 we have F(z)=Fo(z), 
which is necessary since in this limit one has the Single 


1.15). 


Slater Determinant solution, F(z) = fo(x), of Ea 


4. POTENTIAL ENERGY 


In order to compute the potential energy one 


evaluate the four integrals, /:, J;, J2(xo), J:(x0), of 
Eq. (3.3), use J; and J; to find xo from Eq. (3.4), and 
with xo, J, 
reasonably straightforward, but tedious. One ends with 


must 


J, use (3.5) for «,. The operations are 
Eq. (4.15) expressing «, as proportional to cy! times 
unity plus a power series of ~! with numerical coeffi- 
cients computed for the first two members 

is most simply computed from 


. One 


The first integral, J», 


the Fourier transform #, by the use of Eq. (3.7 
finds 


which is zero, as | 


To ( ompute I, use 


It is convenient to take double the integral with limits 
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x<y, namely 


3/3 a To! +7 ¥ 
1ol(\h-(2) yf 
2\0% 3 27° l-y 1-7 
xf ds(4/9)oPe(3s)F (x2) (4.3’) 
0 


We make various coordinate transformations. 


now 


First set yo=£, zdze= y*tdt, then use [=2/y <1, x4dx 
=yttd¢. The limits on ¢ are y'(1—~) and unity. Fi- 
nally replace y by n= y"'(1—7), y’dy=— (1—) *n-“dn, 
with limits unity and (1—7)/(1+7)=1—2y/(1+/7). 
The limits on ¢ are now 9 and unity. The expression is 


3/3\3 
2\r 


To I 1 
1-—-yf dn +f ares 
27° l-e , 
xf ae “era(ePu| , (4.3”) 
0 9 


with e=2y(1+-)—. The integral, 


- 14 
a) =f il “eo Folt®) |, 
0 


is found by direct integration to be 


(4.4) 


6(g) = 4+-40°—2e (1 — 2)? Inf (14+-)/(1-) 


(4.5) 


= — >> [4/(2v—1)(2v+1)(2v+3) tr. 
r>od 


This can be integrated to give 


1 


f 6(t)dt= A(n) 


9 


1+7 
=(1 36)| 8+ 3n—8y'— 3nt— (1-97) In 
l—7 


1 1—e=(1—y) (1+), one finds 


i 
f dm °O(n), 


= 


Setting «= 2y(1+7 


I (x) 


IL —y) (ly) = 2719) + (7/18) 


« [35+ 10y7°+91y7'—12 In(y")]}. (4.7) 


Finally, with Eq. (3.9) for ro, one finds that 


[= (3/r)4Lin(y~") + 1.0833 ]+O0(y). (4.8) 


To compute J2(x9) and J;(x9) of Eq. (3.3) we assume 
x» to be small and find the asymptotic expansion of 
F(z), Eq. (3.17) for small z to be 


F(z) = 1—(1/10)[1+3y°— - - -_}z*+ (1/280)z* 


— (1/15 120)z*+---, (4.9) 
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and with (3.14), (3.15), 
f?(x)=1— (1/5) (3e*) 114+ (5/3)7*+ - - - 2 
+ (3/175) (347) **x*— (4/4725) (327)?x®+ -- -. 
Using this in (3.3) one has 
J»= (62°, 25) (x 3)#1+(5 3)y?+ ‘* - jaro! 
— (189*/1225) (3/m) tx? + (85/4725) x — - - - 
J\= (32° ‘10) (x 3)1+ (5 3)y*+ ee - |e! 


— (39/175) (3/m) txo8. 


(4.11) 


(4.12) 


In these employ the zeroth-order expression, Eq. (3.4’), 
(2xxo°/3)=I2, with J, from (4.1), to obtain a zeroth- 
order approximation for J:, and continue to iterate. 
One finds 


xo = (3/2n)y(1+27°+ by)“ [1—0.70100y! 
+1.0715y4?—1.512y%*+ -- - ]. 
With this, in (4.12) for J; one has 


J = (9x /20)2-44"C1 — 1.20063y!+- - - -]. 


(4.13) 


(4.14) 
One now has the necessary quantities, x» from (4.13), 
J, of (4.14), and J, of (4.8) to compute Ae, from (3.5). 
The leading term is seen to be that due to x9’, propor- 
tional to y!, which alone was used in Sec. 3 to obtain 
the “best” analytical form for f(x). We find 
€p= €op— 3 (2/3) tctyil1+27+hyY IF (y), (4.15) 
where 
F(y)=y-114+27°+ 47]! 
X [ (2x? /3)!+-9 (28/3) '(J1—1;) ] 
= 1+0.11693y7!—6.5982y44 
0.51311y4" In(y~"). 
5. ENERGY MINIMIZATION 
Set 
y'=B 
and the kinetic energy, ex, Eq. (3.13) is 
€4= €ox + 4.78539c13"| 1 4- 25°+0.28°}-§"K (8), (5.2) 


K (8) = 1+0.266678°+0.115346* 


—0.232269°+ ---. (5.2’) 


The potential energy from Eq. (4.15) is 


tp = €op—0.959579ct3f 1+ 26*+-0.28*} IP (8), 


(5.3) 


P(g)=1+0.11698 


0.5982 


— 0.76968 In(B")+---. (5.3’) 


Differentiation of the sum with respect to 8 gives zero 
when 


8=0.25854--'"( P+-dP/d Ina}, (5.4) 


plus terms of order 8°. From the zeroth-order approxi- 
mation, 8=0.258c~"'*, one sees that with c¥1/27, or 
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one electron per three Bohr radii cubed, one has 8 equal 
to about one-half. The correction terms are significant 
at these low densities. Using (5.3’) for P(8), and re- 
placing In(@-') by the zeroth-order approximation, 
In(8-") = 3 Inc+- 1.35274, one finds 
8=0.25854c-"*{ 140.1169 
—[2.0805+-0.19241 Inc }6*+ 
= 0.25854c-"*{ 14+0.0302c-"* 
— [0.1381-+-0.01286 Ine Je“*+- - 


6. RESULTS 
Enter (5.2) for the kinetic energy and (5.3) for the 
potential energy with (5.5) for 8. One obtains 
€oe= 2.87123c! atomic units, 


6. 
= 78,134 (6.1) 


clev, 
Ae= 0.08269c/*k(c) atomic units 
= 2.250 c/*k(c) ev, 
[1+-0.0346c-#}-**{1+-0.0907¢-""* 
[0.4117+-0.0386 Ine Je} 
< [14+-0.0046c~#+- 
top= — 0.73856c! atomic units 
— 20.098 
Ae,=— 0.24890c"p(c) atomic units 
=— 6.751 c/*p(c) ev, 


k(c) 


ct ev, 


p(c)=[14+0.03456e*}-101+-0.0604e-* 
— (0.2459+-0.0214 Inc)e*#+ 


The total correlation energy is 


Ae-= —0.16540c/"[4k(c)+-4(c) ] atomic units, 
=—4,500 c!{4k(c)+4p(c)] ev 


(6.5) 


In these equations c, of Eq. (1.6) is the concentration 
of electrons per cubic Bohr radius, 


c=0.1481X number of electrons per (angstrom)’. (6.6) 


The distance, xo, out to which k(x) is unity is given 
by (4.11) as 


xo=0.39742c1 —0.1502c-/*4 ---], (6.7) 


which is measured in such units that the number 
density is unity. The volume, %, occupied by this 
“hole” around each electron is then 


vo= (44/3) xe? = 0.26283c-* 1 —0.4506c7"/*+- - - -], (6.7”) 


measured in units of the volume per electron in the gas. 

The momentum distribution of the electrons is de- 
termined by #(r) of Eq. (3.11),’ with + related to 
momentum by (3.9) and y!=8. For the Single Slater 


Determinant all momentum states up to 
|p| = po= (3/8) thpo! (6.8) 


are filled with two electrons each. For the “‘correlated”’ 
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system the momentum states up to 


|p| = po(1—8") (14+24+0.28°)-* 


=~ po(1—0.1314c-4) (6.9) 
are filled with two electrons each, and all above 
P| = po(1+0.1314c~4) (6.9’) 


are empty. The number per state decreases monotoni- 
cally from 2 to 0 with a term proportional to | p * be- 
tween |p|; and |p| .. 

To obtain some idea of the range of applicability of 
the equations we may try them with the alkalis. If one 
considers the valence electron alone, so that one treats 
only one electron per atom, the concentration ¢ is 
lowest for cesium than for any other metal, and is 
generally low in the alkalis. 

For cesium one has 


c=0.001256, Cs, one electron, 
8=0.7870f 1+0.092—0.483+ - - - }. 


JOSEPH E. 
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The convergence of the series approximation (5.5) 
for 8 is obviously nonexistent at these low concentra- 
tions. For k(c) and p(c) the convergence is equally 
bad, and direct calculation with the equations given 
leads to an expression for Ae, which is greater in mag- 
nitude than the value 0.637¢, found from Eq. (1.18) 
as the lowest possible reduction in potential energy 
due to electron correlation. 
However for lithium, with 


c=0.00686, Li, one electron, 
8=0.5931[1+0.069—0.390+ - - - J, 


there is some sign of nearing convergence. 

The general integrations given in Sec. 4 are actually 
adequate even for the low-density examples quoted. 
Equation (4.1) for J, is exact. Even with the maximum 
possible value of xo, xo’ = 3/42, the quantity J; is given 
by (4.11) adequately. The evaluation of x is then 
awkward, but possible, and the other integrals are 
satisfactorily given. 
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Further experimental evidence is presented in connection with a model which has been proposed by Lambe 
and Klick for CdS(Ag). In this model, the silver activator is assumed to give rise to a level which is approxi- 
mately 0.4 ev below the conduction band, and that luminescence occurs when an electron in such an activator 
level recombines with a free hole. It is shown that irradiation in the 1 infrared region stimulates lumines- 
cence by generating free holes, while also causing well known quenching effects in photocurrent. It is also 
shown that 3u irradiation gives rise to photoconduction by exciting electrons from the activator levels into 
the conduction band. The proposed mode! indicates that irradiation in the 3u region should quench lumi- 
nescence by removing electrons from activator levels, and this is found experimentally. These experiments 


further substantiate the proposed model for CdS(Ag). 


I, INTRODUCTION 


N a recent paper’ (referred to as LK), a model for 
CdS(Ag) was discussed based on observations of 
infrared stimulation of photocurrent and luminescence 
and on relationships observed between photoconduc- 
tivity and luminescence. The essential point of this 
model was that silver activation in CdS gave rise to an 
activator level about 0.4 ev below the conduction band 
(see Fig. 1). It was assumed that luminescence occurs 
when an electron in this level recombines with a free 
hole. This model differs from earlier models*“ for sulfide 
phosphors in the position of this activator level. It had 
previously been assumed that the activator level was 
just above the valence band, and that luminescence 
1 J. Lambe and C. C. Klick, Phys. Rev. 98, 909 (1955). This 
paper will be referred to as LK 
M. Schon, Z. Physik 119, 463 (1942). 
*H. A. Klasens, Nature 158, 306 (1946). 


occurred when a free electron returned to this level 
from the conduction band. The purpose of this paper 
is to report further experimental evidence which relates 
to the model proposed in LK for CdS(Ag). 

The cadmium sulfide crystals used in these experi- 
ments were activated by first immersing them in a 
0.5N solution of AgNO; for approximately 30 seconds 
and then, after washing with distilled water and drying, 
firing at 800°C for one hour in a helium atmosphere. All 
experiments here were done at 77°K and temperature 
control was obtained by direct immersion of the crystals 
in liquid nitrogen. 


Il. EFFECTS OF Ip IRRADIATION ON 
PHOTOCONDUCTION AND LUMINESCENCE 


In LK, experimental evidence was presented showing 
separately the effects of 1u irradiation on luminescence 
and photoconduction. The 1y irradiation produced a 
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stimulation of luminescence, and an over-all quenching 
of photoconduction. These effects were attributed to 
the freezing of holes by 1, irradiation.' This conclusion 
has been questioned by several workers on the basis 
that 1p irradiation has actually two effects on photo- 
conduction ; an initial stimulation and then a quench- 
ing.* Thus 1 irradiation might generate free electrons 
as well as holes and perhaps the free electrons are 
responsible for the luminescence stimulation. Un- 
fortunately, the observations previously reported did 
not show the effect of 1, irradiation on photocurrent 
and luminescence simultaneously. In order to clarify 
this point, such simultaneous observations have been 
made. 

In order to do this, measurements of luminescence 
and photocurrent were made under the following con- 
ditions. CdS(Ag) crystals are cooled to 77°K and then 
excited by ultraviolet light. The ultraviolet light is 
removed, and then photocurrent and luminescence are 
observed. The luminescence drops rapidly to zero, and 
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Fic. 1. Proposed model for CdS(Ag).' The level 0.4 ev below the 
conduction band arises from silver activation. The levels 1 ev 
above the valence band are normally present in CdS. Processes 
occurring are (A) excitation of electrons from activator level, 
(B) luminescence, (C) capture of electrons by activator levels, 
(D) trapping of holes, (£) release of trapped holes by infrared 
excitation, and (F) excitation of phosphor by irradiation in 
fundamental band 


the photocurrent decays slowly. After approximately a 
minute, light in the lu region is applied to the sample. 
The result of this is shown in Fig. 2. In the photocurrent 
one observes a slight increase and then a steady quench- 
ing effect while the luminescence is stimulated and then 
slowly decreases as irradiation continues and the stored 
energy is exhausted. This experiment shows clearly 
that the stimulating action of 1 light is not due to the 
production of free electrons because before this stimu- 
lating light was applied, a substantial photocurrent was 
flowing and very little transient increase in photo- 
current is observed due to the action of the light. Thus 
the change in the number of free electrons is not sig- 
nificant. The fact that photocurrent is subsequently 
quenched while the luminescence is stimulated is in 
accord with the conclusion that the 1y irradiation 
generates free holes, and these are responsible for 
luminescence stimulation and photocurrent quenching 


*R. Frerichs, Phys. Rev. 72, 594 (1947). 
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Fic. 2. Simultaneous observation of the effect of 1 irradiation 
on luminescence and photocurrent, T= 77°K. 


A further point in favor of the above conclusion is 
the following. In Sec. III it will be shown that 3y 
irradiation excites free electrons, but it is found that 
3u irradiation does not stimulate luminescence. Thus 
the stimulation of luminescence could not be due simply 
to the exciting of electrons into the conduction band, 
followed by a subsequent recombination at a lumines- 
cent center. 


Ill. SIGN OF CARRIER DURING 3p IRRADIATION 


In LK, it was reported that silver activation of CdS 
introduced an infrared photoconduction band in the 
3u to 6u region. It was believed that this photocon- 
duction was due to free electrons, and some indirect 
evidence was presented to support this. It was felt that 
more direct proof of this could be obtained by observing 
the type of rectification present with a point contact 
rectifier. 

In the experiment which was performed, a CdS(Ag) 
crystal was mounted with a large indium base electrode 
and a tungsten point electrode. This assembly was 
immersed in liquid nitrogen, and the forward and back 
resistance was measured under various conditions of 
illumination. 

In the first measurement the crystal was illuminated 
with light at 4400 A at 77°K. A potential of 50 volts 
(E100 v/cm) was applied to the crystal first with one 
polarity and then with the polarity reversed. The 
resultant current flow is shown in Fig. 3{a). It is seen 
that a much larger current flows when the point contact 
is positive in voltage with respect to the base electrode 
than when it is negative. This indicates free-electron- 
type conduction which is in agreement with Hall effect 
measurements® for this type of excitation. 

The next step was to remove the 4400 A excitation 
and to excite the crystal in the 34 region. This was done 
by means of a rocksalt prism monochromator and a 
glowbar. Again the current was measured under dif- 
ferent polarities. This result is shown in Fig. 3(b). It 
is seen that the direction of rectification indicates free- 


*R. W. Smith, R.C.A. Rev. 12, 350 (1951). 
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Fic. 3. Point contact rectifier experiments on CdS(Ag) at 77°K 
The voltage V refers to the voltage applied to the tungsten point 
contact with respect to the indium base electrode. T= 77°K 


electron-type conductivity and this is produced by 
irradiation in the 3u region. It is possible, therefore, 
to conclude that the 3u excitation excites electrons from 
a level below the conduction band into this band. This 
is in agreement with the conclusion reached in LK based 
on a different experimental approach. 

When the above experiment was attempted with 1 
irradiation little or no conduction could be observed, 
and no conclusion could be made with regard to the 
sign of the carrier under this irradiation. One should 
expect perhaps to observe conduction due to free holes 
and thus a reversal in the rectification. In general, 
however, attempts to observe hole conductivity in CdS 
have not been successful.’ This may be due to a very 
short lifetime or a low mobility for free holes. 


IV. RELATION BETWEEN THE 3y BAND 
AND LUMINESCENCE 


It was shown in LK that if CdS(Ag) is first excited 
with ultraviolet light at 77°K and then the ultraviolet 
is removed, the characteristic orange luminescence can 
be stimulated by irradiation with light at about Iy. 
The results of Sec. II indicate that this stimulation 
should be attributed to the freeing of holes by 1, light. 

The purpose of this section is to demonstrate the 
relationship between 3 irradiation and luminescence. 
We consider a CdS(Ag) crystal in which luminescence 
is being stimulated by 1 irradiation. On the model 
proposed in LK, the holes which are freed migrate and 
recombine with electrons in the activator levels and 
give rise to emission. Suppose that during this stimu- 
lation process, the crystal is irradiated with 3y light. 
This should raise electrons from the activator levels 
into the conduction band and thus the emission should 
decrease. 


JOHN LAMBE 


This experiment was carried out as follows. CdS(Ag) 
crystals were placed on a plaque and immersed in liquid 
nitrogen. The crystals were illuminated with light from 
a mercury discharge lamp for one minute and then kept 
in darkness for 5 minutes. The sample was then illumi- 
nated with a tungsten light through a Corning 7-85 
filter, which passes a narrow band of infrared at about 
iu, and the stimulated emission was observed with a 
photomultiplier. While this was occurring, the crystals 
were irradiated with 3u light from a glowbar in con- 
junction with a rocksalt prism monochromator. In Fig. 
4 the result is shown. The 3y light produces a definite 
decrease in the stimulated emission as predicted on the 
basis of the proposed model. 
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Fic. 4. The effect of 3u irradiation on the stimulated orange 
emission of CdS(Ag) at 77°K 


In order to check this experiment, the monochromator 
was run from 3u down to ly. In the 1 region, additional 
stimulation is observed and thus there is a transition 
from quenching of luminescence to stimulation as should 
be expected. 


CONCLUSION 


The significant results of these experiments may be 
summarized as follows. Irradiation of CdS(Ag) in the 
3u region gives rise to photoconductivity at 77°K by 
exciting free electrons; and also this irradiation has a 
quenching effect on luminescence. Irradiation in the 1p 
region gives rise to a quenching of photocurrent and a 
stimulation of luminescence, and it has been shown that 
the stimulating action on luminescence arises from free 
holes. These observations lend further support to the 
model which has been proposed for CdS(Ag), wherein 
silver introduces a level about 0.4 ev below the con- 
duction band and luminescence is the result of a re- 
combination between an electron in this level and a 
free hole. 
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The magnetic susceptibility of charge carriers in impurity sites of a semiconductor is calculated in this 
paper. According to the impurity content two cases can be distinguished. For sufficiently low impurity 
concentration, the interaction between the impurity centers can be neglected and the paramagnetic con- 
tribution of the trapped carriers to the susceptibility is of the Langevin type, ie., inversely proportional 
to the temperature. The onset of interaction at higher concentrations, however, causes the impurity level 
associated with isolated impurities to broaden into a quasi-continuous energy band. The electrons or holes 
in such a band are free to move through the crystal and thus, forming a Fermi gas, give rise to a Pauli 
paramagnetism which at low temperatures is practically constant. In both cases the orbital diamagnetism 
is essentially the same and independent of temperature. 

The susceptibilities corresponding to the two cases are compared with one another and it is found that 
low-temperature susceptibility data should give valuable information on impurity bands. Measurements on 


Si are interpreted according to the present theory. 


INTRODUCTION 


F some atoms in the otherwise perfect lattice of a 

semiconductor are replaced by foreign atoms, the 
band structure of the semiconductor is modified. A 
number of electron sites equal to the number of sub- 
stituted atoms is shifted away from each energy band 
into normally forbidden zones.' If, to be more specific, 
a semiconductor of the fourth group of the periodic 
table (Si, Ge, a-Sn) contains Vg atoms per unit volume 
of an element of say the fifth group, Na donor sites 
occur below the lower edge of the conduction band. 
Correspondingly, the presence of V, atoms of the third 
group introduces NV, acceptor sites above the upper 
edge of the valence band. 

As long as the concentration of impurity atoms is 
sufficiently small, the wave functions of the electrons 
or holes in the impurity sites may be found in much the 
same way as the wave function of the electron in an 
isolated hydrogen atom. However, with increasing 
concentration the wave functions of the trapped charge 
carriers start to overlap. As a result of this overlap, the 
discrete energy level associated with isolated impurities 
broadens into a narrow impurity band. 

While various attempts** have been made to cal- 
culate the wave functions of the charge carriers in 
impurity bands, there exists as yet no solution of this 
problem which is free of all ambiguity. Nevertheless, it 
is at present generally accepted that the impurity band 
wave functions extend through the whole crystal, i.e., 
the trapped carriers are free to move from one impurity 
to another, thus contributing to the over-all conductivity 
of the semiconductor. 

* National Research Laboratories Postdoctorate Fellow. 


J. C. Slater, Phys. Rev. 76, 1592 (1949). 
. M. James, Phys. Rev. 76, 1602 (1949). 


*H. M. James and A. S. Ginzbarg, Phys. Rev. 77, 749 (1950) ; 
J. Phys. . 57, 840 (1953). 

*C. y, Phys. Rev. 80, 1104 (1950) ; 88, 893 (1952). 

*G. Castellan and F. Seitz, Semiconducting Materials 


(Butterworth Scientific Publications, London, 1951), p. 8 
Baltensperger, Phil. Mag. 44, 1355 (1953). 


Impurity band conduction has first been reported by 
Busch and Labhart’ in SiC and was recently discovered 
in Ge by Hung and Gliessman® and by Fritzsche and 
Lark-Horovitz.’ 

Unfortunately it is not possible to determine all the 
parameters characterizing an impurity band, namely 
its width and shape, its position in the band scheme, 
and the mobility of its charge carriers, from the elec- 
trical properties of a semiconductor. However, according 
to Busch and Mooser,” additional information on the 
band structure of a semiconductor can be gained from 
susceptibility measurements. It is with this possibility 
in mind that we study in the present paper the mag- 
netism of impurity-trapped charge carriers. 

Restricting the discussion to donors (a similar 
reasoning holds for acceptors), we first calculate the 
susceptibility for noninteracting, hydrogen-like im- 
purity centers. Next, assuming the electrons in a donor 
band to form a Fermi gas, we evaluate their suscepti- 
bility and compare it with that of the noninteracting 
centers. It will be found from this comparison that at 
low temperatures an appreciable difference exists 
between the two susceptibilities, and this difference 
should make it possible to detect the presence of an 
impurity band in a semiconductor from magnetic 
measurements. 

Finally, susceptibility measurements on silicon re- 
ported by Portis, Kip, Kittel, and Brattain" are inter- 
preted in terms of the present theory. In agreement 
with Baltensperger’s® predictions, a narrow donor band 
is found in silicon containing 1.510" phosphorus 
atoms per cm’. 


’G. Busch and H. Labhart, Helv. Phys. Acta 19, 463 (1946). 

*C. S. Hung and J. R. Gliessman, Phys. Rev. 79, 726 (1950) ; 
96, 1226 (1954). 

*H. Fritzsche and K. Lark-Horovitz, Physica 20, 834 (1954), 

” G. Busch and E. Mooser, Helv. Phys. Acta 24, 329 (1951); 
26, 611 (1953); Z. physik. Chem. 198, 23 (1951). 

4 Portis, Kip, Kittel, and Brattain, Phys. Rev. 90, 988 (1953). 
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SUSCEPTIBILITY OF ELECTRONS IN 
NONINTERACTING DONORS 


Calculating first the paramagnetic susceptibility of 
the electrons in isolated, hydrogen-like donors, we note 
that their wave functions are s-like (we only consider 
the ground state of the donors), having zero orbital 
moment. Apart from a small diamagnetic susceptibility 
due to their orbital motion, the trapped electrons there- 
fore give rise to a spin susceptibility only. The latter 
is readily calculated from the difference between the 
concentration n, of electrons with positive spin and the 
concentration n_ of electrons with negative spin. 

Denoting the total number of donors per unit volume 
by N, and the concentration of nonoccupied donors by 
no, we have: 


not ns, +n_= Ng. (1) 


If then E, and E_ are the energies of the trapped elec- 
trons with positive and negative spins, respectively, it 
can be shown that 


f-—E, f~Z.. 
No: Ny: n_=1 en(——) -en(—), (2) 
kT kT 


where ¢ is the Fermi energy, & the Boltzmann constant, 
and T the absolute temperature. 

In the absence of a magnetic field EZ, and E_ are 
equal, and with E,= E_= E, the concentration ng=n, 
+n_ of occupied donors becomes 


Na 
%_=—$_—___________—_. 
1+ exp[(E.—$)/AT] 
In the presence of a magnetic field H the energy of 
an electron with its spin pointing along H is lowered 
by wH (u=Bohr magneton), while the energy of an 


electron with opposite spin is raised by the same 
amount. Therefore 


E,= Ea~ ul, 


(3) 


E_= Eqt+u, 


and it follows from (1) and (2) that a number of spins, 
namely 


Ng sinh(uH/kT) 
p: 7 exp[ (Ea—t)/kT]+cosh (uH/kT) 





ny — 


are then not compensated, giving rise to a magnetic 
moment per unit volume of 

M=y(n,—n_). 
Dividing M by H, we find the paramagnetic suscepti- 
bility of the trapped electrons: 


mM Na sinh(uH/kT) 


age } expl (Ex—t)/kT'}+-cosh (ul /kT) 





As long as wH<&kT, (4) can be approximated by 


Kpare = as? /RT, (4a) 





MOOSER 


ng being the total number of trapped electrons as given 
by (3). 

Equation (4) shows that the paramagnetism of the 
electrons in isolated donors is of the Langevin type. 
This is what one might expect, assuming the trapped 
electrons to be independent of one another, because 
only thermal motion opposes the spin alignment. It 
then follows immediately that complete spin saturation 
can be achieved by reducing the temperature. Indeed, 
putting wH>>kT, Eq. (4) becomes 


Nu 1 Naf 
K para =—— ——=——, (4b) 
H 1+exp[(£.-{—uH)/kT] H 





This expression represents a state in which the Ng 
donors are occupied with n, electrons whose spins all 
point along the field H. Noting that with the highest 
fields available at present the condition nH>kT is 
satisfied only at temperatures near or below 1°K, we 
can further simplify (4b). At these low temperatures, 
f lies about half-way between the donor level and the 
lower edge of the conduction band. With {> Eq and 
uH>>kT it follows that exp[(Ei—{—»H)/kT}<1. 
Hence, (4b) immediately takes the form 


Kpare= Nau /H. (4c) 


So far we have considered only the spin suscepti- 
bility of the trapped electrons, and there remains to be 
evaluated the susceptibility arising from their orbital 
motion. Since according to our assumptions the donors 
contain only s electrons with zero orbital moment, we 
are Jeft with an induced diamagnetism. The corre- 
sponding susceptibility is given by the Larmor- 
Langevin formula 


Kain = — (nge?/6m*c*)r*, (S) 


where r is the radius of the electron orbit, e the elec- 
tronic charge, m* the effective mass of an electron near 
the bottom of the conduction band, and c the velocity 
of light. The total susceptibility « of electrons in non- 
interacting donors, being the sum of the two terms kK pars 


and «ai, therefore is 
, CF 
~_<") 6) 
kT 6m*2 





K=Nqa 


except at the very lowest temperatures, where the tem- 
perature-dependent term has to be replaced by (4c). 

A similar expression holds for the susceptibility of 
holes in noninteracting acceptors. 


SUSCEPTIBILITY OF ELECTRONS IN A DONOR BAND 


The electrons in a donor band, being free to move 
through the whole crystal, form a Fermi gas. The align- 
ment of their spins by a magnetic field is therefore no 
longer opposed only by thermal! motion, as in the case 
of isolated impurities, but is also governed by the Pauli 
exclusion principle. This results in an appreciable 
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change of the paramagnetism of the trapped electrons. 
Moreover, we expect the diamagnetism of a donor band 
to be somewhat larger than that of a donor level, since, 
in addition to the Larmor-Langevin susceptibility (5) 
associated with the movement of the electrons around 
the impurities, a second negative term now enters the 
susceptibility. Corresponding to the Landau diamag- 
netism of free electrons, this second term arises from 
the movement of the electrons from one impurity to 
another. It will, however, be found that at low tem- 
peratures the Landau diamagnetism of donor band 
electrons is very small. 

The spin susceptibility of a Fermi gas consisting of ng 
particles is given by 


Kpara > wAna/ Ot (7) 


(see, e.g., reference 10). The main task in evaluating 
Kpars iS therefore to find mg as a function of the Fermi 
energy ¢. Thinking of the trapped electrons as described 
by an appropriate set of Bloch waves (see reference 6), 
we assume that the number J, of available sites in the 
donor band is equal to twice the number N, of donors." 
If then D(E) denotes the density of states in the donor 
band, we have 


Ea; 
N,=2N,=2 f D(E)dE, (8) 
BE 


4; 


where Ea, and Ea, are the energies of the two band 
edges. 

With our notation the number mg of occupied sites 
becomes 


Ea, 1 


D(E) dE, (9) 
Ba, i+expl(E—)/kT] 





Ng=2 


and we see that without explicit knowledge of D(E), na 
can only be evaluated at high temperatures, where 


Ea— Eay<KkT. 


In this case it is possible to replace the Fermi function 
under the integral sign by its value at By= (Ea;+Ea)/2, 
and therefore 





1 Bas 
gn mnirnennane of D(F)dE 
I+expl (Ee—t)/kT] Yea, 
2Na 
en, (16) 
1+exp[(E,—{)/kT] 
Kpara iS Now readily found to be 
nap? exp(E.—{/kT) 
(11) 


see RT 1+expl (B.—D/kT] 


As James and Ginzbarg’ pointed out, this assumption is an 
oversimplification. Because of the random distribution of the 
impurities, V, is somewhat smaller than 24. 
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Next, consider low temperatures for which 
RT Ea.— Ea. 
Here the Fermi function 
F(E)= : 
1+exp[(E—5)/kT] 
can be approximated by an idealized step function, 





0 for E>¢t 
re)={ . 
1 for E<¢ 


and the number of trapped electrons becomes 


ig 


nag=2 D(E)dE. (12) 
Ba, 
Introducing (12) in (7), we find 
Kpara= 2u*D($). (13) 


The expressions (11) and (13) for the paramagnetic 
susceptibility of donor band electrons both differ from 
the simple Langevin susceptibility found for the elec- 
trons in isolated donors. Before discussing these dif- 
ferences in detail, however, we want to add a few words 
concerning the diamagnetic susceptibility «aj, of the 
donor band electrons. As mentioned above, «ais may 
be written as the sum of two terms, a “bound electron” 
term 


nee* 
Kai = ———?"’, 
6m*c? 


and a “free electron” term xai,’". Rusch and Mooser" 
pointed out that xai,’” can in general not be evaluated. 
However, at temperatures k7<Ea,— Ea, the drop of 
the Fermi function from one to zero extends only over 
a very narrow region of the impurity band. It is then 
possible to define an appropriate effective mass m* so 
that the relation between the energy E and the wave 
vector & of an electron in this region is approximately 


E= (h?/2mt*)k. 


With this approximation «q;,"" becomes 


uw Ong fs m\? 
00 as iat metiiaiadl Pe 
3 oa (=) 
Baltensperger* has shown that normally m*+>>m. At 
low temperatures xq;," therefore is very small, and the 
diamagnetism of the electrons in a donor band is 


essentially the same as that of electrons in isolated 
donors. 


(14) 


DISCUSSION 


In the preceding two sections expressions have been 
derived for the susceptibility of isolated donors and for 
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that of a donor band. It remains here to discuss what 
information can be gained, according to these formulas, 
from susceptibility measurements. 

At low temperatures, where kT<Ea.— Ea, the para- 
magnetic susceptibility of a donor band is given by 


(13) 


This expression deviates markedly from the Langevin 
value (4a) found for isolated donors, and it should 
therefore be possible to detect the presence of a donor 
band in a semiconductor from low-temperature sus- 
ceptibility measurements. 

At high temperatures, where kT7<Ed.—E4,, the 
situation is somewhat more involved. Here the donor 
band susceptibility is 


Kpere = 2y*D(f). 


nus? expl(Es—t)/kT] 
RT 1+exp[(B.—-$)/kT] 


(11) 


K para 


differing by the factor 
exp{ (2,—£)/kT //(14-exp[ (Es—f)/kT]) 


from the susceptibility of isolated donors. With t<k, 
this factor is approximately 1, becomes } for {= F, and 
finally goes to zero like exp[ (E,—{)/k7'] as ¢ increases 
further. An appreciable difference between (11) and 
(4a), which should allow a donor band to be detected, 
therefore exists only if the Fermi level ¢ lies close to or 
above the donor states. When this condition is satisfied, 
the paramagnetic susceptibility of a donor band stays 
below the Langevin value even when k7~ Ea,— Ea, and 
the approximation (11) breaks down. As is readily 
seen from an argument similar to the one leading to 
(11), Kpare then satisfied the following inequality: 
mys? expl (Ea—f)/kT] 
{pera <— cathe age 
kT 1+exp[(Ea:—f)/kT] 

Now in the intrinsic range of a semiconductor, that 
is at high temperatures, { normally lies near the middle 
of the forbidden energy zone.” As the temperature is 
lowered, the semiconductor enters the extrinsic range 
and ¢ gradually moves closer towards the donor states. 
Here, then, one expects to find the first measurable 
deviation of the donor band susceptibility from the 
Langevin value, and it follows from our discussion 
that, while one has to take measurements in the ex- 
trinsic range to detect a donor band, one need not 
necessarily go to the very low temperatures for which 
(13) holds. 

¥ In semiconductors such as InSb which are degenerate in the 
intrinsic range, ¢ lies in the conduction band, that is, well above 
the donor states. Nevertheless, it is not possible in this case to 
detect a donor band from susceptibility measurements, because 
in the intrinsic range the number of free charge carriers is so large 


that their susceptibility completely masks the difference between 


(11) and (4a) 
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At present the only susceptibility data known to 
exhibit an appreciable departure from the Langevin 
value are those reported by Portis, Kip, Kittel, and 
Brattain." These authors measured the paramagnetic 
susceptibility of a silicon sample containing 1.510" 
donors per cm’. If we try to interpret these results 
according to the present theory we must remember 
that they do not simply represent «para aS Calculated 
above, but rather the sum of «yer, and a second term 
Kparas’ Which arises from the spin of the free electrons. 
If my denotes the concentration of free electrons, then, 
according to reference 10, kpara’ is 


eon = ny/k r: 


In the extrinsic range, ma+n;= Nag, and if the concen- 
tration of donors were not high enough to lead to the 
formation of a donor band the sum of Kpars aNd Kpare’ 
would simply be given by 


«= — = Nau?/k gl 


The experimental results clearly deviate from this 1/T 
law below about 40°K, indicating the presence of a 
donor band in the silicon sample. Since, at the lowest 
temperatures at which measurements were taken, the 
number of free electrons is negligible, we have «~Kpars 
at these temperatures. Introducing the experimental 
value of x at 4°K in (13) therefore yields the density 
of states near the middle of the donor band: 


D(t)=3.2 10" cm ev. 


Finally, putting D(t)=N4/(Ea,—Ea), we find the 
width of this donor band to be approximately 


Ea.— Ea,= 5X10 ev. 


This rather small width corresponding to 1.510" 
donors per cm’ agrees quite well with Baltensperger’s® 
prediction that in silicon a donor band does not form 
until an impurity concentration of 10'§ cm~ is reached. 

It is worthwhile adding here that expression (13) 
allows the density of states to be measured at any point 
of the donor band, if it is possible to displace the Fermi 
level without altering the temperature. Fortunately, 
this can readily be done by introducing a small number 
of acceptors in a semiconductor. Some electrons will 
then fall down from the donor band to fill up the 
acceptors, and accordingly ¢ will shift downwards. 
Measurements on a sample in which the number of 
acceptors is gradually increased by successive exposures 
to neutron radiation should yield very interesting 
results. 
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The effect of hydrostatic pressure on the resistivity of intrinsic n-type InAs has been measured in the range 
from 1 to 2000 atmospheres. The resistivity and Hall constant were found to increase exponentially with 
increasing pressure. Measurements of the resistivity and Hall effect yield an increase of 19 and 12 percent 
respectively for a change in pressure of 2000 atmospheres. If it is assumed the increase in resistivity is 
produced by an increase in the energy gap our measurements indicate a shift of 8.8 10~* ev/atmosphere 
The increase in Hall constant represents a shift of 5.5 10~* ev/atmosphere 


HIS paper presents the experimental results of 

hydrostatic pressure on the resistivity, Hall 
coefficient, and energy gap for n-type polycrystalline 
indium arsenide. Unfortunately, the purity of sample 
used in this investigation was such that measurements 
had to be taken at temperatures of the order of 200 
degrees centigrade in order to work in the intrinsic 
range. This presents experimental difficulties because 
of the temperature dependence of the constants being 
measured. Our results show the resistivity and Hall 
coefficient increase exponentially with increasing hydro- 
static pressure. 

Indium arsenide is a semiconducting compound by 
uniting elements of the III and V columns of the 
periodic table. It has a zincblende structure thereby 
exhibiting cubic symmetry. The forbidden band width 
is about 0.47 electron volt! at absolute zero and becomes 
smaller with increasing temperature at a rate of 
4X 10~ ev/°K. 

A commercial high-pressure bomb was used to make 
measurements of changes of resistivity with pressure. 
An adaptor unit of nonmagnetic stainless steel was 
provided for Hall coefficient measurements. The bomb 
was immersed in a Prestone motor oil bath which was 
electronically thermostated at constant temperatures to 
the order of 1/100 of a degree centigrade. Samples were 
cut into rectangular parallelepipeds, copper spots were 
electroplated on the sample, and pressure contacts were 
made by using phosphorus bronze spring clips. In all 
measurements, the current and magnetic field were 
reversed and an average effect was computed. It is 
assumed in all measurements that changes in sample 
dimensions accompanying changes in pressure produce 
a negligible effect. The magnetic field used was 2000 
gauss. 

Figure 1 shows curves of the resistivity and Hall 
coefficient as a function of inverse absolute temperature. 
These curves are typical of these quantities for the 
intermetallic group. 

In Fig. 2 the experimental data for log resistivity and 
log Hall coefficient are plotted against pressure at 

t This work was supported by a grant from the Office of Ord 
nance Research, U. S. Army. 


1 Folberth, Madelung, and Weiss, Z. Naturforsch. 99, 954 
(1954). 


different temperatures. Both increase exponentially 
with pressure, the resistivity at a rate larger than the 
Hall coefficient at each temperature. Measurements on 
other samples of different purity show these curves to 
be typical of the behavior of n-type InAs. These curves 
represent data taken on a sample of highest purity 
available at the time the experiment was performed. 
The curves taken at 201 degrees centigrade represent 
data taken at points on the curves of resistivity and 
Hall coefficient vs reciprocal absolute temperature that 
are well into the intrinsic range. These curves show a 
change of 19 and 12 percent, respectively, for the two 
constants for a change of 2000 atmospheres pressure. 
This 7 percent difference is explained below. 

For an effective mass of 0.06, the largest value of 
conduction electrons consistent with the accurate use of 
classical statistics is 0.9710" per cubic centimeter 
at 201 degrees centigrade.* This criterion is satisfied 
in the samples used in this investigation. 
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Fic. 1. The resistivity and Hall constant of InAs plotted as a 
function of the reciprocal absolute temperature 


“9J. S. Blakemore, Elec. Commun. 29, 131-153 (1952) 
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Fic. 2. Relative values of the pressure dependence of the resis 
tivity and Hall constant plotted as a function of pressure in psi 
at three temperatures 


It can be shown that Eq. (1) represents the relation- 
ship between the shift in energy gap and the change in 
Inp with pressure at constant temperature.’ 


—) 
dp Jy 


kT (x°+-C) (x*+-1) d(Inp) 
dp 


where = p/n, ( 70(InAs). The values of 2° 
plotted as a function of absolute temperature calculated 
from Hall constant and resistivity measurements are 
3. At 201 degrees centigrade, where x 


- ; (1) 
7(C+1) 


u,/Un= 
shown in Fig 


has the value 0.7, the correction term (2°+(¢ 
*(C+1) is equal to 2.43. It should be pointed out that 


\(e°+-1 


ie 














Fic. 3. The value 
of x*= p/n as a func 
tion of absolute tem 
perature 
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Fic. 4. The pressure dependence of the resistivity of n-type InAs 
for two temperatures in the extrinsic range. 


Eq. (1) represents the shift in energy gap with pressure 
in the absence of any change in mobility. 

For semiconductors of high mobility ratio, the density 
of the more mobile carriers is proportional to the 
reciprocal of the Hall constant, R. 


n=1/Re. 


From Eq. (2) an expression similar to Eq. (1) for the 
shift in energy gap as a result of changes in Hall 
coefficient with pressure may be derived. 

Values for the various constants investigated are 
shown in Table I. The results for 111°C are calculated 
from measurements taken in the extrinsic range thereby 
yielding results much lower than those taken at 148 
and 201°C. From room temperature to 100°C the 
value of the Ha!l coefficient remained constant for 
pressure changes of 2000 atmospheres. 

Figure 4 shows the results of the pressure dependence 
of resistivity for low temperatures. These measure- 
ments are taken at temperatures where the number of 
conduction electrons remain relatively constant. In 
this region, if a change in resistivity is effected by the 
application of pressure, it must be attributed to a 
change in the mobility of the carriers. The graph shows 
a 7 percent increase in resistivity for a pressure change 
of 2000 atmospheres. Therefore, the value of 5.5X10-* 


(2) 


Taste I. Values of the observed pressure coefficient of resis 
tivity, Hall constant, and shift in energy gap for InAs at three 
temperatures. Columns four and five are calculated from changes 
in resistivity and Hall constant respectively 


dE,/dp)¢ 

ev /atmos) 
(Hall 

coefficient ) 


0.81X10~ 
5.14 10+ 
5.50 10+ 


dE,/dp)r 
ev/atmos) 
resistivity 


1.87107 
8.2810 
8.83X10-* 


Ase AR/R 

2.82X10-* 
5.43 10-* 
5.98X 10~* 


6.13x10-* 
10.0 10° 
10.1 10~* 











HALL COEFFICIENT, 


ev/atmosphere calculated from changes in Hall constant 
is more representative of the true shift in energy gap 
since it is independent of changes in mobility. Since 
mobility equals the Hall constant divided by the 
resistivity, the mobility of InAs decreases with increas- 
ing hydrostatic pressure. 
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I am indebted to Dr. Robert Talley and Mr. Frank 
Stern of the U. S. Naval Ordnance Laboratory, Silver 
Spring, Maryland for providing me with samples and 
many helpful discussions. I should like to thank 
Donald Long of the University of Pennsylvania, 
Department of Physics for his informative assistance. 
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Magnetic Properties of Erbium Metal* 


J. F. Extrorr,t S. Lecvoip, anp F. H. Speppine 
Institute for Atomic Research, and Department of Physics, lowa State College, Ames, lowa 
(Received August 3, 1953; revised manuscript received August 31, 1955) 


Measurements of the magnetic moment of erbium metal in the temperature range from 20.4°K to 90°K 
are reported. The initial susceptibility shows a maximum at 78°K and the metal appears to become ferro- 


magnetic near 20°K. 


EEL,! working with the magnetic data of Klemm 
and Bommer,* has predicted a Curie point for 
erbium at about 40°K. Barson’s’ work on the electrical 
resistivity of erbium has shown an anomaly at about 
80°K. This type of anomaly in the electrical resistivity 


has been shown to be closely associated with magnetic 
phenomena in gadolinium*~* and dysprosium.’*’? This 
paper describes the results of investigations of some of 
the magnetic properties of erbium metal. 

The metal used in this study was prepared by methods 
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Fic. 1. Magnetization isotherms of erbium metal. 


* Contribution No. 242 from the Institute for Atomic Research and Department of Physics, lowa State College, Ames, lowa 
Work was performed in the Ames Laboratory of the U.S. Atomic Energy Commission 

t Now at Genera! Electric, Syracuse, New York. 
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* Urban, Weiss, and Trombe, Compt. rend. 200, 2132 (1935) 

* F. Trombe, Compt. rend. 221, 19 (1945). 
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previously reported.** Spectrographic analysis showed 


the sample contained the following impurities: calcium, 


detectable but less than 100 ppm; yttrium, detecta 
but less than 100 ppm; detectable 
2000 ppm; nickel, cobalt, 


j 


iron, but less t 


and other rare earths not 


determining accurate quantit: amounts 


c 
purities in erbium were not available 
The 


j 


seq 


experimental procedure was 


to measure the 


| 


, 3 
and is described elsewhere 


similar 
properties of gadolinium 
04 
Figure 1 shows several of the magnetic isotherms for 
Above about 75°K the isotherms are linear 
for applied fields up to 18000 oersteds 
60°-75°K, the 
show evidence that the 


erbium 
From about 
isotherms are linear for low fields, but 
susceptibility is slightly field 
dependent for fields above 15000 oersteds. As the 
temperature is lowered below 60°K, the susceptit 

becomes strongly 


lower and lower applied fields. At hydrogen pou 


field-dependent 


erbium seems to have ferromagnetic properties, 


indicated by spontaneous magnetization. The lata 
indicate that the ferromagnetic Curie point is near 20.4 
he initial susceptibility of erbium calculated from 


the low-field data of Fig. 1 is plotted as a function of 
Fig. 2 


75°K is quite similar to the correspondin 


temperature in Ihe magnetic anomaly at 


anomaly in 


v 
dysprosium at 176 K* ’ but is not as well developed 
I I 

be 


The similarity between the magneti *haviors of 


erbium and dysprosium is further evidenced by 
» elements 


magnetic moment vs 1/H curves of the tw 


at 20.4°K is shown in 
Fig. 3. It is to be noted that this curve seems to 


lo the corresponding 


The o vs 1/H curve for erbium 
onsist 


of two intersecting straight lines as « 
* F. H. Spedding ef al., J. Am. Chen 

1947 

* F. H. Spedding and A. H 

1952 


W. S. Sucksmith, 


Daane, 


Proc. Roy. Soc London 


LEGVOLD, 


AND SPEDDING 

curves of dysprosium.’ The extrapolation of the two 
straight lines to 1/H=O yields saturation magnetiza- 
tions of about 179+-5 cgs units for the low-field extra- 
polation and 2672-5 cgs units for the high-field extra- 
polation at 20.4°K. The spectrographic state for the 
erbium ion is a ‘/ 5/2 and one would expect an absolute 
saturation moment of 9 Bohr magnetons if all the spin 
and orbital angular momentum contributed to the 
ferromagnetism. For spin only the expected moment 
would correspond to 3 Bohr magnetons. The high-field 
extrapolation of the 20.4°K data of 269 cgs units 
corresponds to about 8.0 Bohr magnetons. 

In the period since this paper was first submitted for 
publication, the heat capacity of erbium metal has 
and Koehler and 
Wollan” have reported neutron diffraction data on the 


been measured by Skochdopole ef al." 


H 


netal. The heat capacity shows maxima at 19.9°K, 

53.5°K, and 84°K. It would seem that the maximum 

field susceptibility of Fig. 2 is associated 

the 84°K heat capacity maximum and that the 

has what might be called a ferromagnetic Curie 

ture at 19.9°K. The neutron diffraction data 

that the metal is ferromagnetic at 4.2°K and 

that in the neighborhood of 80°K the metal could be 

ferromagnetic or antiferromagnetic. The data reported 
| state at 80°K. 


Several attempts to duplicate measurements of the 


| } 
the weak 


] 1 c 
ere rwie out the ferromagnet 


type reported here on different samples of erbium metal 
at 20.4°K have been unsuccessful. The samples appeared 
to have 1 strong 


crystallites and exhibited 
anisotropy effects. One sample turned 90° with respect 


large 
» field and another was stable at about 30° with 
to the field. 


authors wish to express their 


thanks to J. 
salts and to A. H 
Daane, R. Barton, and D. Dennison for preparing the 


Powell for preparing the rare earth 


id Spedding, J. Chem. Phys. (to be 


Koehler and R. O. Wollan, Phys. Rev 97, 1177 (1955 





PHYSICAL REVIEW VOLUME 100, NUMBER 6 DECEMBER 15S, 19585 


Nuclear Magnetic Resonance Studies of Imperfect Ionic Crystals 


F. Rerr 
Institute for the Study of Metals, University of Chicago, Chicago, [Uinois 
(Received September 2, 1955) 


The method of nuclear magnetic resonance is applied to the study of ionic crystals containing point defects, 
i.e., vacancy, interstitial, or impurity ions. Experiments are described which show that the presence of such 
defects can have marked effects on the resonance line and can lead to a complicated temperature dependence 
of its width. A brief theoretical discussion is given of two effects important if the nucleus whose resonance 
is observed has a large electric quadrupole moment: (1) line width due to static second-order quadrupole 
interaction with defects, and (2) contribution to the nuclear relaxation time 7; by quadrupole interaction 
with fluctuating electric fields caused by diffusing defects. Experimental results on the Br resonances in 
AgBr are analyzed in detail in terms of these effects. It is shown that the quadrupolar relaxation time due to 
diffusing defects in this salt can become sufficiently short to cause lifetime broadening of the resonance line, 
in particular that the motion of Ag vacancies seems to lead to a characteristic minimum of 7, at about 0°C. 
The data also give some evidence for the association of defects in AgBr below 200°K. Cases of motional 
narrowing of the resonance line caused by the diffusion of defects are illustrated by experimental results on 
NaCl and LiBr. The existence of the various effects discussed in connection with these experiments indicates 
that nuclear resonance techniques can provide a means of studying the behavior of point defects in solids, 
their motion and in some cases their association, from a rather microscopic point of view. The desirability of 





careful relaxation time measurements is pointed out. 


I. INTRODUCTION 


HE method of nuclear magnetic resonance permits 
one to use the nucleus as a probe to explore the 
internal electromagnetic fields existing in solids and 
has thus proven itself useful in extending our knowledge 
of several aspects of solid-state physics. It seems of 
interest to apply nuclear resonance techniques also to 
the study of imperfect solids, in particular to the study 
of ionic crystals containing point imperfections, i.e., 
vacancy, interstitial, or impurity ions.’ The defects in 
these relatively simple solids play an important role in 
the understanding of their properties. Accordingly such 
defects have been investigated extensively by more 
conventional methods, and some simple theoretical 
models are available to explain their behavior.” 

The presence of point imperfections in a solid can 
affect the nuclear resonance in several ways, three of 
which will be of particular concern to us in the following 
pages. The first effect is specifically dependent on nuclei 
in the crystal lattice possessing electric quadrupole 
moments. Point imperfections in the lattice then destroy 
locally the cubic symmetry of the electrostatic field 
gradients at the positions of the nuclei and thus bring 
into play quadrupolar interactions which would not 
exist in a perfect crystal. Since the magnitude of the 
field gradient will vary from nucleus to nucleus one can 
expect a resultant broadening of the nuclear magnetic 
resonance line that depends on the configuration of 
defects in the solid. The other two effects we shall be 
interested in are connected with the diffusion of point 
defects through the lattice. First, the motion of defects 
may result in a rather short spin-lattice relaxation time 


: For a preliminary report on this work see: M. H. Cohen and 
F. Reif, Proceedings of the Conference on Defects in Crystalline 
Solids, Bristol, 1954 (Physical Society, London, 1955), p. 44. 

2N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, New York, 1950). 





for the nuclei, particularly if quadrupole interaction is 
involved. Second, the diffusion of defects may bring 
about a narrowing of the static width of the resonance 
line. In the present paper we give a simple theoretical 
discussion of some of these effects and present a number 
of experimental results which serve to illustrate them. 
Some of the more specifically theoretical points arising 
in connection with this work will form the subject of a 
subsequent paper by Cohen.’ 


Il. EXPERIMENTAL ASPECTS 
(a) Techniques 


The radio-frequency spectrometer used in these 
experiments was of the Pound-Watkins type‘* and 
resonance lines were plotted on a recording meter by 
varying the frequency. A permanent magnet provided 
a magnetic field of about 5750 gauss in a gap 2 inches 
wide. The sample could be kept at any temperature 
between that of liquid nitrogen and + 100°C by means 
of a cryostat containing a refrigerant reservoir and 
heater.® Alternatively a small water-cooled oven fitting 
into the magnet gap permitted one to maintain the 
sample at any temperature between 20°C and 500°C. 

All the samples used in these experiments were poly- 
crystalline. Introduction of impurities into the samples 
(doping) was achieved by melting a known amount of 
the pure salt to which had been added a known quan- 
tity of the impurity salt. Samples of smaller impurity 
ion concentration were then prepared by successive 
dilution with the pure salt of portions of the more highly 


*M. H. Cohen (to be published). 

*R. V. Pound and W h Knight, Rev. Sci. Instr. 21, 219 (1950), 

*G. D. Watkins, thesis, Harvard University, 1952 (unpub- 
lished). 

* The design of the cryostat was similar in conception to that 
described by Gutowsky, Meyer, and McClure, Rev. Sci. Instr. 
24, 644 (1953). 
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Taste I. Nuclear properties of the Br isotopes: spin /, magnetic 
moment yw in units of the nuclear magneton, electric quardupole 
moment* Q in units of 10 cm? 





Isotope Abundance 





Br” J 5 3: 50.6% 
Br*® 





* See reference 9 


doped specimens. Most samples were given the desired 
shape by compressing them in a hydraulic press into 
compact cylinders; they were then annealed at tem- 
peratures close to their melting point. Some care was 
taken to use as starting materia] salts of moderately 
high purity. For example, the reaction of AgNO; with 
HBr was the source of the AgBr used in the experi- 
ments; spectroscopic analysis showed this to contain a 
concentration less than 2.10~* of metallic impurities. 


b) Experimental Results: AgBr 


Ihe substance most extensively studied in these 
experiments was AgBr. This salt is readily doped with 
CdBr., and the properties of the defects in its lattice 
have been thoroughly investigated by electrical con 
ductivity measurements.’* Furthermore the tempera 
ture range of interest is not excessively high for nuclear 
resonance experiments, even near the melting point of 
434°C, 
topes are shown in Table I.° Since the isotope with the 


The nuclear moments of the two bromine iso 


larger magnetic moment has the smaller quadrupole 
moment, it should be experimentally possible 


h the effects of magnetic or electric interactions 


to dis 
tinguls 
by comparison of the resonance lines of the two isotopes 

\ few representative data on AgBr will serve to show 
that the presence of point imperfections in the lattice 
may have marked effects on the nuclear resonance line 








Fic. 1. Dependence of Br resonance line intensity D on the 
molar concentration cg of Cd** ions in AgBr at room temperature 
(Note: for the same line shape, the smail differences in magnetic 
moment and abundance should hake the Br” line about 20°7 less 
intense than the Br™ line.) 

J. Teltow, Ann. Physik 5, 63-88 (1950) 

*S. W. Kurnick, J. Chem. Phys. 20, 218 (1952) 

* The quadrupole moments are those given by J. G. King and 
V. Taccarino, Phys. Rev. 94, 1610 (1954) 
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and may result in a rather complicated temperature 
dependence of this line. Doping of AgBr with CdBr, 
results in divalent Cd*+* ions entering the lattice sub- 
stitutionally.” To preserve the electrical neutrality of 
the crystal, an equal number of vacancies are formed 
on the Ag sublattice. Figure 1 shows the effect on the 
Br resonance line at room temperature of increasing the 
Cd** ion concentration in AgBr. There is a rapid in- 
crease in width and consequent reduction in intensity 
of the line, the effect being more pronounced for the 
isotope with the larger quadrupole moment. The second 
moment of the resonance line” is in these experiments 
a poor and inaccurate measure of the line width since 
the line has extensive wings, partially submerged in 
noise, which contribute heavily to the value of the 
second moment. The most sensitive indication of the 
effects observed is D, the peak-to-peak intensity of the 
derivative of the resonance line. It is this derivative 
which is experimentally plotted directly on the re- 
cording meter, and use of the calibrating circuit in the 
rf spectrometer makes reproducible measurements of D 
readily possible. D is a rough measure of the reciprocal 
of the square of the line width; if T denotes the absolute 
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Fic. 2. Behavior of the Br resonance line intensity D in a 
pure sample of AgBr at high temperatures 


temperature, the quantity 7D should be a constant 
independent of T if there is no change in line shape. 

A second way of introducing point defects in a crystal 
is by raising its temperature sufficiently to create such 
defects in thermal equilibrium with the crystal lattice. 
In AgBr the imperfections thus produced are Frenkel 
defects,’ i.e., Ag* vacancies and Ag* interstitial ions. 
The effect on the nuclear resonance line of heating a 
sample of pure AgBr is shown in Fig. 2. It is seen that 
beyond about 500°K there is a rapid decrease in in- 
tensity of the line suggestive of an exponential increase 
of the number of defects in the salt. Doped samples 
exhibit similar behavior at high temperatures. Finally, 
Fig. 3 shows the complicated temperature dependence 
of the intensity of the resonance line in some repre- 


~~) Van Vieck, Phys. Rev. 74, 1168 (1948), 
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sentative samples of AgBr containing Cd** impurity 
ions. Below 200°K the product 7D remains constant 
for each sample and there is only a slight dependence 
of the intensity on the impurity concentration, 
amounting to less than 20% in going from the pure 
sample to one containing 10~ atomic fraction of CdBr». 
There is a rapid decrease in intensity beginning at the 
same temperature of about 200°K for the resonance 
lines of both isotopes in all the doped samples. The 
intensity then reaches a minimum (and correspondingly 
the line width a maximum) the magnitude of which 
depends on the Cd** ion concentration, but the position 
of which occurs at the well-defined temperature of 273 
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Fic. 3. Behavior of the Br® resonance line intensity D as a 
function of temperature in samples of AgBr doped with CdBry. 
Dotted line: ‘‘pure” sample (less than 2 10~* concentration of 
metallic impurities). Dashed line: molar concentration of Cd** 
=10~*. Solid line with experimental points: Cd** concentration 
=3X10™. 


+2°K irrespective of Br isotopes or impurity concen- 
tration. We shall postpone until later the discussion of 
these results. 


Ill. STATIC QUADRUPOLE INTERACTION 


The interaction of a nucleus of spin J and electric 
quadrupole moment ( with an electrostatic potential 
V due to charges external to it is given by the Hamil- 
tonian" : 


K=[e0/41(27—1)]{ 312—-P)Vot (L414) V1 
+ (1_D+D I )Vi+12V_2+12V3}, (1) 


where J,=J,+il,, Vo=Vu, Vai=VastiVin, Vase 
=4(Vas—Vy)+iV., and where V,,=0°V/dxdy, etc. 
The z-axis can be taken along the direction of the ex- 
ternal magnetic field H. We consider the specific case 
of interest, /=}. If V at the position of a nucleus has 
cubic symmetry (perfect ionic crystal), then the quad- 
rupole interaction vanishes; the resonance line consists 
of three superposed lines at the nuclear Larmor fre- 
quency we and of a width determined solely by magnetic 
dipole-dipole interactions between all the nuclei. (See 
Fig. 4.) If V does not have cubic symmetry at the 
position of a nucleus, then to first-order perturbation 
theory the central line (}«+—} transition) is not 
affected, while the }«+} and —}++—§ transitions give 
rise to two satellite lines at frequencies wot4eQV A, 
each of which has an intensity } that of the central line. 


™ R. V. Pound, Phys. Rev. 79, 685 (1950) 
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Fic. 4. Static electric quadrupole effects for a nucleus of spin 
3/2. Top: energy levels. Middle: spectrum for a single nucleus. 
Bottom: resulting resonance in a crystal containing defects. Left: 
vanishing quadrupole interaction. Center: first-order effects of 
quadrupole interaction. Right: second-order effects of quadrupole 
interaction. w= Larmor frequency. 


In an imperfect crystal where field gradients vary from 
nucleus to nucleus this will lead to a resonance line 
which consists of a central component at frequency wo 
and of width determined by magnetic interactions only, 
and of two smeared out satellite lines. The latter will 
in general tend to broaden the observed resonance line. 
If, however, the quadrupolar interaction is sufficiently 
large, the satellite lines become smeared out to the 
extent that they become unobservable and one then 
sees only the remnant central line. This last situation 
is one which seems to prevail in the case of nuclei with 
large quadrupole moments even in pure well-annealed 
crystals because of the inevitable presence of a sufficient 
number of dislocations in the lattice.” Finally, if the 
quadrupole interaction effects are large enough, one 
has to go to second-order perturbation theory. One then 
finds that the central line too becomes affected by 
quadrupole interaction so that in an imperfect crystal, 
where the field gradients vary, one can expect a broad- 
ening of the central line. 

A divalent impurity like Cd** or an interstitial Ag* 
ion may be looked upon as an extra positive charge, an 
Ag* vacancy as an extra negative charge in the lattice. 
The field gradient due to such a defect may then be 
computed from its electrostatic potential V=+e/r, 
provided one multiplies the result by a correction factor 
8=8,8. Here 8, is a factor taking into account the 
electric polarization of the ions in the solid ; for defects 
sufficiently far away, a Lorentz type internal field 
argument based on a continuum model of the crystal 
of dielectric constant ¢« gives 8,= (e+ 2)/3«. Of much 
greater importance is the factor 8» due to the distortion 
of the ion core surrounding the nucleus, since even a 
slight departure from spherical symmetry of the core 
can produce a large field gradient at this nucleus. In 
particular 8» includes an “antishielding” factor 6, due 
to such a distortion of the core by the field gradient of 
the external charge; theoretical estimates” show that 


2G. D. Watkins and R. V. Pound, Phys. Rev. 89, 658 (1953); 
R. V. Pound, J. Phys. Chem. 57, 743 (1953). 
8 Foley, Sternheimer, and Tycko, Phys. Rev. 93, 734 (1954). 
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8, 50 for ions like Cl- or Rb*. A second way in which 
a point imperfection can cause departures from cubic 
symmetry in the field gradient at a nucleus a distance 
r away is by virtue of the strain it introduces in the 
lattice. It can be shown that the net field gradient 
produced by the strain depends on the distance r in 
the same way as the field gradient produced by the 
charge of the defect, i.e., like r~*.“ Again the field 
gradient so calculated must be multiplied by a cor- 
rection factor 8 which includes antishielding effects as 
well as the result of distortion of the 
rounding the nucleus by direct interaction with neigh- 
polarization and covalent 


ion core sur- 


boring ion cores through 
effects.'*'¢ 

For the discussion of the experimental results it is of 
interest to consider in slightly greater detail the second- 
order quadrupolar broadening of the central line. The 


1 ° ° 


«+— 4 transition irom 


a by 


frequency deviation w’ of the 


) 
l 
I 


the Larmor frequency wo is give 


w’ = — (27+ 3)[877(27—1) } 
xX (eO0 h 24 if } l 
the ele 


Considering V; and V; as due to 


charges +e of the defects labeled by n, one gets 


V;= 38 > nS n * cos8,, 


V; iF ti * $in*0,e-'** 


— 


with respect 


I 
to the nucleus under consideration, 6, and ¢, being the 


where Tn denotes the position of the defe 
polar and azimuthal angles of r, with respect to the 
) 14 


z-axis. Equation (2) then yields 


Re BY 


w= 2m, wm 


85 Wann (4) 
where 


. am 


{2 sin28,, sin26, cos(¢a— ¢n 


sin’é,, sin’é, ( os2 Ym Yn } 
and where p,=7,/R, R being the nearest neighbor dis- 


lattice. B is a characteristi 


ev 

nR® 
Equation (4) includes explicitly only charge 
the extent that strains caused by defects are important, 
their effect may be imagined as effectively in 
the value of 8 in (5 

The line shape will depend on the statistical propertie 

of the sum in (4), bu 


tance in the crystal 


frequency given by 


9 27+-3 


64 P(2T—1 


efiects: to 


reasit 


its calculation is rather dif 


“ See, for example, reference 3. It is there also 
magnitude of the strain effect is abou 
effect if one assumes the same ion co 

%N_ Bloembergen, Proceedings of 
in Crystalline Solids, Bristol, 1954 (Phy 
1955), p. 1 

* J. van Kranendonk, Physica 20, 781 (1954 

vA diagram showing the shape to be expect« 
case of a single defect at a fixed distance r fron 
be found in reference 15 
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On the other hand assuming a completely random 
distrubution of V defects in the solid, a calculation of 
the moments of the resonance line” from Eq. (4) 
involves only simple algebra. In particular the second 
moment ((Aw)*)g=(w")—(w’)? is found by suitable 
averaging over the angular factors in (4) to be: 


64 
Aw)? @= B (> Pr $)2 
45 


Unfortunately, as we already pointed out, the moments 
of the line fail to give a satisfactory physical description 
of the line. The reason for this is that, if a defect is too 
close to a nucleus, the contribution to the resonance 
absorption from this nucleus will lie in the extreme wings 
of the line where it becomes unobservable, yet contrib- 
utes markedly to the moments of the line. Thus defects 

hich do affect the observable part of the resonance line 
from the Br 
it the approximate 


lie outside some critical distance p 
nuclei under consideration such th: 
frequency shift 2= Bp,-* due to an impurity a distance 
p- away is not too large. On a simple continuum model, 
denoting by vR* the volume occupied per defect, the 
sums in (6) can be replaced by integrals to give the 


second moment due to defects at distances p> p, as 


Aw)*\9= 1.70B*xvp[ 1+ 14.720-"p, 


po *= (2/B), 
where x is the atomic fraction of defects in the solid. 
It must be emphasized that, in the absence of a knowl- 
can only give a very crude 


line width and its concentration de- 


edge of the line shape, (7 
estimate of the 


. 
pendence. 


IV. QUADRUPOLAR RELAXATION EFFECTS 


In a salt like AgBr the motion of point imperfections 
fields at the 
constitute an 
this 

quadrupole 


the lattice creates fluctuating electric 


rd thy 12% 
ana thus may 


position of a Br nucleus 


relaxation mechanism for nucleus 
through interaction with its 


moment. We should like to obtain a simple expression 


important 
electric 
for the relaxation time 7; due to this process for a 
nucleus of spin /=% for the particular case that only 
the central line is observed. 

This situation is slightly unusual since one only 
observes the absorption of rf power in the }+—}4 
transition, while the quadrupolar Hamiltonian Xg 
responsible for the relaxation induces transitions be- 
tween all energy levels and, to first order, (}/3Cg/—}) 

0. To examine the precise meaning of 7, under these 
conditions, we first establish the behavior of the ab- 
sorption line when saturation effects are included. Let 
w denote the transition probability per unit time for 
}++— } transitions induced by the applied rf field. Since 
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the spectral densities of the fluctuating fields are slowly 
varying functions of frequency, we shall as a first ap- 
proximation in computing transition probabilities due 
to He consider the four energy levels of a Br nucleus 
as essentially equally spaced by amounts hwo. Then, by 
(1), the matrix elements of Hg are such that we can 
write for the upward transition probabilities per unit 
time due to He: Wy_,=0, Wy y=Wiyi4=Mi, Why 
=W,-,=W2, where the quantities W, and W: thus 
defined represent transition probabilities between levels 
separated by amounts ftwo and 2/wo respectively. One 
can then write the downward transition probabilities 
in the form: W_4,;=0, Wyy=W_4-y=Wi(1+A), 
W_4, y= W_44=W2(14+-2A), where A=ha/kT<K1. The 
four equations determining the number of nuclei in each 
of the four energy levels, denoted by index m (or n), are 
then: 
N= 


ui nm T Wam)}, (3) 


Daf — Na (Want Wan) 


nm 


where tmn=0, w_4y=w. For a steady 
state the left sides of these equations are put equal to 
zero and the resulting algebraic equations are readily 
solved. One thus obtains for the power absorbed from 


the rf field H,=H’ coswt: 


except & .—J 


1 N Ahan 
<[1+}w(Wi+W2) 


P=huw(Ny—N_y 


WwW}. (9) 


, where g(w) is the normalized line 
the term in (9) 
(1+37°H”T7\T:) if one 
and the 


Here w= }27°H"g(w 
shape function. Hence 
assumes the customary form!'* 
makes the usual definition 7, 
identification : 


saturation 
7EZ\w max 


T= (Wi+W;)/WiW2. (10) 


This somewhat unusual form of composition of W, and 
W, to yield T; implies that it is the smaller of the two 
quantities W, and W, which mainly determines 7}. 
This is physically plausible since, in order to restore 
the thermal equilibrium between the levels 4 and —}, 
Kg must give rise to transitions involving both W, and 
Ws in succession. 

It remains to determine W, and W, due to the motion 
, and V; in the expression (1) 
for 3g are now random functions of time and we can 
evaluate the pertinent matrix elements for spin ]=} 
to write the genera! result'*: 


of point imperfections. V 


W 1 =W y= (4/68 )PO"J (wo), 
W2=W _4= (x/6h)E0"J 2(2wo), 


(11) 


where J; and J, are the spectral densities of the func- 
tions V; and V; respectively. In particular, if we con- 
sider V; and V2 as due to the electrostatic effects of 
charged point defects, then Eqs. (3) apply where now 
ra, On, ¢n are random functions of time. The form of 
* Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948) 
* A. Abragam and R. V. Pound, Phys. Rev. 92, 954 (1953 
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Eqs. (3) makes it clear, however, that mathe- 
matically the calculation of the correlation functions 
and spectral densities of V; and V: is very similar to 
the corresponding computations occurring in the theory 
of nuclear relaxation via magnetic dipole-dipole inter- 
action between diffusing nuclei.” Torrey’s results can 
therefore be carried over to the present problem with 
practically no modification. Specifically we wish to 
consider the situation in which the Br nuclei are fixed 
in position while singly charged point defects (vacancies 
or interstitials) diffuse independently through the lattice 
with a mean jump frequency » per second. We further 
assume a quasi-continuum model in which the defect 
moves a distance } in arbitrary direction in each jump, 
its distance of closest approach to a Br nucleus being 
denoted by a. If ¢ is the atomic concentration of defects 
in the solid, 4c/(2R)* will give the number of defects per 
cm* in the AgBr lattice. W; and W, can then be written 
in the form: 

W = (329/15) (R/a)*Be(wo/v)G(kwo/v), vin 

W = (32%/15)(R/a)*Be(wo/v)G(k,2wo/r), “) 


where B is the characteristic frequency already defined 
in (5) and where G is an integral involving a spherical 
Bessel function and defined by Torrey as: 


2k e* = 1—2x"'sinx 
G(k,y) = f — j(kx)dx, ke a/b. (13) 
rv¥o (1—2' sinx)*+y* 


An approximate evaluation of G can be obtained by 
considering x~' sinx1 everywhere in the integrand 
and expanding the latter accordingly. After integration 
one then obtains for k>}4: 


G(k,y) =4(1+9) "(1+ 2 (1—¥*) (1+ 9)" J, 


b= Agk*— P41, us) 


This approximation is very good for y> 1, it determines 
quite well the value of y for which yG(y) is a maximum, 
and it gives results about 35% too low for y<1. By 
(10) one then gets an approximate expression for the 
relaxation time 7; due to a particular kind of defect: 


1/T,= (169/45) (1+k')(a/R)“* Bevo 


X (nwo )*+- (5/2)(1+k')?F. (15) 


For vacancies a= R, b=V2R, so that 1+’ = 1.116. The 
temperature dependence of » is given by v= ¥ exp(— U 
/kT), while at the lower temperatures ¢ is a constant 
determined by the concentration of divalent impurity 
atoms added to the lattice. Hence, with increasing 
temperature 7;~' will increase to a characteristic maxi- 
mum reached when v= (5/2)'(1+k')wo, after which 
7, will decrease again. At sufficiently high tempera- 
tures, however, ¢ will increase exponentially because of 
the generation of intrinsic defects in themal equilibrium, 
and as a result 7,~' will tend to increase again. The 


"H.C. Torrey, Phys. Rev. 92, 962 (1953) 
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general behavior is shown in Fig. 6. Note also that the 
magnitude of 7,~' at its maximum is determined by the 
parameter Bc. Hence, when quadrupolar interactions 
are large enough sc that a static configuration of 
defects gives rise to second-order quadrupolar broad- 
ening of the resonance line, one can expect that these 
defects in motion will also give rise to appreciable 
relaxation effects. 


V. DISCUSSION OF AgBr RESULTS 


The experimental data on AgBr seem to indicate that, 
in agreement with the findings of Pound and Watkins,” 
the number of imperfections, such as dislocations, in 
any crystal is large enough so that, even in our purest 
sample of AgBr, we observe essentially only the }<+—4 
transition of the Br resonance line. There are two kinds 
of evidence in support of this conclusion. First, an 
absolute intensity measurement shows that the inte- 
grated intensity of the line, neglecting contributions 
far out in the wings, is closer to 40% than to 100% 
of the combined intensity to be expected from all three 
transitions.' Second, the width of the line in the pure 
sample is smaller than one would compute even from 
magnetic interactions only by naively using Van Vleck’s 
formula." Specifically the line shape, except far out in 
the wings, is approximately Gaussian with a width 
Av’, measured between points of maximum slope, 
Avr’ = 0.925 kc/sec and Avg,’ = 1.030 k« 
isotopes respectively." Now, the width of the central 


sec for the two 


line caused by magnetic interactions should indeed be 
somewhat smaller than the width for all three transi- 
Vieck’s 


is applicable. The physical reason for this is 


tions superimposed, the case to which Van 
formula 
that, as the quadrupolar interaction causes the energy 
levels of a Br nucleus to be unequally spaced, some of 
the flip-flop processes between pairs of Br nuclei are no 
longer possible with conservation of energy, and thus 
such processes no longer contribute to the magnet 
line width. If the field gradient varies from nucleus to 
nucleus in the crystal, then the second moment of the 
central line due to magnetic interactions can be com 
puted to yield a result identical with Van Vleck’s 
formula,” except that the factor }/(/+1) in the term 
for “like’’ nuclei must be replaced by: [4/(/+1 
+ py (27+1)+})™ The resulting formula yields the 
calculated line widths Avr’ =0.945 kc and Avs,’ =1.025 
kc/sec,™ values about 0.84 as large as those given by 
Van Vieck’s unmodified expression. These values are 
in good agreement with the experimental ones, and 
indicate incidentally that the central line in the pure 
sample is not appreciably broadened by second-order 
quadrupole interactions. 





™ These measurements were checked at 150°K to eliminate any 
possible misleading effects due to residual impurities in the pure 
sample 

= We wish to thank Professor N 
cating this result to us 

® Since the magnetic moments of the Ag isotopes are very small, 
they contribute only slightly to the calculated widths 


Bloembergen for communi 
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In order to discuss the specifically quadrupolar effects 
caused by the point defects, we need to estimate the 
characteristic (angular) frequency B. In our magnetic 
field the Br* resonance frequency lies at 6630 kc, so 
that wo=4.1610’ radians/sec. Taking the lattice 
constant R as 2.8810-* cm Eq. (5) gives for Br®: 


B=2.95 X 1088? rad/sec. (16) 


As for the correction factor 8, the discussion in Sec. III 
shows that only exceedingly crude estimates are 
possible. 8 includes an antishielding factor which is 
expected to be larger for the negative Br ion than that 
calculated for Rb*," i.e., larger than 50. The dielectric 
constant correction, only meaningful for defects suf- 
ficiently far from the nuclei they effect, amounts to 
about 0.4. Strain and covalent effects will tend to 
increase 8, but as a conservative order of magnitude 
estimate let us assume 8= 20. Then B=1.2X 10? sec 
It is therefore clear that quadrupolar effects can be very 
important both for line-broadening and relaxation 
effects. | 

In interpreting the experimental results it is essential 
to keep in mind the fact that point imperfections in the 
lattice can be highly mobile. Careful conductivity 
measurements’ * AgBr allow 
(subject to certain assumptions about the association 
of the defects?) the determination of the mobilities yu, 
and yw, of Ag vacancy and interstitial ions respectively, 
in addition to the determination of cio, the atomic con- 
centration of thermally produced Frenkel defects 
existing in the pure crystal. Using the Einstein relation 
D= (kT /e)u, one can compute the diffusion coefficients 
of the defects and thence the jump frequencies », 
= 3R-*D, for vacancies and v,=6R~“D for interstitial! 
ions. The results, using Kurnick’s data,* are shown in 


on single crystals of 
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Fic. 5. Jump frequencies and concentration of interstitial defects 
calculated from Kurnick’s* data. Solid line: jump frequency of 
Ag vacancies, »,=5.9X 10" exp(— 5620/7). Dashed line: jump 
frequency of Ag interstitial ions, »;=9.4X 10" exp(—2360/T). 
Dotted line: fractional concentration of Ag interstitial ions in a 
pure sample of AgBr, cjo= 1.9 1077 exp(— 6900/T). Dash-dotted 
line: Cd** jump frequency »g estimated from data in reference 24 

















Fig. 5. It should be pointed out that, since the con- 
ductivity measurements were all made at temperatures 
above 200°C, the jump frequenciesfcomputed for low 
temperatures represent somewhat of an extrapolation. 
Conductivity measurements also indicate that the Br- 
ions remain relatively immobile up to very high tem- 
peratures* and that Cd** impurity ions diffuse only 
very slowly.™ 

One can expect that, when the motion of a defect is 
sufficiently rapid, its contribution to the static quad- 
rupolar line width of a nucleus will average to zero. The 
problem of the “line narrowing” of the second-order 
quadrupolar interaction is a rather complex one.** But, 
crudely speaking, one would expect the customary 
criterion,'*® i.e., that the contribution to the static 
quadrupolar line width due to a defect disappears when 
the jump frequency of the defect is large compared to 
the magnitude of the quadrupolar width produced by 
this defect. Hence purely static quadrupolar effects of 
the kind discussed in Sec. III should only come into 
play at sufficiently low temperatures where the point 
defects are not too mobile, i.e., below about 200°K for 
Ag vacancies and below about 350°K for Cd** ions. 

On the other hand, the rapid motion of defects 
should have marked effects on the relaxation time 7; of 
the Br nuclei. At temperatures below about 450°K Fig. 
5 shows that the mobile defects in the lattice are 
predominantly the Ag* vacancies whose concentration 
is equal to cg, the concentration of divalent Cd** ions 
in the lattice. By Eq. (15), 1/7, will be a maximum 
when the vacancy jump frequency », reaches a critical 
value »,* given by »,*=1.83we=7.6X 10" sec for Br® 
in our magnetic field. Also, since B is so large, it is 
possible that (1/7 )max becomes comparable to or 
larger than 6X10* sec, the magnetic line width in 
angular frequency units. In that event, the short 
relaxation time should lead to a lifetime broadening of 
the nuclear resonance line in the solid. We believe that 
the maximum in width (or minimum in intensity) ob- 
served at about 273°K (see Fig. 3) is due to this effect. 
Note that Eq. (15) predicts that the temperature at 
which the maximum of 1/7, occurs depends only on the 
magnitude of the jump frequency », and is thus inde- 
pendent of ca, while the magnitude of (1/7T1)max is a 
function of cy. The experimental results discussed in 
Sec. II and shown in Fig. 3 appear in agreement with 
this conclusion. The conductivity data allow one to 
estimate the temperature 7* for which », reaches its 

* Schine, Stasiw, and Teltow, Z. physik. Chem. 197, 145 (1951). 


_™ For further discussion see reference 3. For example, the 
first moment (A4w’) of a line does not average to zero in second 





0 ° 

* It should be remembered that the jump frequencies shown in 
Fig. 5 are based on the assumption of negligible association of the 
defects. Note also that the concentration of interstitial ions is 
negligible (i.e., less than 2-10~5, the concentration of defects in a 
“pure” sample) below 450°K, especially since, by virtue of the 
law of mass action, the presence of the deliberately introduced 
vacancies in a doped sample tends to decrease the number of 
Frenkel defects at a given temperature compared to that existing 
in a pure sample 
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Fic. 6. Behavior of the Br™ relaxation time 7 as a function of 
temperature calculated from Eq. (15), using the conservative 
estimate 8 = 20 and the results of Fig. 5 as obtained from Kurnick's 
data for AgBr. Solid line: 1/7, due to quadrupolar interaction 
with vacancies in AgBr samples containing Cd** ion concentra 
tions of 10~* and 10~ respectively. Dotted line: 1/7 due to inter 
stitial ions in a pure sample. 


critical value »,*. Kurnick’s data’ give 7*=308°K, 
Teltow’s® give 7*=287°K; these are in fair agreement 
with the observed minimum in intensity at 273°K. 
Figure 6 shows a plot of 1/7, due to vacancies obtained if 
Kurnick’s data are used in Eq. (15) with our conserva- 
tive estimate 8 = 20. It is seen that 1/7; at its maximum 
is indeed of the right order of magnitude to cause life- 
time broadening of the resonance line. E.g., in Fig. 3, 
the quantity TD at the temperature 7* of its minimum 
is, in the sample with cg= 10~, about 3.4 times less than 
at low temperatures; i.e., the width of the line at 
temperature 7™ is, crudely speaking, about +/3.4 times 
the magnetic width of 6.5 10° radians/sec. The extra 
width, when attributed to relaxation time broadening, 
should be of order 2/7; hence one arrives at the order 
of magnitude estimate 1/7,;~2.3X10' sec™'. Com- 
parison with Fig. 6 shows then that a value of 8 about 
2.5 times larger than was assumed, ie., 850, would 
lead to better agreement with the observed broadening. 
Finally, an attempt was made to check the relaxation 
time more directly by investigating the saturation 
behavior of the resonance line as the rf magnetic field 
is increased. It was found that, while a pure sample of 
AgBr at room temperature (which is fairly close to 7, 
the temperature of the maximum in 1/7,) or a doped 
sample (cg= 10~*) at 185°K could be made to show some 
saturation effects, this doped sample at room tempera- 
ture showed no trace of saturation of its resonance line 
at the highest rf power level available in our equipment. 
From this one can make the rough estimate that 7, in 
this sample at room temperature is shorter than 5 
millisec, a result which is consistent with the possibility 
of lifetime broadening effects. There is one more ex- 
periment which suggests itself as a check of the inter- 
pretation of the data, namely to increase the Larmor 
frequency we by, say, doubling the value of the external 
magnetic field. Equation (15) would predict that the 
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minimum in intensity in Fig. 3 would then be shifted 
to a somewhat higher temperature. Unfortunately, since 
our equipment consisted of a permanent magnet, this 
particular check could not be made.” 

It is clear that the quadrupolar interaction with 
point defects becomes the dominant relaxation mechan- 
ism only in certain temperature ranges. There always 
must be added to it the quadrupolar interaction with 
lattice vibrations.'* This leads to a relaxation time which 
may be relatively short even at liquid nitrogen tem- 
perature, but which is a monotonically rather slowly 
decreasing function of the temperature, especially above 
the Debye temperature’* (144°K for AgBr). We wish 
to attribute the very rapid decrease in intensity of the 
resonance line in all samples, whether pure or doped, 
at high temperatures to lifetime broadening of the line 
by virtue of interaction of the Br nuclei with the moving 
point defects created in thermal equilibrium with the 
lattice. Incidentally an experimental check showed that 
the resonance line is not observable in liquid AgBr, 
presumably because of too short a relaxation time”; 
i.e., at high temperatures the line becomes too weak to 
observe in the solid and does not reappear at the melting 
point. Equation (15), with a=(v3/2)R, should allow 
one to estimate 7, due to Ag* interstitial ions. It must 
be pointed out, however, that the effective correction 
factor 8 for interstitials may wel! be different from that 
for vacancies. The reason for this is that point defects 
closest to a nucleus make the largest contribution to the 
transition probability of the nucleus and hence to 1/7,” 
and that an interstitial ion next to a Br~ ion can be 
expected to give rise to large strains and to distortion 
of the Br~ ion core by covalent effects tending to make 
the net field gradient at the Br nucleus exceptionally 
large, i.e., effectively enhancing the value of 8 contained 
in Eq. (15). Returning to Eq. (15) we note further that 
the contribution of defects to the relaxation time 7; 
and to the electrical conductivity ¢ is quite different. 
Putting c,=c? exp(—W/kT) and »,=v? exp(—U/kT), 
we have in the temperature range where »,>>wo 


1 Ti~q v~expl (W—U) kT |, 


(17) 
o~cue~expl (W+ U)/kT ). . 

The large jump frequencies v, make 1/7, due to inter- 
stitial Ag ions rather small unless B is large ; computed 
values for 1/7; are shown in Fig. 6. It is seen that, in 
order to account for the line broadening at high tem- 
peratures by a sufficiently short 7, due to Ag inter- 
stitials, one would need an effective value of 8 about 


® Variation of the external magnetic field would also constitute 
a useful check in the study of lines broadened by sialic second-order 
quadrupole interaction since the line width should then be field 
dependent 

* There are several cases known where the Br nuclear resonance 
is not observable in a liquid because of too short a relaxation time 
caused by quadrupole interaction. See R. V. Pound, Phys. Rev 
72, 1273 (1947) 

® This is in contrast to the static line width where defects which 
are close to a nucleus contribute only to the unobservable wings 
of the resonance line 
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20 times as large as that assumed for vacancies, i.e., 
81000. Such a value seems rather large, though it 
cannot be considered entirely impossible ; e.g., values of 
the correction factor 8 between 100 and 1000 have been 
invoked to account for nuclear relaxation times due to 
quadrupolar interaction with lattice vibrations.'* Figure 
6 also shows that Ag* vacancies at high temperatures 
are not responsible for a very short 7. There is, how- 
ever, another mechanism which may determine 7; at 
high temperatures. Kurnick* has some evidence for the 
formation of Br~ vacancies (Schottky defects) in the 
lattice above 570°K, their concentration being about 
equal to that of the Ag vacancies at 680°K. These Br- 
vacancies contribute negligibly to the conductivity at 
this temperature. Some diffusion measurements” show, 
however, that such Br~ vacancies are by no means 
completely immobile, though their jump frequency at 
680°K may be somewhat more than 1000 times less 
than that of the Ag* interstitials in the lattice. By Eq. 
(17), the small jump frequency of the Br~ vacancies 
will make their contribution to the electrical conduc- 
tivity correspondingly small, but their contribution to 
1/T, correspondingly large. Very careful measurements 
of 7; might decide whether such Br~ vacancies con- 
stitute indeed the main relaxation mechanism in the 
high-temperature range and could help to clarify some 
of the still unsettled questions of the behavior of 
Schottky defects in AgBr. 

Finally we turn our attention to the low temperatures 
where the line shape is determined by static effects only. 
We note at the very outset that the defects in the solid 
at these low temperatures would not be expected to be 
randomly distributed. The reason for this is that the 
electrostatic attraction existing between Ag* vacancies 
and Cd** impurities leads to correlation between their 
positions; in particular, it makes the state of lowest 
energy of the crystal one in which Ag* vacancies and 
Cd** impurities lie on adjacent positions of the Ag 
sublattice, thus forming associated pairs (“com- 
plexes’’)." When the association process is complete, 
the field gradients due to 2V charges are replaced by 
field gradients approximately like those of N point 
dipoles. Hence association of defects at low tempera- 
tures should lead to smaller field gradients at the Br 
nuclei and hence to smaller quadrupolar broadening. 

Following the discussion of Sec. III, one can try to 
estimate the order of magnitude of the static quad- 
rupolar line width, assuming all defects to be randomly 
distributed. The concentration of defects x= 2cg, since 
the number of vacancies is equal to that of the impurity 
ions; also the volume oR? available to a defect is 2R’, 
since there are four Ag lattice sites in a cube of volume 
(2R)*. We can say that, roughly speaking, contributions 
to the line more than 10 kc/sec from its center can be 
considered unobservable, i.c., we chose the cut-off 


* A. Murin, Doklady Akad. Nauk. S.S.S.R. 99, 529 (1954) 
® For a recent discussion of association, see A. B. Lidiard, Phys 
Rev. 94, 29 (1954) 
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frequency in Eq. (7) as Q= 29x 10* sec. We shall take 
the correction factor 8=50, as suggested by the dis- 
cussion of relaxation effects connected with vacancies. 
For ca=10-*, Eq. (7) then yields ((Aw)*)g=3.5X10* 
sec~* as compared to the second moment due to mag- 
netic interactions only, ((A4w)*),=107 sec~*. Since 
((A4w)?)g~Bin!, the result would not be greatly changed 
if a somewhat different cut-off frequency had been 
chosen. One thus sees that the assumption of a com- 
pletely random distribution of defects at temperatures 
below 200°K would seem to lead to more pronounced 
effects on the line width in going from a pure sample to 
our most highly doped one than were actually observed. 
This conclusion is in agreement with the expectation 
that the defects are associated at these low tempera- 
tures. Finally, it seems possible that the initial broad- 
ening of the lines at about 200°K is connected with the 
onset of dissociation of the defects. Comparison with 
Lidiard’s curves" and the fact that, unlike what one 
would expect from simple lifetime broadening due to 
vacancies, this initial broadening occurs at essentially 
the same temperature irrespective of impurity concen- 
tration, would suggest such an interpretation.’ But 
both Fig. 6, which is based on a somewhat uncertain 
extrapolation of the conductivity data to these low 
temperatures, and some very crude experimental esti- 
mates of 7, show that one cannot completely exclude 
the possibility of lifetime broadening effects already 
making some contribution to the line width around this 
temperature. Only careful relaxation time measure- 
ments might help to separate unambiguously the vari- 
ous effects. Such measurements in the low-temperature 
region would also be of interest since they might show 
an influence on 7; due to the possibility of reorientation 
of complexes. 


VIL. FURTHER EXPERIMENTS 


We want to mention briefly some experiments which 
illustrate the narrowing of resonance lines produced by 
the motion of defects. As a first example we consider 
NaCl doped with CdCl». Na has a small nuclear electric 
quadrupole moment (approximately 0.1X10-* cm*)* 
and, since the Na* ion is small, the effects of ion core 
distortion are correspondingly less important. As a 
result the parameter B for Na* is probably about 200 
times smaller than that for Br~. One thus expects Na 
quadrupolar interaction effects in NaCl to be much less 
significant than they are for Br in AgBr. Figure 7 shows 
the effect on the Na resonance line width Av’ (measured 
between points of maximum slope) of increasing the 
temperature of a doped sample of NaCl.” The resulting 
curve is of the form characteristic of the motional 





® Perl, Rabi, and Senitzky, Phys. Rev. 98, 611 (1955). 

® Ay’ at room temperature is about 1 kc/sec larger than one 
would compute from magnetic interactions alone, but in dent 
of impurity concentration. Though we did not investigate in detail 
the source of the extra width, it is likely to be due to first-order 
quadrupole interaction with dislocations in the crystal. 
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Fic. 7. Behavior of Na line width Av’ (measured between points 
of maximum slope) as a function of temperature in NaCl. Solid 
curve: NaCl sample doped wi with a molar concentration 6X 10~¢ of 
CdCl». Dotted curve: “pure” NaCl sample. 


narrowing of resonance lines.*** One would expect that 
the width of the Na line would begin to decrease ap- 
preciably when the jump frequency py, of the Na* ions, 
which determines the rate of fluctuation of the internal 
magnetic fields at the position of a Na nucleus, becomes 
comparable to the static Na line width Aw at low tem- 
peratures.** But yy, c,v,, where c, is the atomic concen- 
tration of Na* vacancies (1), or probability of a 
vacancy being next to a Na* ion, and », is the vacancy 
jump frequency. Below 500°C the thermal! production 
of defects is negligible” and c,= ca, the concentration of 
divalent impurity ions. Thus one expects the line width 
to show appreciable narrowing when the temperature 
becomes high enough so that: 


(18) 


In agreement with Fig. 7, the Na line in samples of 
higher impurity concentration should therefore begin 
to narrow at a lower temperature. The conductivity 
data®’ give information as to the mobility of the Na* 
vacancies and hence allow the calculation of »,. Using 
these data one predicts that in a sample containing 
6X10 atomic fraction of CdCly, the narrowing 
criterion (18) should be satisfied at 230°C, in fair 
agreement with Fig. 7. The simplified theory of motional 
narrowing'*™ permits one to construct from Fig. 7 a 
curve of », vs 1/7. From the slope of the resulting 
straight line one can estimate the activation energy 
for the diffusion of Na* ions to be 0.66 ev. This compares 
with a value of 0.77 ev obtained from diffusion® and 
0.83 ev from conductivity measurements. 

oe .. S. Gutowsky and G. E. Pake, J. Chem. Phys. 18, 162 
“S H. S. Gutowsky, Phys. Rev. 83, 1073 (1951). 

* Note that motional narrowing will be caused by any type of 
jumping of Na ions in the lattice, e.g., even by a localized jumping 
which only causes reorientation of an impurity complex without 
wo to diffusion or electrical conductivity in the crystal. 

tzel and R. J. Maurer, J. Chem. Phys. 18, 1003 (1950). 


on Crooks, and Maurer, J. Chem. Phys. 18, 1231 
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As a fina] illustration we want to mention the case of 
LiBr, which is also of some interest in connection with 
our interpretation of the AgBr results. Both Li and 
Br have magnetic moments large enough to make their 
resonance lines readily observable; on the other hand, 
Li has a very smal] quadrupole moment, unlike the Br 
nuclei already discussed in connection with AgBr. The 
electrical conductivity of LiBr has been studied by 
Haven”; Li vacancies are readily introduced into the 
salt by doping with MgBr,. We want to consider what 
one would expect about the behavior of the line widths 
in a sample of LiBr containing, say, a concentration 
ca=2X10°* of MgBr>. Turning our attention first to 
the Li line, it should begin to narrow when the jump 
frequency of Li ions is equal to the static Li line width 
(Aw) ,;, i.e., at about 310°K estimated from the con- 
ductivity measurements. At higher temperatures the 
line width should approach essentially zero since the 
internal fields at a Lit ion, whether due to Li* or Br 
ions, will average to zero when the Li* ion jumps fast 
enough. The situation here is analogous to that of 
Na* ions in NaCl. Now consider the Br line, neglecting 
at first the Br quadrupole moment. This line will begin 
to narrow when v,\~ (Aw), i.e., at about the same 
temperature where the Li line narrows, since then the 
magnetic width due to the Li nuclei begins to disappear. 
But, since the Br~ ions remain stationary, the line width 
at higher temperatures should not go to zero, but should 


* Y. Haven, Rec. trav. chim. 69, 1471 (1950). 
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approach a width due to magnetic interactions among 
the Br nuclei only. (From magnetic interactions one 
would calculate, for Br™, Av’ =3.2 kc/sec in the limit 
of low, and Av’ = 1.2 kc/sec in the limit of high tempera- 
tures.) Now, remembering the large Br electric quad- 
rupole moment, one would expect, in analogy to our 
interpretation of the AgBr results, a line broadening due 
to the short relaxation time produced by quadrupole 
interaction with moving vacancies to occur when », 
= 1.8w9 (wo= Larmor frequency of Br ion), i.e., at about 
335°K for Br*. Thus the Br line width should be a 
rather complicated function of temperature, a maximum 
in width due to lifetime broadening being superposed 
in the same temperature range where the line would 
otherwise tend to narrow. Figure 8 shows the experi- 
mental results obtained for one such doped sample of 
LiBr prepared to check these general predictions.” The 
maximum in the Br line width is confirmed by a cor- 
responding decrease in its intensity, and the tempera- 
ture dependence of the curves is seen to be essentially 
as expected. 


VIL. CONCLUDING REMARKS 


We have seen that nuclear magnetic resonance 
techniques provide a means of studying point defects 
in ionic crystals from a rather microscopic point of view. 
Measurements can be made on polycrystalline samples 
to yield values of the defect jump frequencies and their 
approximate activation energies by line narrowing or 
relaxation time observations; in some cases information 
may be obtained as to the association of defects in the 
solid. Our general discussion shows that variation of 
the external magnetic field and, most particularly, 
careful measurements of nuclear relaxation times as 
affected by the presence of point defects would certainly 
be of physical interest, as well as being desirable as a 
check on the interpretation of some of our results. 
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The pressure-volume relationships for superconductors near absolute zero are of potential interest for 
comparison with theories which attempt to explain the variation of the superconducting transition tem- 
perature with pressure. Such data for thallium are of special interest since the variation of transition tem- 
perature with pressure is different for thallium than for any other known pure metal. In these experiments, 
measurements on indium of the total compression to 10 000 atmos for various temperatures down to 4.2°K 
served as a check of similar measurements on thallium. No unusual behavior was found for either metal. 
These results were combined with the measurement of the total thermal expansions for both metals to 
give isobars at both zero pressure and at 10 000 atmos pressure over the range from 4.2° to 300°K. The 
results of some low-temperature compressive testing experiments on both metals are also given, together 
with some indirect evidence as to the vanishing of work hardening effects at low temperature and moderate 
hydrostatic pressures. Finally, measurements on the electrical resistance of indium show an unexplained 
kink in the R vs T curve at about 210°K. The effect on the electrical resistance of indium due to tensile 


(plastic) deformation at 4.2°K was also measured. 





INTRODUCTION 


HE measurement of the effects of high hydrostatic 
pressures on superconducting transition points 
has currently become a fairly important branch of low- 
temperature research.’ While the general field has been 
surveyed and data exist for various substances, prob- 
ably the only generalization which can be made is that 
the superconducting transition point usually decreases 
as the applied pressure is increased. Little is known 
about the basic theory behind this effect, and as yet 
there exist no bases for correlating these pressure 
effects and others, such as the changes in volume or 
electrical resistance with pressure. If the supercon- 
ducting transition is very sensitive to volume changes, 
as it seems to be, then measurements of P— V isotherms 
at low temperature for superconducting elements can 
be of considerable interest. The measurement of these 
is not too difficult, since a number of the superconduc- 
tors (indium and thallium in particular, and probably 
pure tin, lead, mercury, and cadmium)? retain sufficient 
plasticity at their transition points so that variations 
of volume with pressure can be obtained at liquid 
helium temperatures by using a method which has 
been described elsewhere.*-* 
The work on indium and thallium which is given 


* This work was performed under a contract with the vu. S. 
Army Office of Ordnance Research. 

t Present address: Physics Department, 
Ames, Iowa. 

' See the article by C. F. Squire in Progress in Low-Temperature 
Physics, edited by C. J. Gorter (Interscience Publishers, Inc., 
New York, 1955), p. 151. 

2J. W. Stewart, doctoral thesis, Harvard University, sub- 
mitted May, 1954 (unpublished). 

i Swenson, “The application of high hydrostatic 
pressures at liquid ‘helium temperatures,” Paper No. 54-33-3, 
delivered before the Instrument Society of America Meeting, 
Philadelphia, 1954 (to be published in the Proceedings); also 
reported in slightly revised and corrected form under the same 
title as U. S. Army Office of Ordnance Kesearch Technical 
Memorandum, TM-55-1 (unpublished). 

‘J. W. Stewart, Phys. Rev. 97 578 (1955). 

*C. A. Swenson, Phys. Rev. 99, 423 (1955). 
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below was undertaken to provide such P—V data for 
these substances. There are two considerations which 
govern the choice of materials; first, and foremost, 
they must be plastic, and, secondly, they must be of 
specific interest. Indium was chosen initially because 
of its plasticity, and the original work done on it was an 
attempt to discover the relationship between the ex- 
trusion experiments performed by Stewart’ and the 
shear yield strength and work hardening of a substance. 
Both extrusion pressures and compressive stress-strain 
curves were measured, and very unusual results were 
obtained which indicated a shear sensitive transition 
at very low temperatures. As a result of this, several 
different low-temperature properties of indium were 
measured in the hope that they would shed some light 
on this suspected transition. These experiments in- 
cluded: (a) the electrical resistance as a function of 
temperature from 300° to 4.2°K; (b) the electrical 
resistance of a wire as a function of strain (plastic) at 
4.2°K; (c) an x-ray Laue pattern taken before and after 
deformation at 4.2°K; (d) the total volume change at 
10 000 atmos pressure between 300° and 4,2°K. 

Outside of a kink in the electrical resistance about 
210°K (a discontinuity in the temperature coefficient 
of resistance), no unusual effects were found. Attempts 
to reproduce the yield strength and extrusion phe- 
nomena a year later were not successful, and as the 
original effects remain unexplained, only the second set 
of stress-strain curves (of normal behavior) are given 
below. The total linear thermal expansion of indium 
was also roughly measured to 4.2°K so that it would 
be possible to convert the compressibility measurements 
into actual molar volumes at 10000 atmos pressure 
from 4.2°K to room temperature. 

Thallium also satisfies the plasticity criterion at low 
temperature, and, whereas there was no reason to 
suspect abnormal behavior for indium, thallium repre- 
sents an exception among pure metallic superconductors 
in that it initially shows an increase of superconducting 
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transition point with pressure, although for quite high 
pressures (several thousand atmospheres) the effect is 
normal.* Chester has suggested the possibility of a 
phase transition in thallium to explain this result,’ and 
it was with the object of testing this hypothesis that 
the work on the P—V curves of thallium was under- 
taken. Indium, presumably having a normal behavior, 
was useful as a comparison sample, to verify that any 
unusual effects observed were solely a function of the 
sample being tested, and not due to the apparatus. 
Thermal expansion data also were taken for thallium, 
so that, again, it would be possible to have two isobars, 
one at zero pressure and one at 10000 atmos. As was 
the case for the similar measurements on indium, no 
unexpected behavior was found. 

Neither indium nor thallium are “nice” substances 
to work with from a physical viewpoint, since they 
both have anisotropic crystal structures. Indium has a 
slightly distorted face-centered cubic lattice (face- 
centered tetragonal with c/a=1.07 at room tempera- 
ture),* while thallium is hexagonal with an axial ratio 
of 1.598.° Thus, every effort was made to assure that 
the abovementioned thermal expansion and electrical 
resistance data were taken on finely polycrystalline 
samples with no preferred orientation, so that the true 
average effects were being observed. The object, 
fortunately, was to look for anomalous behavior or 
transitions, and not to try to present data of theoretical 
interest. 

No anomalies were expected in the zero-pressure 
range, since the heat capacities of both indium and 
thallium have been measured, the former between 2°K 
and room temperature," and the latter from 1.5° to 
4.2°K, and from 15° to 300°K."-" The gap existing for 
thallium is very tantalizing, since the data obtained on 
the two sides of it seem inconsistent. Both métals have 
rather low melting points, as is characterized by their 
low Debye @’s, about 130° for indium and 94° for 
thallium 

Finally, thallium has the disadvantage that it 
oxidizes very rapidly at room temperature, so that 
detailed electrical resistance measurements were not 
attempted 


MATERIALS USED 


The indium and thallium used were both obtained 
from A. D. Mackay, Inc., and were specified as 99.9% 
pure. Fortunately, the actual purity should not be 
too important for either the compression or the 
rather qualitative thermal expansion data which were 


*M. D. Fiske, Phys. Rev. 94, 495 (1954) 

’ Pp. F. Chester (private communication 

*W. A. Betteridge, Proc. Phys. Soc. (London) ASO, 519 (1938). 

* H. Lipson and A. R. Stokes, Nature 148, 437 (1941) 

”K. Clusius and L. Schachinger, Z. angew. Physik 4, 442 
(1952) 
—~ R. Clement end E. H. Quinnell, Phys. Rev. 92, 258 (1953) 
“WW. H. Keesom and J. A. Kok, Physica 1, 175, 503, 595 
(1933-1934) ; Leiden Comm. 230c, 250e, and 232a. 

" J. F. Hicks, Jr., J. Am. Chem. Soc. 69, 1000 (1938) 
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taken. The purities were probably much better, since 
the residual resistances were about 10~*R273 for indium 
and 3X 10~*R27; for thallium. Both wires were extruded 
and not annealed. The indium was cast under vacuum 
from ingots into rods from which samples were mach- 
ined or formed by pressure at room temperature. The 
thallium was furnished in the form of a rod from which 
the samples were machined on a lathe and then stored 
under water which had been boiled. It was never 
possible to keep all traces of the oxide from the sur- 
face of the thallium samples. The residual resistances 
quoted above refer to samples taken from the metals 
after processing. 


TEMPERATURE MEASUREMENT 


All temperatures recorded in these experiments were 
measured with Leeds-Northrup copper-constantan ther- 
mocouple wire (No. 30 B. and S. gauge, enamel and 
glass insulation), which had been calibrated in this 
laboratory between 4.2° and 300°K, using a constant 
volume gas thermometer. The accuracy is estimated 
to be of the order of 0.1 degree down to 50°K, and about 
0.5° from 50° to 15°K. This was not a limiting factor 
in any of the measurements. 


COMPRESSION MEASUREMENTS 


The apparatus and techniques used in measuring the 
total compressions of indium and thallium to 10000 
atmos are identical with those described elsewhere,?-- 
and will not be given here in detail. The sample (0.375 
in. long by 0.253 in. diam) was placed in a cylinder of 
hardened tool steel of the same diameter, and was 
compressed in an elongated press by two hardened steel 
pistons. The low-temperature end of this press could 
be placed in a Dewar, or in a special cryostat where it 
could be kept at any desired temperature between 4.2°K 
and room temperature to a constancy of about 0.1°. 
As will be described later, both indium and thallium are 
quite plastic at the lowest temperatures, so the re- 
sulting pressure (force applied/area) is hydrostatic to 
a good approximation, and the motion of the pistons 
is a measure of the volume change of the sample. Several 
cycles were necessary to season the sample initially at 
each temperature so as to obtain reproducible data. 

Basically, three corrections must be applied to any 
data taken; these are concerned with friction (both 
in the sample and in the hydraulic press), background 
stretch of the apparatus with no sample present, and 
expansion of the sample holder cylinder due to the 
internal hydrostatic pressures up to 10 000 atmos. The 
first correction is obtained by taking data at both 
increasing and decreasing pressure and the second by 
doing blank runs at all temperatures in both the 
cryostats used. The third correction is determined by 
comparing the room temperature compression of a 


“C. A. Swenson and R. H. Stahl, Rev. Sci. Instr. 25, 608 
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substance, obtained using the two above corrections, 
with the true value which is known quite accurately 
from other measurements. This correction must be 
extrapolated to low temperature by the assumption 
that it is inversely proportional to the elastic (or 
Young’s) modulus of the steel used in making the sample 
holder cylinder."® 

The last two corrections are quite large, and in- 
troduce a basic uncertainty of about five percent into 
any volume change obtained in the present experi- 
ments. However, the correction data, while showing 
considerable scatter, could be represented by smoothed 
curves which were taken as being correct and which 
were used consistently. The philosophy was that if the 
sample holder and sample were placed in the press, and 
then in the cryostat, the relative accuracies would be 
much better if the setup were not disturbed during a 
series of runs at various temperatures. Thus, for any 
series the data should be consistent (and were) to 
about one percent, while if the sample holder were re- 
moved and then replaced in the press, the answer 
could vary by about 5%. ‘ 

In practice, the cylinder expansion correction was 
determined for each sample and for each loading of the 
sample holder in the press by doing a room-temperature 
run, since Bridgman’s work gives fairly accurate room 
temperature compression data for both indium and 
thallium.'* The series of experiments on thallium shown 
in Fig. 1 lasted over a period of a week, with the 
sample holder remaining undisturbed in the press 
during this time, and the scatter of four room-tempera- 
ture runs made at different times is shown about an 
average correction figure. There is an added advantage 
to making a final correction in this way since it auto- 
matically takes into account any small effects which 
might have been otherwise overlooked. It does, of 
course, make any results relative to those of Bridgman, 
and subject to any correction which may be later made 
in his data. 

The actual procedure which was used to calculate the 
results shown in Fig. 1 is given below, and was necessi- 
tated by the small total compressions observed. The 
change in length of the sample was measured for small 
pressure increments from 1500 to 10000 atmos for 
both increasing and decreasing pressures, and the total 
apparent change in volume (measured as a change in 
length, 4/) between 1500 and 10 000 atmos was obtained 
by applying the friction and background stretch 
corrections. The curves showed no signs of abrupt 
volume changes, so only the total AV was measured. 
The lower limit of 1500 atmos was due to apparatus 


% The elastic modulus of a piece of the same steel as used in 
the cylinder (Omega, Rockwell “C”, 656) was measured directly 
as a function of temperature in this laboratory, using the same 
press and cryostat. These measurements showed a linear variation 
of the Young’s modulus from 24.5 10* psi at room temperature 
to 27.6X 10* psi at 60°K, with a rapid leveling off from this value 
to 28.0X 10* psi at 4.2°K. 

 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 76, 1 (1945). 
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Fic. 1. The total hydrostatic compressions in 10 000 atmos of 
indium and thallium as a function of temperature. Vo refers to 


the volume of the sample at zero pressure and the temperature 
of the test 


limitations,® and also uneven friction. The total com- 
pression was assumed to be linear (the deviations are 
small), and this change in length was converted into a 
total change in length in 10000 atmos. The same ex- 
periment gave a measurement of the length, /», and the 
final 4//lp obtained in this way was corrected to a true 
AV/V» in 10000 atmos by subtracting the cylinder 
expansion correction. Vo here is the volume at zero 
pressure at the temperature of the experiment. The 
cylinder expansion correction was calculated using the 
linear assumption also, so unless the small curvature 
which is observed by Bridgman changes radically with 
temperature, it should result in fairly accurate values 
for the true AV/V> in 10000 atmos, even though the 
curvature has presumably been ignored. 

The final results for indium and thallium are given 
in Fig. 1, with the smooth curve being drawn through 
the points (not indicated) which were most consistent. 
The smoothed curves are summarized in Table I. There 
is some arbitrariness about drawing the indium curve, 
but since occasional points do seem to lie off the smooth 
curve for no known reason, little weight was given to 
the two points which lie high at about. 160° and 200°K. 
The scatter at 77°K is common to both metals, and 
although it is presumably an apparatus effect, it is not 
understood. The 77°K points shown represent a 
variety of cooling rates in both the Dewar and cryostat, 
ranging from six to eight hours to ten minutes, done 
with both zero pressure on the sample and also with a 
pressure of.10 000 atmos. No consistent trend could be 
observed, although the calibration runs, done under 
similar conditions, showed no such scatter. The slowest 
cooling rate gave the lowest point for thallium, and this 
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Taste I. The smoothed total thermal ions, compressions in 10 000 atmos, 
and molar volumes of indium and thallium at low temperature. 
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100 ~0.485 2.13 15.442 15.117 —0.373 2.17 16.904 16.536 

75 -0.543 2.12 15.413 15.092 —0.420 2.12 16.880 16.522 

SO 0.596 2.11 15.390 15.067 —0.461 2.08 16.858 16.508 

25 ~ 0.634 2.10 15.375 15.051 —0.494 2.04 16.842 16.498 
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agreed well with the continuation into the low-tempera- 
ture region, so it was taken as the correct value. It is 
gratifying that the curves above and below 77° join up 
so well, since the background stretch correction is dis- 
continuous at this point, with the temperature gradi- 
ents along the press supports changing as the refriger- 
ating fluid is changed from liquid nitrogen to liquid 
helium, and liquid nitrogen is added to the outer jacket. 
The scatter at 4.2° is due to, roughly, the same reasons. 
In all cases, the scatter is about the five percent which 
was expected. 

The curves of Fig. 1 show no sign of discontinuities 
in the total compression to 10 000 atmos, at least none 
greater than 5X10-*V». Thus, one must conclude that 
the possibility of a first-order transition in the region 
from room temperature to liquid helium temperatures, 
and from zero to 19000 atmos, is quite small for 
either substance 


THERMAL EXPANSIONS OF INDIUM 
AND THALLIUM 

rhe total compression measurements are more useful 
when expressed as a change in molar volume at a 
pressure of 10 000 atmos, since the data of Fig. 1 come 
out in terms of the volume at zero pressure at the tem- 
perature of the experiment. In order to make these 
calculations, the change in molar volume at zero 
pressure must be measured as a function of temperature 
for each substance. In principle, it would be possible to 
obtain this from the observed changes in length of the 
samples in the press, but any answer so obtained would 
be with respect to stainless steel. Unforturiately, these 
figures showed considerable scatter, so that it was 
thought worth while to check them with an independent 
setup. The accuracy required is not high, and it was 
quite sufficient to know the ratio V4.2/ V7 to 0.01%. 

A simple setup was built which used a specimen 
three inches long and 0.25 in. in diameter, held freely 
in a copper jacket at low temperature, and with fixed 
quartz feeler rods connected to its top and bottom 
and also to a dial gauge at room temperature. The dial 


gauge was calibrated against a micrometer screw, so 
that changes in length could be measured reliably 
to better than 10~ inch. The whole setup was placed 
with its low temperature section in the cryostat, and 
changes in length were measured as a function of 
temperature over the temperature region from room 
temperature to 4.2°K. In order to check the accuracy of 
the setup, and to allow a correction to be made for the 
thermal expansion of the quartz and any temperature 
inhomogeneities, a piece of very pure (99.999%) 
copper was also run, and the results compared with the 
more accurate ones of Bijl and Pullan. The correction 
so determined amounted to about one percent of the 
values for 6l/l2;; shown in Fig. 2 and also listed in 
Table I. 

These data were then used to calculate the total 
volume changes, and finally the variation of molar 
volume with temperature at both zero pressure and, by 
using the compression measurements, at 10 000 atmos. 
The volumes at zero pressure were taken as 15.71 cc for 
indium, at 25°C, based on a density of 7.303," and 
17.114. cc at 18°C for thallium, based on x-ray data.’ 
The number of significant figures carried in the tables 
does not reflect the inaccuracies in these starting points, 
but they are used only as a convenience to show the 
variations of molar volume. These molar volumes are 
also listed in Table I for both indium and thallium. 

The heat capacity results can be used in conjunction 
with these data to obtain a value for the Grueneisen 
constant, , which is defined in the equation, 


dV/dT=7KC,, 


where V is the molar volume, Ko is the initial com- 
pressibility, and C, is the specific heat at constant 
volume. While the thermal expansions are not accurate 
enough to give a reliable value for y in the region below 
77°, above this temperature the data can be represented 
quite closely by a y of 2.35 for indium and 1.80 for 
mn D. Williams and R. R. Miller, J. Am. Chem. Soc. 72, 3821 
( ) 




















PROPERTIES OF In AND TI 


thallium. One must not take these results too seriously, 
since there is no assurance that the thermal expansion 
measured is for a genuinely polycrystalline sample of 
either substance. 

The volume expansion coefficient calculated for 
indium for the region near the ice point (95X10-*/ 
degree) agrees well, however, with the figure of Williams 
and Miller (97.5 10~*/degree),"” which is an average 
for the region from 25°C to the melting point. Since 
they measured a volume expansion directly, this gives 
some confidence that the assumption that this sample 
was a true polycrystal of random orientation is justified. 


MECHANICAL PROPERTIES OF INDIUM AND 
THALLIUM AT LOW TEMPERATURE 


One of the limiting factors in the use of these tech- 
niques for compression measurements at low tempera- 
tures is that the substances used must remain quite 
plastic at the lowest temperatures reached—that is, 
they must have a low shear yield strength and very 
small work-hardening so that pressure differences 
cannot be set up between the sides and ends of the 
samples. Earlier extrusion measurements by Stewart? 
listed both of these substances as of doubtful plasticity, 
but the criterion used was very rigid, and the extrusion 
pressures which he measured were of the order of 
hundreds of times the yield strengths as found in these 
experiments. The extrusion experiments were also re- 
peated in this work, but are not of sufficient interest 
to be described in detail.’* 

In order to investigate these mechanical properties, 
the same hydraulic press which was used for the com- 
pression measurements was used to measure the stress- 
strain curves, in compression, for cylinders of both 
materials (0.40 in. long and 0.353 in. in diameter). The 
samples were annealed in boiling water for two hours 
after machining or forming. This annealing seemed to 
be quite important for reproducible results at 77°K 
(the stress-strain curve for indium at 77°K actually 
resembled the 4.2°K curve if the only annealing given 
was to leave it at room temperature for a week), but 
had little or no effect on the 20°K or 4.2°K curves. 
These measurements, typical results of which are shown 
in Figs. 3(a) and (b), were made with the sides of the 
cylinders unsupported, and the departure from linearity 
shown corresponds to plastic deformation of the 
samples. 

In another identical experiment, the results of which 
are not illustrated, the stress-strain curve for indium 
at 4.2°K was found to increase linearly to a strength 





% The extrusion experiments at 4.2°K (see reference 3 for 
experimental details) usually behaved as follows: As the pressure 
on the sample was increased, the material began to flow through 
the hole at about the yield strength, tending to form a button, but, 
due to work hardening effects, the button merely increased slightly 
in length with each pressure application until at about 400 times 
the yield strength an explosive, irreproducible, extrusion was 
found. This was quite different from the case at 77°K where, at 
slightly smaller pressures, free flow was observed, the rate of flow 
depending very markedly on the applied pressure. 
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Fic. 2. The total linear thermal expansions of indium and 
— at zero pressure, after apparatus corrections have been 
applied. 


of about 15 kg/mm? (or 1500 atmos) when the length 
of the sample was decreased by 15%. This represents 
an increase by work-hardening of a factor of thirty in 
yield strength, and should be compared with room 
temperature where a maximum increase of about two 
or three is possible before free flow sets in. It must be 
emphasized that these experiments give a compressive 
yield strength, which is roughly twice the shear yield 
strength which applies above. 

This work-hardening can be quite serious, since 
because of the geometry of the experiments on total 
compression, the samples undergo considerable plastic 
deformation during the course of a single cycle of the 
pressure from zero to 10000 atmos, and then back to 
zero. The sources of this plastic deformation are two- 
fold. First, the area of the sample holder increases 
elastically by about one percent because of the hydro- 
static pressure exerted by the sample, and the sample 
must first flow outwards to fill this extra volume, and 
then flow back as the pressure is relieved. This results 
in a two percent plastic deformation. The second effect 
is more basic, and is due to the fact that the sample 
material must flow even in the absence of any change 
in area of the holder in order for the one-sided com- 
pression to be transformed into a uniform change in 
density. 

This latter effect can be estimated by considering 
an “equivalent” path through which the sample must 
pass to get from zero pressure and volume, Vo, to 10 000 
atmos pressure and the volume Vo—AV. One first 
applies a pure hydrostatic pressure of 10000 atmos 
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Fic. 3. The stress-strain curves for (a) indium and (b) thallium 
cylinders (0.4 in. long by 0.353 in. diam) under a compressive load 
with the sides of the cylinder unsupported. The dashed lines 
represent the elastic deformation of the cylinder and hydraulic 
press. The pressures given are not true stress, but are total loads 
expressed in terms of the initial areas of the samples 


and notes the change in dimensions of the sample 
(AV/3Vo in length. and diameter). Effectively, the 
sample shrinks in from the walls of the holder during 
this stage. Next, a pure one-side compression is applied 
to the sample until it has deformed plastically enough 
so that is just fills the cylinder. The change in length 
required to do this, 2AV/3Vo, is a measure of the total 
plastic deformation which a sample undergoes upon 
the increase of pressure from zero to 10 000 atmos. An 
exactly equivalent argument holds when the pressure 
is released, and as the sample flows upwards. Thus the 
plastic deformation per cycle can be estimated at 
about 3.20%, or, considering the change in area, at 
about 547, total. This should be roughly independent of 
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temperature, but should only be serious at low tem- 
perature where tremendous increases in strength by 
work-hardening are possible. If this full effect were to 
apply, an increase in shear yield strength of about 250 
atmos would be expected on each cycle. 

This effect would show up as an increase in friction 
during an experiment, since the sample would behave 
elastically with its behavior governed by both the shear 
modulus and the compressibility,"® until the shear yield 
strength was exceeded, while after this point its change 
in length would be governed solely by the compressi- 
bility and the average pressure. The same would apply 
in reverse as the pressure was decreased. This would 
result in a widening of the hysteresis loop from cycle 
to cycle, or a seeming irreproducibility of the data, 
something which was never observed. The friction was 
usually of the order of 250 atmos for both indium and 
thallium, and about 50 atmos of this was inherent in 
the hydraulic press, while some was undoubtedly surface 
friction at the walls. It showed no variation from cycle 
to cycle on a given sample. This was demonstrated by a 
special run at 4.2°K, in which the hysteresis loop taken 
for an indium sample after one seasoning cycle was 
compared with the loop taken after fifteen subsequent 
cycles. The two loops coincided exactly. This is very 
strange, and certainly not what one would expect from 
the reasoning given in the previous paragraph. The 
indications are that the mechanism which causes work- 
hardening ceases to become operative at low tempera- 
ture when moderate (a few hundred atmos) hydrostatic 
pressures are present. Bridgman has found many un- 
usual changes in mechanical properties at room tem- 
perature and very high pressures and in general finds 
an increase in ductility with pressure.” However, the 
general trend seems (as is usual) that high-pressure 
phenomena correspond to low temperature, and in 
contrast the lack of work-hardening found here would 
resemble, basically, a high-temperature effect. 

Naturally, more work is necessary to verify this effect, 
he present conclusions are arrived at rather 
indirectly. But, this hypothesis does offer an explanation 
for two previously contradictory phenomena found, re- 
spectively, by Fiske™ at the General Electric Labora- 
tories and Hatton at Harvard. Both of these workers 
have used solid hydrogen as a “bath” with which to 
apply hydrostatic pressures to metals for electrical 
measurements. Fiske finds that the solid hydrogen, 
supposedly of low shear strength, can deform tin single 
crystals, while Hatton finds that the strength of solid 
hydrogen is so low that very fragile arsenic single 


since t 


% See the modulus, x, defined by F. H. Newman and V. H. L. 
Searle, The General Properties of Matter (Edward Arold and 
Company, London, 1948), fourth edition, pp. 94, 116. 

™ P. W. Bridgman, Studies in Large Plastic Flow and Fracture 
(McGraw-Hill Book Company, Inc., New York, 1952). 

"1M. D. Fiske, invited paper read before the American Physical 
Society Chicago Meeting, 1954 [Phys. Rev. 98, 244(A) (1955) ]. 
= J. Hatton, Phys. Rev. 100, 681 (1955) 
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crystals are not injured by repeated pressure applica- 
tions. The two observations can be reconciled if one 
postulates that most substances become more plastic 
under hydrostatic pressures. 

A series of rather strange stress-strain curves found 
for indium in some initial work indicated a shear- 
sensitive transition at very low temperatures. W. B. 
Pearson at the National Research Council, Canada, 
kindly investigated this possibility by taking a Laue 
x-ray diffraction pattern of an indium wire before and 
after deformation in liquid helium, with no sign of a 
change from the room temperature structure. Similar 
experiments performed by I. Simon at Arthur D. Little, 
Inc. in conjunction with the author, also gave negative 
results. The earlier mechanical deformation experi- 
ments were quite consistent at the time, and cannot 
be explained on the basis of any known quirks of the 
setup. Unfortunately, they could not be reproduced, 
and are mentioned here solely because of a reference 
which was made to them by Pearson in his report. 


ELECTRICAL RESISTANCE OF INDIUM 


This was measured initially to look for the above- 
mentioned shear sensitive transition, but the work was 
continued because of an apparent discontinuity in 
the slope of the resistance-temperature curve at about 
210°K. This was found originally in the same indium as 
was used for the compressibility and mechanical prop- 
erties work, using wire (0.015 in. diam) which had been 
extruded in our laboratory. The low-temperature 
behavior was normal, with a residual resistance of 
about 0.1%, of the ice-point value, and a temperature 
variation of the resistance after the residual resistance 
had been subtracted of about 7* below 20°K. The 
resistance was linear with temperature above 210°K, 
and also linear from 160° to 210°K, but with a change 
in slope of about 10%. In order to verify that this 
was a true effect, a second lot of indium wire (0.020 
in. in diam) was ordered from A. D. Mackay, and a 
second experiment in a different sample holder, with 
a different thermocouple attached, was run, with the 
object being to obtain more precision. Requisite 
stability was obtained by using the cryostat again for 
these measurements. 

The results of the two sets of experiments were 
indistinguishable, and the actual experimental points 
obtained in the second, more accurate, experiment 
(above 77°K) are listed in Table II, along with smoothed 
values for the resistance below 77°K. The effect is real, 
although small, and is unexplained. It is in the opposite 
direction from what would be expected from the normal 
change in density with temperature. 

Another set of experiments, also inspired by the 
elusive shear sensitive transition, measured the change 
in resistance of an indium wire, 0.015 in. in diameter and 


% W. B. Pearson, Can. J. Phys. 33, 473 (1955). 
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Taste II. The electrical resistances of indium as a function of 
temperature. The data above and including 77.7° are actual 
— points, while below 77.7° the values given are 
smoothed. 











T(°K) R/Renas 
272.2 0.9942 
257.3 0.9286 
242.0 1 aR 0.00843 
227.0 0.7929 | Kin 47 
210.8 0.7224 
180.7 0.6023 } — —— = 0,00400 
160.5 0.5214} Re dT 
143.0 0.4549 
117.6 0.3607 
77.7 0.2189 
60 0.152 
40 0.082 | Below 20°K, 
20 0.020 }_R Ruri 
4.2° 0.0010) Rey 273 





six inches long, as it was extended in liquid helium. 
These results were about what would be expected, 
with no change in resistance noted until the elastic 
region was passed, and after this, a change of about 
2.5% (or 2X10~" ohm-cm) in resistance for every 
one percent change in length. In giving this result, 
the geometrical effect due to the change in diameter 
of the wire on extension has been subtracted. The 
agreement between two runs on wire from the same 
source was within 10%, in spite of a great deal of 
scatter on the first run. The total deformation in each 
case was of the order of 6 to 8%. 


CONCLUSIONS 


The results of the compression and thermal expansion 
experiments, given in Table I in terms of molar volumes 
at constant pressure, show that neither indium nor 
thallium exhibit any signs of a phase transformation 
under pressure in the low temperature region. This 
means that the anomalous behavior with pressure of 
the superconducting transition in thallium must be a 
characteristic of the metal as it normally exists at very 
low temperatures. No consistent effects on the total 
compression were observed for various rates of cooling, 
although it would be interesting to verify that this has 
no effect on the pressure coefficient of the transition 
temperature. No unusual effects were found in either 
the low-temperature stress-strain curves, or their tem- 
perature dependence, when the variation of com- 
pressive yield strength with temperature was measured, 

The only anomalous effect which was found was in the 
electrical resistance of indium, and this showed up as a 
kink in the resistance vs temperature curve at 210°K. 
This effect is unexplained, and resembles a similar 
result which has been found for rubidium,” although 
the corresponding effect found in the thermal expansion 


™“D. K. C. MacDonald, Phil. Mag., Ser. 7, 43, 479 (1952). 








1614 C. A. SWENSON 





ance and discussion during these experiments which 
extended over a period of years, and wishes to express 
his appreciation especially to Dr. R. Berman, Dr. Z. S. 
Basinski, Dr. I. Simon, Dr. W. B. Pearson, and Dr. J. J. 
M. Beenakker. 


by Pearson is lacking. The specific heat, in contrast 
with the specific heat of rubidium, is also normal in this 
region. 

The author is indebted to numerous people for assist- 


= F. M. Kelley and W. B. Pearson, Can. J. Phys. 33, 17 (1955). 
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Fast-neutron irradiation decreases the carrier concentration of polycrystalline samples of m- and p-type 
GaSb, indicating the production of low-lying traps. Vacuum heat treatment evidently removes such traps 
but also introduces additional acceptors, indicating a different rate of annealing for bombardment produced 
interstitial and vacancy atoms. Irradiation and heat treatment of n-type GaSb therefore results in the 
production of materia! of lower carrier concentration and reirradiation results in the conversion to p-type 
material. Repeated irradiations followed by heat treatments, however, do not reduce the net effective con- 
centration of electrons in n-type material below ~5X 10"’ cm~*. The mobility of all samples is decreased by 
bombardment. Heat treatment subsequent to irradiation increases the mobility of n-type material but 
decreases the mobility of p-type samples still further below the decrease produced by bombardment. Low- 
temperature 125°C) irradiation and subsequent warm-up and cool-down curves indicate the presence 
of defects of low thermal! stability. No evidence was obtained for regions of low resistivity resulting from 
superlattice disordering as a result of quenching as might be expected from the thermal spike picture. The 
type and position of fast-neutron-introduced lattice defects is discussed with relation to previous models for 





Ge and InSb 


INTRODUCTION 


HE effect of fast-neutron bombardment on the 
electrical properties of InSb has recently been 
reported.' This paper reports the results of similar 
studies carried out on polycrystalline GaSb.? This 
material, like InSb, is one of a series of semiconducting 
intermetallic compounds composed of elements of the 
third and fifth columns of the periodic table. Its elec- 
trical and optical properties have been studied by a 
number of workers.*~’ It is characterized by a zinc- 
blende structure, a forbidden energy gap of ~0.7 ev at 
room temperature, and electron and hole mobilities of 
~ 2000 and ~ 800 cm? volt sec~', respectively. 
Prior to this work Moyer’ 
GaSb specimens in the Brookhaven reactor and ob- 


exposed several p-type 


served a decrease in hole concentration. Behavior other 
than expected was observed on annealing, consistent 
with the observations to be reported here 


4 W. Cleland and J. H. Crawford, Jr., Phys. Rev. 93, 894 
(1954) ; 95, 1177 (1954) 

* We are indebted to Dr. Raymond L. Smith of the Franklin 
Institute for the p-type samples and to Dr. H. P. R. Frederikse 
of the National Bureau of Standards for the #-type samples used 
in these experiments 

+H. Welker, Z. Naturforsch. 7a, 744 (1952); Sa, 248 

*D. P. Detwiler, Phys. Rev. 94, 1431 (1954) 

* HN. Liefer and W. C. Dunlap, Jr., Phys. Rev. 95, 51 (1954). 

* Blunt, Hosler, and Frederikse, Phys. Rev. 96, 576 (1954 

’ Briggs, Cummings, Hrostowski, and Tanenbaum, Phys. Rev. 
93, 912 (1954) 

* J. W. Moyer (private communication) 
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EXPERIMENTAL PROCEDURES 


All room-temperature fast-neutron exposures were 
carried out in the Oak Ridge graphite reactor in a fission 
chamber with a fast-neutron flux comparable to or 
greater than the thermal-neutron flux, and two speci- 
mens were irradiated at —125°C in a low-temperature 
facility of comparable flux distribution. Specimens were 
cut in the form of rectangular plates and were char- 
acterized by measurements of Hall coefficient R and 
resistivity p as a function of temperature (77 to 300°K) 
before and after bombardment. The conductivity was 
recorded during exposure. In order to reduce effects of 
nuclear doping (both Ga and Sb transmute to donor 
impurities giving Ge and Te, respectively), several of 
the specimens were shielded against thermal and reso- 
nance neutrons by wrapping with layers of Cd and In 
foil. After exposure and measurement, the specimens 
were subjected to various annealing treatments and 
recharacterized. Some of the specimens were reir- 
radiated after extensive annealing periods. 


RESULTS 


The effect of reactor irradiation on the conductivity 
of representative samples of shielded and unshielded 
n- and p-type GaSb is indicated in Fig. 1 and the initial 
carrier concentration, temperature of exposure, and the 
initial rate of removal of current carriers calculated 
under the assumption that the mobility is initially 
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unaffected are listed in Table I. These data indicate 
that the conductivity of both m- and p-type samples, 
shielded or unshielded, decreases monotonically during 
irradiation. The removal rate of current carriers appears 
to be temperature dependent, but is approximately 
equal for all samples of high carrier concentration. The 
initial removal rate of holes for p-type material is less 
for a sample of low initial carrier concentration, 
whereas the initial rate of removal of electrons for n- 
type material is not markedly dependent upon initial 
carrier concentration and does not appear to approach 
a saturation condition. Slow-neutron-produced donor 
atoms would not be expected to affect appreciably the 
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Fic. 1. The effect of reactor irradiation on the conductivity of 
polycrystalline samples of m- and p-type GaSb. Some samples 
were shielded with In and Cd foil against thermal and resonance 
neutrons. 


initial removal rate of carriers, since the principal 
transmutations appear with a finite half-life. 

The Hall coefficient and resistivity data for a typical 
p-type sample are shown in Figs. 2 and 3. Prolonged 
irradiation apparently introduces a sizeable number of 
hole traps with an apparent depth of ~0.14 ev. That 
some of these hole traps are thermally annealable is 
indicated by the fact that a relatively short (~1 hour) 
low-temperature (~ 140°C) heat treatment increased 
the hole concentration and conductivity considerably 
and decreased the slope of the Hall coefficient curve to 
a value corresponding to ~0.12 ev. 

It has been previously shown that vacuum heat 
treatment at ~500°C for Ge’ and ~350°C for InSb' 


* Cleland, Lark-Horovitz, and Pigg, Phys. Rev. 78, 814 (1950). 
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Taste I. Initial behavior of carrier concentration 
in irradiated GaSb. 








Original Temperature 
carrier of 
Removal rate 


concentration er 
Sample Type Shielded #* cm™ 2 °C —(du/d (mvt) s jie 





= No 14.25X10" 37 2.57 
oS Yes 12.95X10" 46 1.40 
ae No 2.5910" 42 0.68 
— 2 Yes 1.36X 10" 47 0.41 
¥. 2 No 18.50X 10" 24 4.90 
to Yes = 12.30 10" 41 2.97 
VII # No 5.80X 10" 29 4.40 
Vill # Yes 6.36X 107 Re 3.06 
xX =» No 6.71X 10" — 125 10.35 
a » No 8.20X 10** — 128 1.26 








removes essentially all fast-neutron-introduced donors 
and acceptors, leaving only those donor or acceptor 
atoms resulting from nuclear transmutations. The 
behavior of GaSb under similar treatment is more 
complicated. Curves IV of Fig. 2 might be interpreted 
as an indication that extended high-temperature 
vacuum anneal removes most of the irradiation- 
produced acceptors but all of the curves of Fig. 3, 
obtained after successive periods of vacuum anneal at 
increasing temperatures, indicate that a large number 
of additional holes are being introduced by some 
mechanism. 

The purest GaSb currently available is p-type, with 
an initial carrier concentration of 10’ cm~, doping 
with Te being necessary to produce n-type material. A 
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Fic. 3. Hall coefficient and resistivity of p-type GaSb as a 
function of temperature. (I) Prior to irradiation, (V-IX) after 
various heat treatments 


slight departure from true stoichiometry in the original 
melt, amounting to 1 part in 10° of Sb vacancies, has 
been suggested of this initial p-type 
character.” Moreover, Detwiler has reported that 
vacuum annealing in the temperature range from 700 
to 900°C resulted in the deposit of free Sb on the cool 
portions of the furnace tube. 
appear reasonable to assume that evaporation of Sb 


as the cause is 


Consequently, it would 


from the surface during the successive anneals discussed 
above produces Schottky-type defects in the Sb super- 
lattice. These defects would be expected to act as 
acceptor states and increase the p-type character of the 
specimens. In addition, the introduction of any ac- 
ceptor-type impurity by diffusion during the annealing 
process or different rates of annealing of the interstitials 
and vacancies produced by irradiation might also ex- 
plain the increase in p-type character resulting from 
extensive high-temperature annealing. 

In order to differentiate between the various possi- 
bilities outlined above, a companion specimen to the 
one shown in Figs. 2 and 3 was subjected to the same 
series of extended high-temperature vacuum anneals 
wihout being previously irradiated. The results indicate 
that there is no large increase in acceptor concentration 
for an unirradiated sample. This seems to exclude the 
possibility of either Schottky defect production or the 
introduction of an acceptor-type impurity by diffusion 
as the explanation for the increased acceptor concen- 


HH. iu Hrostowski (private communication) 
"DPD. P. Detwiler, Phys. Rev. 97, 1575 (1955) 
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H. CRAWFORD, JR. 
tration, since these two processes should also be oper- 
ative in unirradiated material as well. We therefore 
postulate that different annealing rates of the various 
irradiation produced interstitials and vacancies are 
responsible for the experimental results obtained here. 
This point will be examined in greater detail below. 

The Hall coefficient and resistivity data for a typical 
n-type sample are shown in Fig. 4. The decrease in 
carrier concentration and conductivity as a result of 
irradiation indicates that electron traps are produced. 
That some of these electron traps are also thermally 
annealable is indicated by the fact that a 1.5-hour 
anneal at 110°C increased the carrier concentration and 
conductivity slightly. Curves IV and V, however, indi- 
cate that extended high-temperature vacuum anneal 
decreases greatly the net effective donor concentration 
of such material. This is presumably the same type of 
behavior as that observed on p-type samples, and is 
therefore also assumed to be caused by differential 
annealing of irradiation produced interstitials and 
vacancies. The net result of irradiation and heat treat- 
ment of n-type GaSb, therefore, is the production of 
material with a lower carrier concentration. Reir- 
radiation further decreases the net effective donor con- 
centration as is shown in Curves VI of Fig. 4 and Curves 
VII indicate again that some of the irradiation produced 
electron traps are thermally annealable. 

The samples numbered V and VI of Fig. 1 and Table 
I were reirradiated after extended annealing. The results 
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Fic. 4. Hall coefficient and resistivity of #-type GaSb as a 
function of temperature after various reactor irradiations and 
vacuum heat treatments. 








FAST-NEUTRON BOMBARDMENT OF GaSb 


are listed as samples VII and VIII of Table I. Figure 5 
indicates that the conductivity of sample VIIT passes 
through a minimum at an exposure of ~1X10!'* fast 
neutrons cm™*. Hall coefficient measurements after a 
total exposure of 1.6X10'* fast neutrons cm~ reveal 
that conversion to p-type material has occurred. More- 
over, the slope of the log p vs 1/T curve measured after 
exposure is quite steep in the room-temperature range, 
indicating a large ionization energy for the bombard- 
ment-produced acceptors (>0.2 ev), but is much de- 
creased toward low temperature, revealing a wide range 
of acceptor energies. 

Continued reirradiation and heat treatment, however, 
does not reduce the net effective concentration of 
electrons in n-type GaSb below ~5X 10" cm~, at least 
in the polycrystalline material used here. The original 
irradiation of Sample VIII of Fig. 5 was 4X10" fast 
neutrons cm~? and the decrease in net effective electron 
concentration after heat treatment was 6.2 10" cm-*, 
The second irradiation of 1.6X10"* fast neutrons cm~* 
and subsequent heat treatment, however, reduced the 
net effective electron concentration by only 1.510" 
cm, 

Fast-neutron irradiation decreases the mobility of 
both n- and p-type samples of GaSb, an effect that is 
similar to that previously observed for other semi- 
conductors.'"?"3 The effect of heat treatment after 
irradiation was to improve the mobility of the n-type 
samples, but each succeeding higher-temperature 
vacuum anneal decreased the mobility of the p-type 
samples still further below the decrease produced by 
bombardment. The apparent mobility of the n-type 






oO 2 ae - 10 12 14 (x10) 


avi, INTEGRATED FLUX (fost neutrons cm*) 


Fic. 5. The effect of reactor irradiation on the conductivity of 
an irradiated and heat-treated n-type sample of GaSb. The effect 
of reactor irradiation on the conductivity of a p-type specimen is 
also indicated. 


# Cleland, Crawford, and Pigg, Phys. Rev. 98, 1742 (1955). 
4 Cleland, Crawford, and Pigg, Phys. Rev. 99, 1170 (1955). 
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Fic. 6. Warming and cooling resistivity curves as a function of 
temperature of n- and p-type samples of GaSb after exposure to 
3.5X 10" fast neutrons cm™ at — 125°C. 


sample of Fig. 5 after conversion to p-type was only 
~1 cm? volt~! sec at 300°K. 

Two GaSb samples, one n- and one p-type, were 
irradiated at — 125°C. The initial rate of carrier removal 
was increased at this temperature (samples IX and X 
of Table I) over the values observed for room-tempera- 
ture exposure, indicating more efficient carrier-trapping. 
The behavior of resistivity as a function of temperature, 
obtained by warming and cooling in the reactor sub- 
sequent to the low-temperature exposure, is shown in 
Fig. 6. The resistivity at —125°C is increased by a 
factor of three for the p-type specimen and decreased 
by about the same factor for the n-type specimen as a 
result of thermal cycling. Furthermore, the resistivity 
of the p-type sample shows an interesting, almost dis- 
continuous change in the range — 60 to —40°C during 
the initial warm up which is absent in the cooling curve. 
These results indicate strongly that a group of electron 
traps which decrease the electron concentration in n- 
type material and which enhance the hole concentration 
in p-type material (by minority carrier trapping) are 
introduced by the low-temperature irradiation and that 
warming anneals the defects responsible for these traps 
well below room temperature. Similar indications of 
defects of low thermal stability have been obtained on 
n- and p-type Ge after low-temperature exposure."?"# 


DISCUSSION 


If it is assumed that the defects produced in GaSb 
by bombardment can be described in terms of simple 
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lattice defects, it is possible in principle to construct a 
model of the energy-level spectrum associated with 
these defects. Because of the binary nature of the com- 
pound, an interstitial may be either a Ga or Sb atom 
and a vacancy may be either type of vacant lattice site. 
Thus four possible simple defects can exist. In addition, 
a forbidden energy gap of 0.7 ev at room temperature‘ 
and a dielectric constant of’ 14 are very analogous to 
Ge, where application of the hydrogenic model has 
indicated the possibility of multiple ionization of the 
defects." It is therefore possible that states corres- 
ponding to both the first and second ionization energies 
of each of the types of interstitial atoms and states 
corresponding to the energies required to put succes- 
sively two electrons into each of the two types of 
vacancies will lie in the forbidden energy gap and 
participate in altering the carrier concentration. 

It is not yet possible on the basis of the experimental 
results presented here to formulate a detailed model of 
the defect energy levels produced by fast-neutron 
bombardment of GaSb; however, several general con- 
clusions can be made. Both n- and p-type samples of 
high initial carrier concentration decrease in conduc- 
tivity during irradiation at about the same rate. 
However, the rate of decrease in p-type material is 
strongly dependent on initial hole concentration whereas 
the rate of decrease in n-type material is not dependent 
on initial electron concentration. Moreover, one of the 
reirradiated n-type samples was converted to p-type by 
sufficient exposure. In view of these results, it appears 
that the electron traps are deep-lying and, if several such 
traps are present, at least one of them lies below the 
middle of the forbidden band and hence is capable of 
acting as an acceptor. In p-type material, on the other 
hand, the hole traps are apparently shallow, since the 
rate of hole removal is strongly dependent on the initial 
position of the Fermi level. The apparent depth of one 
of these hole traps is ~ 0.14 ev. In general, the behavior 
of GaSb is quite similar to that of Ge. 

The complex annealing behavior of irradiated GaSb 
is not well understood. If it is assumed that the presence 
of interstitial atoms is indirectly responsible for the 
hole traps,'* their removal or partial removal relative 
to vacancies would have the effect of increasing the net 
acceptor concentration in p-type and of decreasing the 
net donor concentration in m-type material. The 
mechanism of such a process is not very clear. However, 
clustering of interstitials, migration to dislocations, or 
grain boundaries are possible processes which might 
account for this behavior. Such effects have been ob- 
served to accompany low-temperature annealing (0 to 
120°C) in bombarded Ge" and Mayburg’"* finds similar 
os - ~ James and K. Lark-Horovitz, Z. physik. Chem. 198, 

(1951) 


4 Cleland, Crawford, and ne (unpublished) 
*S. Mayburg, Phys. Rev. 95, 38 (1954). 
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indications at higher temperatures (500 to 600°C) in 
quenched material. 

There is a second possible mechanism for the increase 
in acceptor concentration resulting from exposure and 
subsequent heat treatment which requires the assump- 
tion that the Ga interstitial is much the more mobile 
defect. Hence, the Ga interstitials could recombine with 
either Ga or Sb vacancies with near equal probability. 
Although the Ga atom in the Sb site would increase the 
energy of the crystal and hence be a metastable con- 
figuration, the binding energy in such a position would 
be considerable. Such a process would have the result 
of increasing the total acceptor concentration by virtue 
of the two incomplete orbitals localized at that site. 
This explanation would not be valid if the Sb inter- 
stitials also had an appreciable mobility, since they 
would tend to distribute themselves indiscriminantly 
over the remaining vacancies and the donors produced 
by misplaced Sb atoms would be equal in concentration 
and cancel the effect of acceptors produced by misplaced 
Ge atoms. 

Although it is possible to explain the annealing be- 
havior of irradiated GaSb by either of these mechan- 
isms, the saturation of the acceptor concentration 
increase, as evidenced by results obtained on annealing 
the reirradiated n-type specimens, remains puzzling. 
This can be understood only in terms of the first 
mechanism and then only if the interstitial sinks 
become nearly saturated by the first exposure and 
anneal. Such an explanation would probably rule out 
the possibility of interstitial clustering, since it is 
difficult to see how this process could be readily satu- 
rated. It should be remembered, however, that the 
specimens in question are polycrystalline and hence it 
is possible that much of the complexity may be as- 
sociated with grain boundaries. Investigations on single 
crystals are necessary before the question of annealing 
mechanism can be answered with any degree of 
certainty. 

The possibility of a different type of lattice damage, 
the so-called thermal-spike picture, has been suggested 
for InSb' and could also occur in GaSb. The resultant 
disorder following any atomic rearrangement or inter- 
change as a result of quenching should provide a 
metallic-type behavior and greatly decrease the re- 
sistivity of the disordered region. No evidence for such 
behavior was observed in InSb or GaSb at room 
temperature. It is possible, however, that any super- 
lattice disordering may be unstable at room tempera- 
ture. Several specimens were accordingly irradiated at 
~—125°C to a total flux of ~5X10" fast neutrons 
cm~, and again no electrical evidence for such an effect 
was observed for this length of exposure and tempera- 
ture. 
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Field Emission Microscopy of an Allotropic Transformation : «e—¢ Titanium 
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The field emission microscope has been applied to a study of the allotropic transformation in single 
microcrystals of titanium. Patterns with symmetry characteristic of the high and low temperature phases 
are presented. Techniques for analyzing the patterns are outlined. Data derived from the pattern analyses 
give an orientation relation between patterns of the two phases that is consistent with the Burgers relation. 
The field emission microscope thus constitutes a new method for direct observation of phase changes. At the 
same time, it offers to the study of allotropic transformations the advantages of high resolution and great 
magnification that are not available with conventional methods. 





INTRODUCTION 


HE field emission microscope is uniquely suited 
to the study of fundamental physical properties 
of solid materials.'.* Its high resolving power, 20 A, and 
great magnification, 10°, permit single microcrystal 
samples less than 10~* cm in diameter to be examined. 
Its patterns can be used to determine crystal orienta- 
tion. It is sensitive to surface contaminants in concen- 
trations equivalent to very small fractions of a mono- 
molecular layer.’ It offers relatively contaminant-free 
environment: total pressures of chemically active resid- 
ual gases usually are less than 10-" mm Hg and often 
as low as 10-“ mm Hg.‘ The entire temperature range 
from the sample melting point down to liquid helium 
temperatures is readily available for study.® 
Application of the field emission microscope to a 
wide variety of problems and materials has been made.' 
Investigations include surface adsorption, desorption, 
diffusion, and catalysis; crystal structure and growth; 
and electron emission properties as influenced by crystal 
plane and contaminant. Materials include W, Mo, Ta, 
Nb, Pt, V, Ni, Fe, Cu, and Re.® 
A problem that has not been studied with the field 
emission microscope is the direct observation of an 
allotropic transformation. Another type of emission 
microscopy that uses thermal electrons has had success 
in detecting phase transformation effects on grain 
growth in zirconium sheet.’ However, magnified images 
of only 100 or so are possible. Observations are limited 
to a temperature range in which the sample gives therm- 
ionic emission. And the orientation of the crystals 
must be obtained from auxiliary experiments. Other 
less direct but more widely used techniques for ob- 
serving phase changes, such as x-ray and electron 
diffraction, cannot offer the potentially high spatial 





1E. W. Miiller, Ergeb. exakt. Naturwiss. 27, 290 (1953). 

? F. Ashworth, Advances in Electronics 3, 1 (1951). 

+E. W. Miiller, Naturwiss. 37, 333 (1950). 

‘J. A. Becker, Bell System Tech. J. 30, 907 (1951). 

* R. Gomer and J. K. Hulm, J. Am. Chem. Soc. 75, 4114 (1953). 

* G. Barnes, Phys. Rev. 97, 1579 (1955). 

™W. G. Burgers, Handbuch der Metaliphysik (Akademische 
Verlagsgeselischaft, Leipzig, 1935), Vol. III, p. 280. 


resolution and magnification of the field emission micro- 
scope.* 

The possibility of studying allotropic transformations 
in microcrystals with the field emission microscope was 
explored in the present work. The results show how the 
field emission microscope can be used to observe phase 
transformations in crystals of titanium; how a unique 
orientation relation between the two phases can be 
demonstrated and how the crystal can be studied in its 
intermediate forms as it changes phase.’ A subsequent 
paper will discuss the crystallographic aspects of these 
observations in more detail. 


EXPERIMENTAL APPARATUS 
The field emission microscope used in these experi- 


ments is shown schematically in Fig. 1. It is a five-inch 
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Fic. 1. Experimental field emission microscope in which the 
effect of phase transformations on the field emission patterns from 
titanium microcrystals is observed. 

*C. S. Barrett, Phase Transformations in Solids (John Wiley 
and Sons, Inc., New York, 1951), p. 343. 

* Preliminary discussion of this work has been given. See E. G. 
Brock and J. E. Taylor, Phys. Rev. 98, 1169(A) (1955); E. G. 
Brock, Phys. Rev. 99, 1651(A) (1955). 
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Fic. 2. Typical field emission pattern from titanium crystal that 
I above its transformation temperature. 


Patter shows ho long-range symmetry 


j 


diameter spherica Pyrex vacuum tube with a four-lead 


press. The inner wall of the sphere has a conducting 
coating whic! vas deposited by the interaction of 
fuming tin chloride vapor with the glass surface at 
500°C. Electrical contact to the outside is made through 
a platinum flush seal. Willemite phosphor was dusted 
onto the conducting surface to give a uniform trans- 

icent screen. It was held in place w a sprayed binder 
consisting of 5 drops of phosphoric acid in 75 cc of 


methyl alco! ol and 25 cc of water 


The titanium field emission cathode was mounted on 


a hairpin filament of 0.010-in. diameter tungsten wire. 
The hairy assembly was fastened to the 0.080-in 
diameter nickel leads by a pair of stainless steel clamps. 
rhis arrangement afforded easy removal and replace- 
ment of titanium cathodes. It also permitted the mount- 
ing of the cathodes in a modified specimen holder for 


examination in a Philips Metalix electron microscope 


between observations in the field emission microscope. 


The tungster iirpin supplied heat by conduction to 
the titanium crystal for both degassing and for phase 


transformation observations 


The temperature of the crystal was estimated from 


the ten perature-resistance t ibles of Jone s and Lang- 
n r rrected for lead losses 

Centered about the titanium crystal and mounted on 
two other kel leads was a one-turn 4-in. diameter 


1927). 


* H. A. Jones and I. Langmuir, Gen. Elec. Rev. 30, 310 
1930). 


! Langmuir, MacLane, and Blodgett, Phys. Rev. 35, 478 
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Fic. 3. Field emission pattern from titanium crystal that has 
been heated above its transformation temperature. Long-range 
hexagonal symmetry is discernible but imperfect. 


spiral of 0.015-in. diameter tungsten wire. This spiral 
had two uses. During processing the wire supplied 
thermal electrons for electron bombardment degassing 
of the phosphor screens. During operation, the wire 
could be run at cathode or anode potentia! or at some 
intermediate value, so that magnification of the field 
emission pattern for constant electric field could be 
varied. 

Titanium field emission cathodes were fabricated 
from an arc-melted ingot of commercially pure sponge 
titanium.” Small bars about 0.060-in. on a side were 
first cut from the ingot. These were turned uniformly 
round in a jeweler’s lathe and then reduced to 0.010-in. 
diameter wires by chemical etching in 1 part concen- 
trated hydrofluoric acid and 3 parts concentrated nitric 
acid by volume. The wires were spot welded to the apex 
of the tungsten hairpin loop in an atmosphere of helium. 
After clamping the hairpin filament to the stem leads, 
the titanium wire was sharpened to form a field emission 
cathode point of the order of 10~*-cm diameter. This 
was done by electrochemical etching at 2 to 3 volts ac 
applied between the titanium wire and a platinum wire 
in the same reagents used for the chemical etching. 

Standard high vacuum procedure” was followed in 
preparing the vacuum tubes for field emission observa- 


2 The titanium was generously supplied by J. B. Newkirk from 
samples on which measurements reported in reference 17 were 
made 

“S. Dushman, Scientific Foundations of Vacuum Technique 

John Wiley and Sons, Inc., New York, 1949 
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Fic. 4. High-temperature field emission pattern from titanium 
showing cubic symmetry. 


tions. The glass parts were baked at 425°C for several 
hours initially, and rebaked following degassing of all 
metal parts except for the tungsten filament and titan- 
ium cathode. When the residual pressure in the vacuum 
system had been reduced to 5X 10~* mm Hg or less, the 
hairpin filament was heated gradually to near but not 
above the transformation temperature of the titanium 
crystal mounted on it. The pressure was not permitted 
to exceed 5X 10~-* mm Hg during this heating process or 
at any later time when the titanium crystal was hot. 
Field emission currents were then drawn from the 
crystal, and most field emission observations were 
conducted at pressures below 10- mm Hg on the 
continuously pumped system. 


OBSERVATIONS 


Field emission patterns from titanium crystals which 
have not been heated above the transformation temper- 
ature usually show some short-range symmetry. Figure 
2 is a pattern typical of this early stage of treatment. 
However, prolonged heating below 850°C for as long 
as 200 hours in vacuum less than 1X10-* mm Hg 
produces no improvement in symmetry. Only after a 
brief heat treatment at 1200°C or above do room- 
temperature patterns show improved symmetry. Even 
then the symmetry is imperfect (see Fig. 3). 

If the electric field is applied when the crystal is 
at a temperature above 900°C, a pattern with long 
range cubic symmetry is observed, Fig. 4. A slow cooling 
of the crystal through its transformation temperature 
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Fic. 5. Low-temperature field emission pattern from a titanium 
crystal that has been cooled in the presence of an electric field 


with the electric field applied often yields patterns such 
as Fig. 5, where one or more large areas having hexago- 
nal symmetry are discernible. Further annealing, near 
the transformation temperature in an electric field, 
improves the symmetry of the pattern. 

The hexagonal field emission pattern of Fig. 6(a) was 
obtained by following these procedures. The photograph 
of the field emission pattern was taken when the titan- 
ium crystal was just below the transformation tempera- 
ture. Light from the hot supporting filament accounts 
for the asymmetrically located extra spot near the 
center of the pattern. The crystal axis coincides very 
nearly with the (00-1) pole. This is deduced from the 
fact that the center of sixfold symmetry is near the 
center of the pattern. Poles of other principal crystallo- 
graphic planes may be obtained by comparison with an 
orthographic projection of these poles for the hexagonal- 
close-packed structure (see Fig. 7). 

Upon heating this crystal to a higher temperature, 
part of the field emission pattern transforms by ex- 
pansion and contraction of high current density emitting 
areas. Figures 6(b), 6(c), and 6(d) show a succession of 
these changes. Finally, at sufficiently high termmperatures, 
patterns like that of Fig. 6(e) appear. This pattern has 
cubic instead of hexagonal symmetry. Comparison with 
an orthographic projection of the poles for a body- 
centered-cubic lattice establishes that the center of the 
pattern is a {110} pole (see Fig. 8). The other poles of 
this pattern may be found from their symmetry 
relations. 
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I 6. Series of pa : : aniu sta ut was heated through its transformation temperature with electric field applied 
a) Hexagonal! patter Stal at t cratu! clow 800" b), (c), and (d) Patterns from crystal heated to successively 
higher temperatures. (e—o osite page) Cu attern from crystal at termperature circa 1000°C 
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ANALYSIS OF THE FIELD EMISSION PATTERNS 


The poles of the field emission patterns were identified 
with the help of orthographic projections of the poles of 
the major crystallographic planes of titanium, Figs. 7 
and 8. In the case of the hexagonal projection a ratio 
c/a=1.587" was used. It was found that the ortho- 
graphic projection approximated more closely the field 
electron projection than the stereographic projection. 
This is so because the electrons, although emitted in a 
direction normal to the crystal, are accelerated sub- 
sequently in the forward direction by the electric field. 
However, the orthographic projection does not fit the 
patterns sufficiently well to be used to measure angular 
distances directly on the patterns. 

A field emission pattern is analyzed by projecting its 
photographic negative with an enlarger onto a sheet of 
plain paper and drawing the boundaries of the high- 
intensity-emission areas. The size of the enlarged image 
is chosen to match the orthographic projections as 
closely as possible. Lines of symmetry, which correspond 
to zone lines in the crystal, are then sketched on the 
reproductions of the patterns. By using these zone lines 
and the orthographic projections the poles of Figs. 
6(a) and 6(e) were located on their corresponding re- 
productions, Figs. 9 and 10. 

Since each point on a field emission cathode surface 
corresponds uniquely to a point on its field emission 
pattern, the field emission patterns of Figs. 6(a) and 
6(e), for example, may be used to map the poles of one 





Fic. 6(e). Figs. 6(a)-(d) on opposite page. 


“ H. T. Clark, J. Metals 185, 588 (1949). 
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phase onto the poles of the second phase. To make such 
a map, the crystal and the camera must remain fixed 
relative to the field emission vacuum tube. Frequently, 
however, transforming titanium crystals have been 
observed to move through large angles. In the case of 
the patterns of Figs. 6(a) and 6(e), the outline of the 
vacuum tube exactly matched when the two photo- 
graphic negatives were placed one on top of the other, 
showing that the camera did not change position. Also, 
the boundaries of the field emission patterns matched 
when the two negatives were placed one on top of the 
other, showing that the crystal did not move. 

To obtain the orientation relation between the two 
crystal phases from the field emission patterns, the 
tracings of the patterns, Figs. 9 and 10, with poles and 
zone lines drawn in, may be superimposed; or, the 
angular separations of the various poles may be esti- 
mated from the two reproductions and plotted on a 
single orthographic projection. This has been done in 
Fig. 11. 


DISCUSSION 


Results of the analysis of the titanium field emission 
patterns are interpretable in terms of the crystal 
properties of titanium. Titanium is a hexagonal-close- 
packed metal at room temperature. This alpha phase 
changes to a body-centered-cubic beta phase at 882°C." 
Crystallographically, titanium is similar to zirconium. 
Generally, the relative orientation of the two crystal 
forms has been assumed to be the same as reported for 
zirconium.'* Recent x-ray diffraction analyses of single- 
crystal hexagonal grains descended from a parent cubic 
crystal’? have demonstrated that titanium obeys the 
zirconium orientation relation, namely: 


a {00-1}, hexagonal plane parallel to a {110}, cubic 
plane 

a (11-0), hexagonal direction parallel to a {111}, 
cubic direction. 


Accordingly, a transformation scheme proposed origi- 
nally by Burgers'’® for zirconium may apply to 
titanium. 

This transformation scheme is illustrated by Fig. 12. 
In the upper left is a unit cell of the high-temperature 
body-centered-cubic beta form of titanium. The hori- 
zontal plane is a {110} plane. Four more unit cells may 
be combined to give a body-centered-tetragonal cell 
outlined with heavy lines. This cell is bounded laterally 
by {211} planes and on the ends by {110} planes. As the 
titanium crystal cools, the atoms move to new locations. 
The rearrangement process can be represented as a 
shear between {211} planes in a (111) direction. When 


“C. J. Smithells, Metals Reference Handbook (Interscience 
Publishers, Inc., New York, 1949). 

“ W. G. Burgers, Physica 1, 561 (1933-34). 

" J. B. Newkirk, Acta Met. 1, 370 (1953). 

* Williams, Cahn, and Barrett, Acta Met. 2, 117 (1954). 

*C. J. McHargue, Acta Cryst. 6, 529 (1953). 
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Fic. 7. (00-1) orthographic projection of poles of some major 
crystallographic planes of the hexagonal-close-packed phase in 
titanium. ¢/a = 1.587 


the transformation is complete, a unit hexagonal-close- 

packed alpha cell of the low-temperature phase of titan- 

ium results istrated in Fig. 

12. The six-sided lattice cylinder in the lower left may 
1} 


7) 


I'wo modes of shear are ill 


be formed from three of these unit cells. If the crystal 
structure of titanium determines the symmetry of its 
field emission patterns, then the patterns from a trans- 
forming crystal should be consistent with the Burgers 
transformation scheme 
A discussion of field 
must recognize the influence of crystal structure and 
contaminants and surface 


emission patterns, however, 


also the effects of surface 


Fic. 8. (110) orthographic projection of poles of some major 
crystallographic planes of the body-centered-cubic phase in 


titanium 
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Fic. 9. Location of major crystallographic planes 
and zones of Fig. 6(a). 


morphology on the appearance of the patterns. The 
generally accepted criterion for a clean metal field 
emission pattern is that the emission current density 
should vary gradually with crystal direction. The 
titanium patterns reported here do not have this char- 
acteristic. 

Possibly the titanium surface was contaminated. 
Contaminated surfaces of other metal emitters fre- 
quently give patterns with sharply defined light and 
dark areas. The gas contaminants in the present experi- 
ments were those that constitute the residual pressure of 
10-* mm Hg or less in the field emission tube. Ion- 
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Fic. 10. Location of major crystallographic planes 
and zones of Fig. 6(e). 





FIELD EMISSION 


resonance mass spectrometer™ measurements showed 
that N; was the main constituent. At the temperatures 
where the field emission patterns were photographed, 
nitrogen diffuses into the metal lattice.” Volume sorp- 
tion together with the low partial pressures of contamin- 
ants make a contaminated titanium surface unlikely.” 

An alternate possibility is that the titanium surface 
was net smooth but faceted. Tungsten field emission 
cathodes, when heated in the presence of an electric 
field to a temperature sufficient for surface migration to 
occur, give patterns which are attributed to the forma- 
tion of edges and facets on the cathode. The intersecting 
boundaries of such facets are regions of smaller radii of 
curvature than the radius of the emitter tip. The re- 
sulting local field enhancement causes increased emis- 
sion current density from those regions. In the limit, 
an emitter surface bounded by a few well-developed 





Fic. 11. Composite eee of the poles of the major crystallo- 
graphic planes of the body-centered-cubic pattern identified in 
Fig. 10 with the trigonal axes found for the hexagonal- close- 
packed pattern of Fig. 9. The Burgers orientation relation is 
obeyed. 


flat crystal planes would give a field emission pattern 
consisting of areas of low current density outlined 
sharply with boundaries of high current density. Since 
the titanium cathodes were heated while field emission 
current was being drawn, it is quite likely that they 
developed facets. Thus, facets could account for the 
abrupt variation of current density over the field 
emission pattern. They could account also for the hexag- 
onal-shaped border which persists from the low tempera- 
ture to the high temperature patterns [see Figs. 6(a) 
and 6(e) }. 

The assignment of poles to the high-temperature 
pattern of Fig. 6(e) or Fig. 10 could be made unambigu- 
uously. The symmetry was sufficient to determine the 

® D. Alpert and R. S. Buritz, J. Appl. Phys. 25, 202 (1954). 


. A. Gulbransen and K. Andrew, J. Metals 185, 741 (1949). 
* See reference 1, p. 310. 








MICROSCOPY 1625 














oN 
, ae awse ae a> 


wee EE 
Agee 











= = 


eo a es 
i ' — 


ca: 


Fic. 12. Burgers’ transformation scheme for titanium produces 
the required po rd relation between high-temperature —- 
centered-cubic beta phase and low-temperature hexagonal 
packed alpha phase. 


crystal orientation. However, the low-temperature 
pattern, Fig. 6(a) or Fig. 9, cannot be identified so 
easily. By using the argument that low-index planes 
generally are planes of low electron emission,” two 
sets of lines can be found each of which passes through 
centers of large nonemitting regions on the pattern. 
Their common point of intersection, of course, is a 
(00-1) pole. One set corresponds to the trigonal axes in 
the basal plane and the other set is rotated from it by 
30° about the (00-1) pole. A choice between the two 
sets arrived at by correlating low emission planes with 
low index planes cannot be made conclusively. One set 
does meet the requirements of Burgers’ orientation 
relation. This set was chosen as a basis for the assign- 
ment of poles to the hexagonal pattern. 
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Fic. 13. Illustration of the orientation relation shown in Fig. 11 
between the cubic and hexagonal phases of the titanium crystal 
Sa) gave the series of field emission patterns Figs. 6(a) through 

e). 





™M. K. Wilkinson, J. Appl. Phys. 24, 1203 (1953). 
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1 n the analysis ol e patterns sho that the 
00-1)4 pole became a {110}, pole when the crystal 
transformed. Furthermore, the positions of the 110 and 
100 zone he beta p ise relative to the exagonal 
axes ¢ alpha phase are such as to make a (11-0), 
lire e parallel to a (111)s direction. The relative 
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formation of the crystal. On the other hand, because of 
the influence of the electric field, the changes in the 
patterns may measure only the rate of change in physi- 
cal shape of the surface. These latter changes could lag 
considerably the actual transformation of the bulk 
crystal. That the surface morphology can assume 
ultimately a symmetry consistent with the symmetry 
of the underlying crystal may be concluded from the 
initial and final patterns of this sequence, Figs. 6(a) 
and 6(e). 

It is interesting to note that these patterns show one 
alpha crystal of titanium can transform to one beta 
crystal. Subsequently, the crystal was returned to room 
temperature, and the pattern in Fig. 14 was photo- 
graphed. This pattern has the identical orientation of 
the initial hexagonal pattern. The transformation se- 
, and 14 demon- 
strates that a crystal need not break up into several 


quence illustrated by Figs. 6(a), 6(e 


rystals when it changes phase. Furthermore, it shows 

that a crystal may return to its original orientation 

after changing pnase, even though other orientations 
‘ 


ire allowed by the orientation relation." 


CONCLUSIONS 


Phase transformations in single microcrystals can be 
ybserved with the field emission microscope. Field 
emission patterns from titanium crystals in both the 
low temperature alpha and the high temperature beta 
phase have been obtained. A comparison of patterns 
from one crystal which at different times had been in 
both phases demonstrates the existence of a definite 
orientation relation between the two phases of titanium. 
Chis relation agrees with the Burgers relation. In the 
intepretation of these field emission patterns, possible 
effects of surface morphology and surface contaminants 
must be considered. With these precautions, the study 
of phase transformations in solids appears to be a feas- 


ible extension of field emission microscopy 
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Diffusion of Zinc in Single Crystals of Silver* 


A. Sawatzxy AnD F. E. Jaumor, Jr. 
The Franklin Institute Laboratories for Research and Development, Philadelphia, Pennsyloania 
(Received September 15, 1955) 


The diffusion of Zn in Ag has been measured in the temperature range from 640°C to 925°C, using high- 
specific-activity Zn® as a tracer. The data indicate that the diffusion coefficient is given to within 2% by 


the equation, D=0.54 exp(—41 700/RT) cm?*/sec. 





INTRODUCTION 


N order to understand the basic mechanism in- 
volved in diffusion in metals, or alternately, in order 

to decide among the various theoretical explanations 
for the differences in diffusion rates in alloys containing 
the same base metal, it has become necessary to obtain 
data of considerably higher accuracy than much of that 
presently in the literature. It has been demonstrated 
recently! that data of high accuracy can be obtained 
by using single crystals of a monovalent cubic metal 
for the solvent, and high-specific-activity tracer as 
solute to keep the solute concentration small. 

In conjunction with the need for data of higher 
accuracy, there is a need for systematic data on the 
effect on diffusion rates of the valence, atomic size, and 
crystal structure (interatomic forces) of the solute. 
The recent work cited! investigated the effect of valence, 
without considering the other two factors. Thus, the 
logical choice as a first step in increasing the accurate 
systematic data in the literature was a solute of the 
same valence and crystal structure but of different 
atomic size than that used previously. The present 
report gives the data for diffusion of zinc in silver, and 
supports the contention that it is possible to obtain 
data of high accuracy. 


EXPERIMENT 


Single crystals of silver (99.99% pure, obtained from 
Handy and Harman) were grown by using a modified 
Bridgeman technique. Particular attention was paid to 
obtaining crystals free from excessive substructure. 
Experience has indicated that it requires considerable 
care to obtain single crystals essentially free from dis- 
location boundaries; and it has been observed? that 
these boundaries materially affect diffusion rates, par- 
ticularly at lower temperatures. Acceptable single 
crystals were cut into short cylinders, etched, formed 
accurately in the lathe on which they were to be sec- 
tioned later, lightly polished, etched, and annealed at 
850°C for one hour to remove residual strains. After a 
final etch to check monocrystallinity, the ends of the 
specimens were plated on one end with high-specific- 


* This work was supported by the U. S. Atomic Energy Com- 
mission, Division of Research. 

1 See, for example, C. T. Tomizuka and L. Slifkin, Phys. Rev. 
96, 610 (1954). 

* F. E. Jaumot, Jr., and R. L. Smith, J. Metals (to be published). 


activity Zn®, obtained from the Oak Ridge National 
Laboratory. The estimated thickness of the plated 
layer ranged from 20 to 200 A. 

The specimens were then placed in pairs, with active 
faces together, in evacuated Vycor tubes. The specimens 
were held accurately in place in the tubes by Vycor 
rods welded to the tube walls, and thermocouples affixed 
to the tubes in positions corresponding to the diffusion 
interfaces. During the diffusion anneals, the tempera- 
tures of the furnaces were controlled by Celectrays with 
the variation at any sample not exceeding +1°C. 

After diffusion, 30 to 60 mils were removed from the 
sides of the cylindrical samples in order to eliminate 
edge effects. Uniform sections, 0.001 cm thick, were 
then removed using a precision jeweler’s lathe, and the 
activity of each section determined with a thin mica 
end-window Geiger tube in a standard scaling circuit. 
The cuts were then weighed to check their thickness 
and finally, the total weight of all sections was compared 
with the known total amount removed from the sample. 
In the rare cases where these values did not agree, the 
weights were used as proportional thickness measure- 
ments and the activity determined as (counts/minute) 
per milligram, so that the specific activity is not affected 
by small losses of material during transfer. The entire 
counting geometry was, of course, accurately repro- 
duced for each count and each section was “counted” 
at least twice. 


RESULTS 


Diffusion runs were made at six temperatures in the 
range from 640°C to 925°C, for times ranging from eight 
hours to slightly more than ten days. A linear curve 
was obtained, for all samples, when the logarithm of 
TABLE I. Summary of data. 








Sample Temp. (°C) Time (sec) D (cm*/sec) 
1 924 2.88 10* 1.32K10"* 
2 924 2.88 10* 1,28 10~* 
3 847 6.57X 108 3.86 107° 
q 847 6.57 108 3.84x 10 
$ 801 6.12 10" 1.77 10° 
6 801 6.12 10 1.73X10°* 
7 748 10.44 10* 6.33K 10°" 
& 748 10.44X 10° 644X 10°" 
9. 702 29.52 10% 2.36K 10°" 

10 702 29.52 10* 243X 10°" 
11 6A3 86.76 10° 609x100" 
86.76 10° 


é 


5.8810" 
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Fic. 1. Penetration-depth curves for diffusion of Zn in Ag. Scale 
factors: Curves 1 and 2—5 10™ cm*; Curve 4—2.5X 10" cm?; 
Curve 6—-2X 10™* cm’; Curves 3 and 5—10™ cm*. In all cases, 
only every other section has been plotted, and in curves 2 and 4 
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the concentration was plotted against the square of the 
penetration distance, indicating little effect of any im- 
concentration-depth 


t’”’ of 


perfections in the crystals. Typical 


curves are shown in Fig. 1. A “least-squares { 


these data allowed the diffusion coefficient to be calcu 
lated directly. Table I summarizes the results for 
individual samples and Fig. 2 gives a plot of the 
logarithm of the diffusion coefficients as a function of 
the reciprocal of the absolute temperature 
DISCUSSION OF RESULTS 
Inasmuch as the effects of any imprefections in the 
sample are magnified at low temperatures, the data at 
the higher temperatures should yield more accurate 


values of the activation energy, Q, and the 
factor, Dy. On this basis, 0 and D 
a least-squares fit of t 
temperatures 


sampies one tnrou 


0.538 cm*/ se 


of 41690 cal mole and resp e 
were obtained. A least squares fit Of ali the lata gives 
Q=41 660 cal mole and Do=0.528 cm*/sec. With an 
estimated probable error of +2°% in D, +0.5%% in Q, 
and +10°% in Do, the data can be represented, we 


within these errors, by 
D=0.54 exp(—41 7 


The mean deviation of the individual points from the 


] 
aria t " i 1 3 writ} m Pry 1 1TYy 
is equation 1s o, WIth @ maximum 


value given by t! 
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deviation of 2% (sample No. 11). The deviations are 
markedly reduced by using the more detailed values 
given above, but these are not warranted in view of the 
estimated accuracy of the measurements. 

Since one of the primary motivations of the present 
diffusion program is to determine the effect of the atomic 
size of the solute on diffusion parameters, it is interesting 
to compare the results for Zn with those previously 
reported for Cd,' even though it is obviously impossible 
to draw conclusions from one comparison. Zinc is 
smaller in both atomic radius (based on distance of 
closest approach of atoms in the pure solid) and ionic 
radii than Cd, but has the same valence and the same 
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Fic. 2. The diffusion data plotted as log D versus 1/T. 


crystal structure. Tomizuka and Slifkin' give for dif- 
7 y 


fusion of Cd in Ag 
D=0.454 exp(—41 700, RT) cm*/sec, 


ith the same estimated error as given for the present 


s 


The indication, although far from conclusive, is 
the atomic size has little effect on the activation 
energy, and certainly its effect is less than the effect of 
valence. On the other hand, it would seem that the 
frequency factor is affected, since it would require that 
the maximum error in both determinations be called 
into play in order to bring the two values of Do into 
coincidence, More work is needed to substantiate these 
very tentative conclusions. 

Che present work agrees with that of Tomizuka and 
Slifkin in that the values of D» and Q for solute diffusion 
those for self-diffusion than has 


much nearer 


are 
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generally been reported in the literature. Since these 
authors discussed this point in detail, there is no need 
to do so here. 

Finally, calculating Dy from Zener’s theory’ and 
using the value of the vibration frequency, v, obtained 


~4C. Zener, J. Appl. Phys. 22, 372 (1951). 
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from the Debye temperature for zinc, one obtains 
0.537 cm?/sec. Similarly, using Nowick’s method‘ for 
calculating Q from the highest-temperature data, one 
obtains 41 690 cal/mole. These values are in obviously 
fortuitous agreement with the experimental data. 


* A. Nowick, J. Appl. Phys. 22, 1182 (1951). 
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v Amphoteric Impurity Action in Germanium* 


W. Crawrorp Dun zap, JR. 
Electronics Laboratory, General Electric Company, Syracuse, New York 


(Received May 31, 1955) 


A new type of impurity action in germanium is described. This is “amphoteric” impurity action, to be 
contrasted with “donor” and “acceptor” action of the usual impurities in germanium. An amphoteric im- 
purity, of which gold is shown to be an example, is an element that may either donate or accept electrons in 
the semiconductor, depending upon the nature and amount of other impurities present, that is, upon the 
position of the Fermi level as determined by these impurities. Previously the acceptor action of gold in 
germanium had been described, and it was shown there were two acceptor levels, 0.15 and 0.55 ev above the 
valence band. Morton, Hahn, and Schultz have found evidence of a third state which they interpret as the 
first acceptor level. In the present investigation, the existence of a third state is confirmed, and it is shown, 
with rather high degree of certainty, to be a donor level 0.05 ev above the valence band. This appears to be 
the first nonhydrogenic donor state yet observed in germanium. When gold is added to germanium con- 
taining third column elements in amounts less than the gold content, the carrier density remains constant, 
but the carriers acquire an ionization energy of 0.05 ev. Good agreement was obtained with several sources of 
gold. This behavior, it appears, can be explained most simply by assuming that neutral gold atoms may give 
up electrons to low-lying empty states to form Au*. The upper gold states when filled are still interpreted as 





Au~ and Au~~. 


INTRODUCTION 


HE acceptor action of gold in germanium has 
been described in several papers.' In this work it 

was shown that gold was capable of taking up electrons 
at two energy levels, situated about 0.15 and 0.55 ev 
above the valence band. It was suggested that these 
levels were probably due to the formation of, first Au~ 
and then Au~~. These states were shown to be highly 
different in ionization energy from the states due to 
ordinary donor and acceptor impurities in germanium. 
Because of the great depth of these levels, a wide variety 
of new applications were opened up, including studies 
of trapping and secondary photoconductivity, and 
studies utilizing the high resistivity available at 77°K. 

Morton, Hahn, and Schultz? have recently investi- 
gated the action of gold in germanium, and, in addition 
to confirming the existence of the above acceptor levels, 
have found evidence for a third state. They interpret 
their results as indicating an acceptor level 0.05 ev 
above the valence band, which takes up electrons to 
form Au~. The upper two levels when filled with 
electrons would then be Au~~ and Au 

* Work performed at General Electric Research Laboratory, 
Schenectady, New York. 

1 W. C. Dunlap, Jr., Phys. Rev. 91, 1282 (1953) ; 97, 614 (1955). 

2 Morton, Hahn, and Schultz, Atlantic City Photoconductivity 
Conference, November, 1954 (John Wiley and Sons, Inc., New 
York, 1956). 


There are several difficulties in accepting this inter- 
pretation of these results. In the first place, the original 
investigations' had indicated, with an accuracy some- 
what better than 25%, that there were only two accep- 
tors per gold atom, these levels being present in approxi- 
mately equal numbers. Secondly, there is an intrinsic 
difficulty in assuming an Au~~~ center only 0.5 ev 
above the valence band. The electrostatic repulsion of 
the two electrons toward a third electron should be 
rather large. 

Because of these difficulties, an investigation was 
made of the third gold level. This work confirmed the 
existence of such a level, but indicated that it was a 
donor level 0.05 ev above the valence band. With this 
change of interpretation, all the results were found to be 
consistent with previous studies on gold-doped ger- 
manium. Besides fitting in well with the finding of two 
acceptor states per gold atom, the new hypothesis 
agreed with previous results that when gold was added 
to pure germanium, the product was always p-type. 
This follows from the great depth of the donor level, and 
its inability to contribute directly to the number of 
conducting electrons. The state shows up only in p-type 
material, where it furnishes a supply of electrons for 
trapping holes, and for furnishing acceptor levels 
associated with re-excitation of holes back to the 
valence band. 
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Taste L. Segregation coefficients for gold and ordinary donor 
elements, showing concentrations of each donor required exactly 
to balance out possible acceptor levels of the gold. FPM refers to 
the required content of each element in the gold used for doping, 
in parts per million, that will give an electron concentration in the 
solid crystal, just equal to the gold content 


PPM by wt 





Approximate to balance 
segregation gold content 
coefficrent in Ge 
Gold 1 5x10 ‘ cee 
Phosphorus 0.1 24 
Arsenic 0.01 56 
Antimony 0.001 860 
In the previous studies of Morton, Hahn, and Schultz, 
the apparent presence of electrons was ascribed by them 
to accidental donor impurities in the added gold. In the 
present work, this hypothesis is ruled out by careful 
ounting of states, and by the demonstration that 


different sources of high-purity gold lead to almost 
dentically the same results. The effects observed in the 
present work could be accounted for by assuming the 
existence in the added gold of a donor impurity capable 

hing i germanium an electron density 


} 


the 





in 


exactly equal (within a few percent) to the gold content. 
rhe probability of this occurring is so small that it can 
be ruled out 
EXPERIMENTAL METHODS 
The methods used in the investigation were similar 


to those used in previous studies on gold. Single crystals 
were grown containing various quantities of gold and 
other impurities, and wafers for Hall and resistivity 
measurements were cut from selected portions of these 
ingots. Since the donor levels show up only in p-type 
material, the added impurity was usually gallium, 
added in various quantities up to and equal to the gold 

it in the crystal. An important assumption is 
hat the gallium content did not vary rapidly 
d the distance 
respectively, zero 


conte 


istance of about one-fourth inch, 


required to obtain two wafers of, 


gold content, and known gold content. 

The 
Johnson-Matthey spectrographically assayed gold, was 
the same as that used by Morton and his collaborators in 


gold used came from two sources. The first, 


their studies.’ This gold was assayed as 99.9999 pure, 
the analysis showing mostly traces of silver and copper. 
The second type of gold came from Sigmund Cohn, and 
was the gold mainly used by the author in his previous 
studies on gold-doped germanium. This material was 
assayed in the General Electric Research Laboratory 
and found to be comparable in purity with the Johnson- 
Matthey gold-again, silver and copper were found to be 
the important impurities. Because of the low sensitivity 
of the sper trograph for detection of phosphorus, arsenic, 
and antimony, no independent evaluation of the gold 
with respect to these impurities could be made. To give 


* The author is indebted to Dr. G. A. Morton for a sample of this 
gold 
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an electron density in the crystal just equal to the gold 
content, a donor element must be present in the gold 
exactly in the amount indicated in Table I. 


RESULTS 


Figure 1 shows the properties of a sample of p-type 
gold-doped germanium grown as shown in the inset. 
After initial doping with gallium, the crystal was grown 
about one-half inch, when 100 mg Johnson-Matthey gold 
was added. Two Hall wafers were cut close to the point 
of doping, one before and the other after. The Hall 
curve of the wafer taken prior to the gold-doping shows 
little of interest below 77°K—there is a slow rise of 
Hall coefficient corresponding to the well-known 
ionization energy for gallium, 0.01 ev. The Hall curve 
for the gold-doped specimen, on the other hand, shows 
several interesting features: 

(1) At the lowest temperatures, in the range of 30°K, 
the resistivity and Hall coefficient are very high, and 
drop with temperature at a rate indicating an ionization 
energy of about 0.05 ev. 

(2) At saturation, (77°K) the Hall curve drops to 
almost exactly the level it had before the gold doping. 

(3) Above 77°K, the Hall curve drops by an amount 
to be expected from previous results, as a result of the 
action of the lower acceptor level. 

From (1) we confirm the existence of a third state of 
gold, as suggested by Morton, Hahn, and Schulz. It 
remains to be determined whether or not these apparent 
acceptor levels are due to an acceptor state of the gold, 
or are due to re-excitation of electrons (to the empty 
donor gold levels) that were trapped out by the gallium 
present. Item (2) is particularly pertinent in this res- 
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Fic. 1. Hall coefficient, resistivity, and Hall mobility of a 


sample of germanium doped with gallium and gold during growth 
of the single crystal. The large slope at lower temperatures indi- 
cates the presence of a state of energy about 0.05 ev. Also, the 
coincidence of the two Hall curves at 77°K is evidence for the 
donor level hypothesis, barring the occurrence of an extremely 
unlikely coincidence in which the gold would carry just exactly 
the required impurity donor content to balance out each and 
every gold center. 
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Fic. 2. Similar results to those of Fig. 1, on another sample, and with another source of gold. The conclusions to be 
drawn are the same as those of Fig. 1. The good agreement is added evidence against the occurrence of accidental 


donors in the gold 


pect. It shows that if each gold atom were contributing 
an acceptor level at 0.05 ev, there must be present 
exactly as many impurity electrons as zold atoms, in 
order to maintain the carrier content at 77°K equal to 
the original carrier content due to gallium. 

Figure 2 shows results on a similar sample, made 
with another source of gold. The conclusions obtained 
from the study of this sample agree with those from 
Fig. 1. Because of the unlikelihood of the impurity 
content in gold from two independent sources being 
accidentally in the very narrow range required to pro- 
duce the observed effects on the “gold-acceptor+im- 


purity-electron” picture, the necessity of assuming that 
the gold states are donor levels becomes even more 
strongly apparent. 

The samples of Figs. 1 and 2 show characteristics 
similar to those of copper- and zinc-doped germanium 
specimens. The mobility, for example, rises as the tem- 
perature is lowered, until a maximum is reached at 
about 50°K. Below this temperature, because of in- 
creased scattering by impurities and lattice imperfec- 
tions, the Hall mobility tends to fall off slightly, or 
remain nearly constant. Another effect noticed in these 
as in other high-resistivity samples, is the leveling off 
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Fic. 3. Plot of Hall coefficient for a number of samples of ger- 

n doped with gold and various amounts of gallium. The 
rature region is shown, to emphasize the degree of 
yf the carrier density upon adc lition of gold, at 77°K 
In several cases, the change of carrier density is only a few percent 
f the gold content added. 






constancy 


e Hall and resistivity curve at low temperature. This 
effect has not been definitely explained, but may be due 


to (1) surface effects, (2 f° Pts ae tit ion between the 


mpurity levels themselves (impurity banding), (3) con- 
duction through inhomogeneity paths in the germanium 
along which the ordinary acceptor levels may be dom- 
inant 


Figure 3 shows additional results obtained wit! 
samples containing fixed gold content, and with in- 


creasing gallium content Ac ording to the gold donor 


evel scheme, when gallium is added in concentrations 

exceeding the gold content, the high ionization energy 

should be replaced by that of the ordinary (gallium 
ates. At intermediate levels of gallium, the gold 
evels should be effective, and the 0.05-ev level should 

be seen 

temperature portion of the 


additional curve 


Figure 3 shows the high- 
Hall curves of Figs. 1 and 2, with one 
for high gallium content. Because of the increased scale 
sensitivity, the changes in carrier density accompany- 
ing the addition of gold can be seen more easily than in 
the other figures. In the case of curves (1), the addition 
of gold changed the carrier density by only 3% of the 
gold content while in the other two cases the differences 
were less than 10°. In view of the uncertainties in 
doping experiments of this kind, and the possibilities of 
accidental addition of donors, the agreement with the 
donor model is good, as previously indicated. 

The gold acceptor level density is determined from 
the hi 


between 77 


gh-temperature portions of these curves 
K and room temperature. There the Hal! 
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curves drop from values given by the gallium density to 
a new value determined by the gold density. From 
these values the gold-acceptor densities in all three 
samples could be determined. They were found to be 
equal within the experimental accuracy. The values 
were about 2X10" gold atoms/cm’. When gallium was 
added to a concentration slightly greater than 2X10", 
the resistivity no longer reached high values on cooling 
to 20°K. This confirms the rough equality in the num- 
ber of lower states (0.05 ev) with the number of gold 
acceptor levels (0.15 ev), and indicates further that the 
donor levels are characteristic of the gold atoms in 
their normal configuration, not atoms that might have 
different properties as a result of some abnormal 
location in the lattice. 

Thus the picture of the gold levels in germanium is 
that indicated in Fig. 4. The half-circles indicate 
unfilled levels, the filled circles filled levels. The dia- 
grams indicate the emptying of the gold levels into 
low-lying acceptor states at low temperature, and the 
refilling of the various levels at each stage of rising 
temperature 


DISCUSSION 


The results obtained in this study have a number of 
new features. The gold level under discussion is, 
apparently, the first donor level not of the hydrogenic 
type to be found in germanium. It is also the first case 
of donor action due to elements outside the fifth 
column of the periodic table, with the exception of 


lithium. Since lithium has an ionization energy of 0.01 
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Fic. 4. Model of the gold center in germanium. These levels 
represent the energy of an electron added to a state containing 
—1, 0, and 1 electron, a starting at the bottom. Thus 
the gold ion has the charge 0 —1, and —2, when the respective 
states are filled with electrons. When the lowest state is empty, 
the gold ion has the charge +1, so that the gold occurs in four 
ionic states in germanium. 





























AMPHOTERIC IMPURITY ACTION IN Ge 


ev, this case falls under the label “hydrogenic.” The 
donor action of the gold may, as in the case of lithium, 
be ascribed to the single valence electron, in this case a 
6s electron. It appears probable that gold can give up 
this electron to low-lying empty levels and thereby 
become Aut. 

Because of the low level of the donor state, it is not 
possible to see donor action directly due to gold in 
germanium, and the effects are seen only through the 
trapping action upon p-type germanium. When gold is 
added to pure germanium, the product is always p-type. 

A second significant feature of the present result is 
that gold appears to be the first element in germanium 
that is capable of both donor and acceptor action in the 
same sample. Because gold has both an electropositive 
and electronegative character in Ge, the term ‘“am- 
photeric” impurity element appears to describe it 
accurately. 

When the sample, of say, Fig. 1 is heated from 0°K to 
room temperature, the gold levels initially possess the 
charge Au*. As the temperature reaches 77°K, prac- 
tically all the electrons that had been trapped by the 
gallium states are re-excited to the gold levels, and 
these become Au’. On going to still higher temperatures, 
the electrons in the valence band have enough energy to 
be excited directly to the lower acceptor level and the 
gold becomes Au~. An interesting feature of the mode! is 
that these electrons cannot come from the gold donor 
level, since the states have to be filled before the lower 
acceptor level exists, that is before the gold atoms are 
in a position to take up electrons at this energy. The 
sequence of events on adding gold, heating trom 0°K 
to 77°K, and from 77°K to 298°K is shown in Fig. 5. 
Once again we see that at higher temperature the donor 
levels add no free carriers, and their primary effect is 
that of a trapping state. 

The upper acceptor level, 0.2 ev below the conduction 
band, does not enter into any of the present data. Be- 
cause of the onset of intrinsic conduction, it is not 
possible for an appreciable number of electrons to be 
excited into these levels—intrinsic conduction, in other 
words, restrains the Fermi level to the middle of the 
forbidden region 

The question remains as to the importance of the 
donor level in the statistical analysis of the p-type gold- 
doped specimens. It appears that no major extension of 
the work described in the previous paper is needed to 
account for the presence of this level. Nor is the close- 
ness of the donor level to the valence band and to the 
lower acceptor level a problem, since for concentrations 
usually used in experiments of the present type, the 
excitation in the various regions is confined to separate 
temperature ranges—the ordinary donors are excited 
from 1°-20°K, the 0.05 level between 20° and 77°K and, 
the lower acceptor level between 77°K and 298°K. All 
that needs to be kept in mind is the availability of a 
supply of electrons at an energy level 0.05 ev above the 
valence band, and equa! to the number of gold atoms. 
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Fic. 5. Diagram showing the sequence of evénts in the various 
stages of the experiments shown in Fig. 1. Note that at any 


particular stage, only the level above that ry one containing 
an electron exists. As each level in turn is filled the next highest 
appears. This diagram is not to scale, in terms of energy. 


We have seen that in germanium gold may take on, 
even at low temperatures, four different ionization 
states, and that there are three energies corresponding 
to the addition of electrons to the single positive, neu- 
tral, and single negative charged states. Besides the 
different ionization energies, these states are char- 
acterized by highly different capture cross sections for 
electrons and holes—the empty donor level being more 
selective in capturing electrons, the filled acceptor levels 
more selective in capturing holes, because of their 
Coulomb forces. Further studies on the properties of 
the various states are now in progress. 

The results obtained on germanium now appear con- 
sistent with those on silicon, in which Taft and Horn‘ 
found a donor level 0.35 ev above the valence band. This 
level is probably similar in nature to the donor level in 
gold-doped germanium. The present work on german- 
ium also makes it appear likely that a search will reveal 
acceptor levels in gold-doped silicon analogous to those 
found for germanium. 

There also remains the interesting question as to 
whether there are such donor states of elements other 
than gold in germanium. Low-lying donors are rather 
difficult to show up, since they produce no direct effects 
as donors, but only as trapping centers for holes. It 
appears quite possible that a search among the tran- 
sition elements, which have been shown to produce 
acceptor levels like gold in germanium, may also show 
up one or more donor levels for these elements. 

Also of interest are the other elements of the gold 
group, particularly copper, platinum, and the other 
noble metals, such as rhodium and iridium. Previous 
work on platinum indicated the presence of an acceptor 
level at 0.04 ev above the valence band, and 0.2 ev 
below the conduction band. There seems some question 
as to whether or not the lower of these states might be, 
in actuality, a donor level as in the case of gold. 
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Nickel has been diffused into germanium in order to study the carrier capture probabilities of the two 
nickél acceptor levels. Measurements of minority carrier lifetime as a function of temperature show that the 
electron capture probability of low-resistivity f-type samples is temperature-independent. The electron 
capture probability of high-resistivity p-type samples increases exponentially with increasing temperature, 
as does the hole capture probability of high-resistivity »-type samples. Possible interpretations of the results 


are discussed 


I, INTRODUCTION 


N a previous publication’ we have discussed the 

recombination of minority carriers in germanium 
through the agency of recombination levels. The 
levels were introduced into the forbidden energy gap by 
copper atoms in the germanium lattice. The expression 
for the electron lifetime that is pertinent to this work 
has been given as* 


(1/C, 


(My ny) + (1 Cy) pot pr +-\ (1+ po, piy*]} 
not potNi(1+po/pr)(1+pi/po)* — (4) 


where N, is the density of recombination levels; C, is 
the product of the trap density and the probability per 
unit time of an individual trap capturing a hole, 
averaged over the holes in the valence band; C, is 
the product of the trap density and the probability 
per unit time of an individual trap capturing an electron, 
averaged over the electrons in the conduction band; 
no and po are the equilibrium electron and hole densities ; 
and m, and p; are the values the equilibrium electron 
and hole densities would have if the Fermi level were 
located at the same position in energy as the recombina- 
tion traps 

In a copper-doped sample, the recombination 

‘ proceeds through the upper acceptor level located 0.30 
ev above the top of the valence band. In this instance 
C, is known to be much larger than C,. If the sample 
is doped in such a fashion that the upper copper level 
is partially populated, then the term in the numerator 
of (1) involving 1/C, is negligible compared to the one 
involving 1/C,. Since mo in the denominator is small 
compared with po, ta™©1/Cafps, where f,; is the proba- 
bility that the upper copper level is empty. When the 
carrier concentration is small compared to N,, then 
fy: is virtually constant, and the temperature de- 
pendence of C, is given by the reciprocal of the lifetime. 
A study of r, ts temperature showed that the principal 
temperature dependence of C, is exp(— E/&T), where 
* This work was begun at Sylvania Electric Products, Ipswich, 

Massachusetts 


‘'R. M. Baum and J. F. Battey, Phys. Rev. 98, 923 (1955). 
* W. Shockley and W. T. Read, Jr., Phys. Rev. 87, 835 (1952). 


E=0.22 ev. The proposed interpretation of this result 
was that only electrons of energy greater than 0.22 ev 
above the bottom of the conduction band can get into 
the traps. 

In this paper, we wish to present evidence that 
similar phenomena occur in nickel-doped germanium. 
The selectivity in the electron capture process may be 
due to a Coulombic repulsion between the negatively 
charged acceptor sites and the incoming electrons. 
Evidence is also obtained for qualitatively similar 
selectivity in the hole capture process by nickel atoms. 
The explanation in this instance cannot be due to 
Coulombic repulsion. 

It has been shown that nickel introduces two acceptor 
levels in germanium, one at 0.22 ev above the top of the 
valence band,*~* the other at 0.30 ev below the bottom 
of the conduction band.’ It is not clear whether the 
upper level exists at its observed energy before the 
lower level is filled, or whether the lower level exists at 


Tasie I. Sample properties before and after nickel diffusion. 
The nickel atom concentration was calculated by locating the 
Fermi level, F, from the experimental carrier concentration deter- 
mined at a suitable temperature. The carrier concentration was 
equated to 2(2emkT/i*)! exp[—(E.— F)/kT] for n-type samples, 
and 2(2xmkT/i*)' exp[—(F—E,.)/kT ] for p-type samples, where 
E, is the bottom edge of the conduction band and &, is the top 
edge of the valence band. The population of the nickel levels was 
next calculated. The nickel atom concentration was then obtained 
from the carrier concentration before and after nickel diffusion. 





Before nickel diffusion After nickel diffusion 





"h "he 
(usec) (psec) Nickel 
at room at room atom con- Diffusion 
No-Na tempera- tempera- centration tempera- 
Sample cm~*) ture ture (cm) ture (°K) 
BB-10 8.0 x10" 10 0.20 44x10" 1010 
BB- 8 5.4 x10" 150 0.25 3.0 x10" 990 
BB-12 7.910" 45 2.0 3.7 x10" 920 
BB- 6 1.0 x10" 180 0.60 1.1 x10" 1033 
BB- 3 9.3 x10" 140 0.20 9.8 x10" 1005 
Na-No 
BB- 7 45x10" 20 0.60 1.8 K10%> 962 





i] 
| 





* Obtained from reference 5 





* Tyler, Newman, and Woodbury, Phys. Rev. 98, 461 (1955). 

‘ Burton, Hull, Morins, and Severiens, J. Phys. Chem. 57, 853 
(1953). 

*F. van der Maessen and J. A. Brenkman, Philips Research 
Repts. 9, 225 (1954) 
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CARRIER CAPTURE PROBABILITIES IN Ni 


its observed energy after the upper level is filled. It is 
not presently known for a given resistivity and tem- 
perature whether the recombination goes predominantly 
through the upper or lower nickel level. However, if the 
recombination goes through a negatively charged atom, 
C, should vary exponentially with temperature. If the 
recombination goes through an uncharged atom, no 
temperature dependence of C, would be expected. 


Il. SAMPLE PREPARATION 


It has been shown that nickel diffuses very rapidly in 
germanium at elevated temperatures.*-* 99.99% pure 
nickel was electroplated on the germanium samples, 
which were then sealed in evacuated vycor capsules. 
The nickel was diffused into the germanium by holding 
the samples at an appropriate temperature for such a 
time as to closely approximate the solubility limit of 
nickel in germanium’ throughout the sample. There- 
after the samples were quenched. The concentration of 
nickel introduced into the various samples referred to 
in this paper is shown in Table I. 









7 y 2 
Ff ne 
Fic. 1. Resistivity and Hall -8& § 
coefficient as a function of Bs 5 
temperature for a high-resis- 2~ 5 yd 
tivity n-type nickel-doped ger- =< 


manium sample. 


i 4 RESISTIVITY 
ul 
..% 





a uD tae” 


In samples that were strongly p-type before diffusion 
due to group III acceptor doping, the introduction of 
nickel leads to no perceptible change in carrier concen- 
tration, as indicated by Hall coefficient and resistivity 
measurements. In samples that were originally n-type 
due to group V donor doping, the carrier concentration 
decreased and in some instances converted to p-type 
with the introduction of nickel. 

Samples that were changed to high-resistivity n-type 
showed the existence of an acceptor level approxi- 
mately 0.30 ev below the bottom of the conduction 
band, as is evident from Fig. 1. This is in agreement 
with the results of Tyler et al.2 The concentration of 
nickel was calculated for such samples from the carrier 
concentration before and after diffusion under the 
presumption that each nickel atom introduces two 
acceptor levels, one or both of which are filled. 

For samples that were converted to high-resistivity 
p-type, Hall coefficient and resistivity data showed the 
existence of an acceptor level approximately 0.22 ev 
above the top of the valence band in agreement with 
previous measurements.’-* This is shown in Fig. 2. 
In these samples the concentration of nickel was 
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calculated from the carrier concentration before and 
after nickel diffusion by assuming that each nickel 
atom accepts either one or no electrons. The solubilities 
calculated in this fashion agree within better than a 
factor of two with the data published by van der 
Maessen and Brenkman.® The small discrepancies are 
probably due to the lack of precise knowledge of sample 
temperature during diffusion. 

The acceptor concentrations introduced were small 
compared to the solubility of copper. Also, the lifetime 
of the material following the heat treatment was much 
too short to be attributed to copper atoms in concen- 
trations that are consistent with the observed resistivity 
changes, or even with the solubility limit of copper at 
the diffusion temperatures in question. For all samples 
that are discussed in this paper, the room temperature 
lifetime was reduced by more than an order of magni- 
tude by the nickel doping. 
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Fic. 3. Electron lifetime as a function of temperature for the 
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II]. RECOMBINATION PROCESSES 
A. p-Type Samples 


I igure 3 shows plots of electron lifetime ts rec iproc al 
for the p-type sample for which Hall 


resistivity data are shown in Fig. 2 


temperature 
coefhicent and 
The method of lifetime measurement has been pre- 
viously described.' If it is again presumed that the 
first term in the numerator of Eq. (1) is small compared 


ond term, th 


en, as in the copper case, C, has 
erature dependence of 1/r,. It will be 
that again ¢ E/kT), . approxi- 
mately 0.23 ev. If Coulombic repulsion is to provide the 
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larger ratio of charged to uncharged atoms. Hence it 
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would be expected that such a sample would again 


show the same temperature dependence of minority 


carrier lifetime as is seen in Fig. 3. On the other hand, 
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Fic. 5. Electron lifetime as a function of temperature for the 
high-resistivity p-type nickel-doped germanium sample for which 
resistivity and Hal! coefficient data are shown in Fig. 4 
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for very p-type samples the lower nickel level is virtually 
empty, and the nickel atoms are uncharged. In this 
case, one would not expect any temperature dependence 
of C, due to Coulombic repulsion between the nickel 
atoms and electrons about to be captured. For suffi- 
ciently p-type samples, the lifetime is equal to 1/C,, 
as can be seen from Eq. (1). However it may be that 
the C, in this instance is to be associated with the 
lower nickel level. 

In Fig. 4, Hall coefficient and resistivity curves are 
shown for a sample which approximately fulfills the 
requirement of having the lower nickel level completely 
populated. The Hall coefficient curve shows an acti- 
vation energy of about 0.26 ev. All other high-resistivity 
p-type samples showed an activation energy of 0.22 
+0.01 ev. The higher activation energy of 0.26 ev is 
what would be expected if a small amount of copper 
were introduced into the sample in addition to the 
relatively large amount of nickel, and further, if the 
group V donor concentration was sufficient to partially 
populate the upper copper level and nearly completely 
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populate the lower nickel level. Figure 5 shows plots of 
electron lifetime vs reciprocal temperature for this 
sample. The anticipated exponential dependence of 
lifetime on reciprocal temperature is observed. 

For sufficiently p-type samples in which the lifetime 
is equal to 1/C,, the lifetime becomes independent of 
carrier concentration. It can be seen from the work of 
Burton ef al.‘ that a sample with a room temperature 
hole concentration of 4.5X10'* cm~* is sufficiently 
p-type for this to be true. Consequently, for such a 
sample r, equals 1/C,. Plots of lifetime vs reciprocal 
temperature after nickel doping are shown for a sample 
of this carrier concentration in Fig. 6. It will be seen 
that within the accuracy of the data, C,, is temperature- 
independent. Inasmuch as there Coulombic 
repulsion between the uncharged nickel atoms and the 
recombining electrons, this is the result to be expected 
in the absence of other effects which would selectively 
favor the recombination of electrons of certain energies. 
Presumably, in this instance, the recombination is 
going through the lower nickel level. 


is no 
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B. n-Type Samples 


Some additional measurements of lifetime vs tem- 
perature have been made on n-type samples similar to 
the one for which Hall coefficient and resistivity data 
are shown in Fig. 1. Representative lifetime data on a 
number of samples are shown in Fig. 7. It will be 
noticed that the lifetime decreases exponentially as the 
temperature increases. The hole lifetime in a n-type 
sample whose recombination is dominated by a single 
energy level is given by* 


(1/C,) (pot Pi) + (1/Cy) [mot mr +N (1+ M0/M:)~] 
mot Pot N (1-+-mo/m1)-*(1+-m1/mo)* Q) 





Tp 


Hall coefficient and resistivity measurements taken 
as a function of temperature show that the dominant 
term in the denominator, over the temperature range 
of interest, is N,(1-+-o/m:)'(14+,/mo)“. If it is 
assumed that the first term dominates the numerator 
of (2) and the known temperature dependences of the 
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various factors are used, it would be expected that 7, 
would show a strong exponential increase with in- 
creasing temperature. This is the behavior exhibited 
by most germanium samples.* Since this is not what is 
observed in this instance, it must be assumed that the 
second term in the numerator is dominant. Then, it is 
expected that r,~(1/C,)(1+7/no). In the temperature 
range of interest, (1-+-,/ 9) is only weakly temperature- 
dependent. Consequently, the temperature dependence 
of r, gives the temperature dependence of 1/C,. The 
suggestion is again advanced that C, increases ex- 


* See, for instance, Fig. 1 of reference 1; also R. N. Hall, Phys. 
Rev. 87, 387 (1952), and P. Ransom and F. W. G. Rose, Proc. 
Phys. Soc. (London) B67, 646 (1954). 


Tasxe IT. Electron and hole capture constants. 











Nickel atom 
concentration Cue i) ce 
Sample (cm) (em* sec™') (cm sec™!) (cm sec™') 
BB- 3 9.8X 10" 4.2x10°° 
BB- 6 1.1 10% 65X10 
BB- 7 1.8X10"* 9.2x10° 
BB- 8 3.0X 10" 2.6X10* 
BB-10 44X10" 24X10" 
ito 3.7X 10" 1.7X10* 
per- 
‘cot 64x10 








* Obtained from reference 5. 
> See reference 1. 


ponentially with increasing temperature because only 
holes of energy less than a certain critical value can 
enter the recombination traps. The critical energy as 
obtained from the slopes of the lifetime vs reciprocal 
temperature curves shows appreciable differenc:s on 
samples which are presumed to be similar and even 
on different regions of the same sample. The values 
range from 0.18 to 0.28 ev with a probable error of 
about 0.03 ev. The source of these discrepancies is not 
understood. It is clear that no Coulombic barrter will 
exist for holes approaching negatively charged? nickel 
atoms. It is possible that only holes from the pranch 
in the valence band derived from atomic p* states are 
entering the nickel levels. From the analysis of injfrared 
absorption data in p-type samples, Kahn’ concludes 
that this branch lies a minimum distance of approxi- 
mately 0.30 ev below the top of the valence band. 

The experimental data indicates that the temperature 
dependence of the electron capture probability for 
high-resistivity p-type samples can be approximately 
represented by C,= Nicno exp(— E,/kT), with E,;=0.23 
ev. Similarly, the temperature dependence of the hole 
capture probability for high-resistivity n-type samples 
can be represented by C,= Nicyo exp(— E,/kT), with 
E, usually appearing to be about 0.28 ev. Values of 
Cno and Cy together with the temperature-independent 
value of the electron capture probability, c,.=C,/N:, 
obtained for the low resistivity p-type sample, are 
shown in Table II. The value of ¢, obtained for the 
high-resistivity copper-doped sample! is included for 
comparison. 
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The energy levels of ordered impurities in semiconductors are formally equivalent to the energy levels of 
metallic hydrogen if a number of simplifying approximations are made. An approximate calculation of the 
energy states for the Is band of metallic hydrogen is carried out fer smaller lattice constants than those 


considered by 


Wigner and Huntington, or by Baltensperger. A simple transformation of the distance and 


energy scales converts the calculation for metallic hydrogen to one applying to impurities in a semiconductor, 
if values for the effective mass and the dielectric constant are given. Experimental results for the optical 
p in InAs are reported as a function of impurity concentration. The effective mass required to fit 

tical data for InSb published by other workers is about 0.03m, as compared to the value 0.013m found 


otron resonance measurements 


1. INTRODUCTION 


A STRIKING phenomenon observed in_inter- 
metallic semiconductors with small effective mass 
is the shift of the optical absorption edge to shorter 
wavelengths with increasing impurity concentration. 
This effect was first observed in indium antimonide by 
Tanenbaum and for InSb 

I reported by Hrostowski ef al.? and by Breck- 


sriggs;' additional data 
have ee] 
enridge et al.’ Data on the shift of the optical edge in 
indium arsenide are given in Sec. 3 of the present paper. 

jurstein‘ proposed that the shift of the optical 
absorption edge is not related to a change in the band 
separation caused by the impurities, but rather to the 
in impure samples the Fermi level lies well 
band. Thus, 


fact that 
above the 
transitions to the filled levels near the bottom of the 


hottom of the conduction 
conduction band are improbable, and the absorption 
edge moves to higher energies 

One feature of Burstein’s explanation which requires 
energy levels in 


closer study is the distribution of 


impure material which causes the Ferrni level to rise as 
impurities are added. If all the impurity levels were 
below the bottom of the conduction band, the Fermi 
level could not rise sufficiently far to account quanti- 
tatively for the observed effect. In this paper, we will 
extend the ordinary hydrogenic model of impurities 
into the range of large impurity concentration, thus 
extending to smaller lattice constants the treatment of 
hydrogen first carried out by Wigner and 
to semiconductors by 


metallic 
Huntington® 


Balter 


and applied 


sperger.* 


Naval 


* This work was supported in part by the Office of 
Preliminary accounts were presented by Robert Talley 


Research 
at the Symposium on Intermetallic Semiconductors, held April 
26-27, 1955, at Baldock, England, and by Frank Stern at the 
ium on Physics of Semiconducting Materials, held June 
sS,atA Arbor, Michigan 
M. Tanenbaum and H. B. Briggs, Phys. Rev. 91, 1561 (1953 
* Hrost ys. Rev. 95, 1683 (1954 


wwski, Wheatley, and Flood, Pt 


93, 632 (1954 
Huntington, J. Chem. Phys. 3, 764 


irstein, Phys. Rev 


gner and H B 


*W. Baltensperger, Phil. Mag. 44, 1355 (1953); see also G Ww. 


Castellan and F. Seitz, Semiconducting Materials, edited by H. K. 


2. ls BAND OF METALLIC HYDROGEN 


The simple picture for explaining the ionization 
energy of dilute donor impurities in a semiconductor 
assumes that all but one of the electrons of the donor 
atom participates in the binding (or bonding) of the 
crystal, and that the remaining electron then sees the 
donor ion as a single positive charge. Thus, the donor 
ion and the extra electron look like a hydrogen atom; 
the energy required to remove the electron to a point 
far from the donor ion is given by the formula for the 
ionization energy of atomic hydrogen if we replace the 
free electron mass by m,, the effective mass at the 
bottom of the conduction band, and take account of 
the fact that the dielectric constant « of the semi- 
conductor weakens the attraction between ion and 
electron. We then find for the ionization energy of a 
donor atom in a semiconductor 


En 4m.(e* x) hr 


= (m./m)x* ry = 13.60(m./m)x* ev, (1) 


where m is the free electron mass and m, is the effective 
mass at the bottom of the conduction band.’ This 
formula gives qualitative agreement with observed 
activation energies for impurities in semiconductors. 

A direct extension of the picture which identifies 
isolated impurities with free hydrogen atoms is one 
which relates interacting impurities to solid hydrogen. 
The form of solid hydrogen which we consider is the 
metallic form first studied by Wigner and Huntington ;' 
the restraining effect of the semiconductor lattice will 
keep the impurity atoms from clustering in the 
molecular phase, which is more stable than the metallic 
phase of hydrogen for large lattice constants. Our 
calculation is similar to the work of Baltensperger,* 
who applied the results to a discussion of impurity 
band conduction. Because of the very small effective 
mass of InAs and InSb, the overlap between donor 
electron orbits is much greater than in other known 


Henisch (Academic Press, Inc., New York, 1951), p. 8; C 
Erginsoy, Phys. Rev. 88, 893 (1952 

7A Rydberg (ry) is the ionization energy of atomic hydrogen 
for a nucleus of infinite mass. One ry equals 13.60 ev. 
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semiconductors; thus, the usual picture of impurity 
levels well separated from a conduction band will not 
hold here except for very low impurity concentrations. 
Our calculation extends the work of Baltensperger into 
this region of larger overlap between donor electrons. 

Let us first list some of the approximations under- 
lying this calculation: 

(a) The electron sees the donor ion as a single positive 
charge; the interaction between electron and ion is 
—e*/«r for all values of r. 

(b) The interaction of the electron with the periodic 
potential of the semiconductor lattice is taken into 
account by assigning to the electron an effective mass 
Me. 

(c) This effective mass is isotropic. 

(d) The impurity ions form an ordered array of high 
symmetry. 

(e) The zero level of energy is identified with the 
energy of the bottom of the conduction band in pure 
material. 

(f) No electrons are thermally excited from the highest 
filled band to the lowest empty band, and the impurities 
are uncompensated. 

The Schrédinger equation for the motion of an 
electron in the neighborhood of a donor ion in a semi- 
conductor is, on the basis of our assumptions: 


(fP, dr 


~[{ (?/2m.)l(l+1)r* 


(h?/2m, 


E)P,=0, (2) 


— (€/ar)— 


where P, is r times the radial part of the wave function 
belonging to angular momentum /. We put: 


r==(xm/m.)x, E=(m./mx*)e. (3) 


If we use Bohr radii as units of distance and Rydbergs 
as energy units we can write: 


(4 P,/dx*)+[ (2/x)+e—l(l+1)x* JP i(x) =0. (4) 


The energy es for the 1s wave function with propa- 
gation vector k=0 is found from the usual Wigner- 
Seitz boundary condition that the radial derivative of 
the wave function vanish at the surface of the unit 
sphere surrounding each ion. Our boundary condition is: 


{d[ x" Po(x) |/dx}s.=0 for « (5) 


€B, 


where x, is the radius of the unit sphere; see Eqs. (18) 
and (19) for expressions relating x, to the impurity 
concentration. 

The solution of Eq. (4) with the boundary condition 
given by Eq. (5) will give us eg, the energy of the bottom 
of the 1s band, as a function of x,. To find the energy 
levels for electrons with propagation vectors different 
from zero, we use a method developed by Bardeen. We 
assume that in the lower part of the band the energy 
is given approximately by 

e(k) =ep+ak’. (6) 


In other words, the is band of metallic hydrogen is 
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assumed to be parabolic in shape, with an effective 
mass a. Then the density of states (including a 
factor two for spin) is given by: 

(7) 
There is one orbital state in the 1s band for each atom; 
each of these states may be occupied by two electrons 


with oppositely directed spin orientation. We find for 
the width of the filled portion of the 1s band: 


p(e)=a*(e—e€g)*/2e Bohr radii ry™. 


w= (99/4)lax,? = 3.6832ax,* (8) 


Bardeen’s formula® for a is: 


eC Po(x.) (dle Pax) Vda) 


Py “df [ Po(x) Pdx 


This method of finding a is different from the one used 
by Baltensperger.* He found the energy of the top of 
the band from the boundary condition P;(x)=0, and 
used the band width to find the effective mass. Bardeen’s 
method is likely to be more accurate since it is valid for 
the region near the bottom of the band where the 
parabolic approximation holds best. A perturbation 
theory expression for a developed by Wigner and 
Seitz’ shows that a will be less than or equal to one if 
all the perturbing levels lie above the level in question. 
Thus a <1 for the 1s band, while Baltensperger finds 
values between 1 and 1.7 for x,<2. On the other hand, 
Baltensperger’s method gives a quick estimate for the 
width of a band, and can give such an estimate even 
for p bands and bands of higher angular momentum, 
where the parabolic approximation of Eq. (6) is no 
longer applicable. 

The solution of the reduced Schrédinger equation, 
Eq. (4), which vanishes at the origin is given for 
negative values of « by Whittaker and Watson” in 
the form : 


Pi(x)~M 9, 44(2u/n)~a'e 


-n)(2+l—n) i+-l—n) 


(2x 
(21+1+1) 


“ar i> 
| i i8(204+2)(214+-3) 


n)*>, 


10) 
where 


(11) 


n (=@ 


It is most convenient to choose a value for ¢, say 
e=ep, evaluate Po(x) by using this value, and then 
find the value of x for which the boundary condition of 
Eq. (5) is satisfied. Using this value of x,, we then 
calculate a using Eq. (9). A separate power series is 

* J. Bardeen, J. Chem. Phys. 6, 367 (1938) 

*E. Wigner and F. Seitz, Phys. Rev. 46, 509 (1934); see F. 
Seitz, Modern Theory of Solids (McGraw-Hill Book Company, 
Inc., New York, 1940), pp. 352-3. 

” E. T. Whittaker and G. N. Watson, Modern Analysis (Cam 


bridge University Press, Cambridge, 1950), fourth edition, Sec 
16.1 
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TaBie I. Calculated points for metallic hydrogen.* 


o(20)/¥0 


0.985 
0.967 
0.941 
0.870 
0.665 
0.410 


1.0000 
1.0000 
0.9999 
0.9995 
0.995, 
0.963 


0.03003 
0.06765 
0.12049 
0.27258 
0.7726 
1.580 


derived, using Eq. (10), for each of the factors needed 
to evaluate Eq. (9). For the values of eg which we 
consider, 1.€., €g< 


~2, the power series converge quite 
rapidly of 0.1% is 
terms in the power series are used. 


attained if ten 


an accuracy 


and 


The power series solution of Eq. (4) given above is 


useful for finding the wave function for the bottom of 
the 1s band. We will list here a number of solutions 
valid for other ranges of «. When —1<¢«<0, the 
expansion given by Kuhn" is convenient. For «=0, 


Eq. (4 


has the solution 


Pilx)~(8x)4J 


o141((8x)*), 12 


: is a Bessel function of order 2/+1. When 


use tables of Coulomb wave functions” 


<5 Finally, if « IA), 


13 


We list Table I the results of our calculation for 


en and for a as functions of x,. We used empirical fits 
for ¢, and a@ as functions of x, to draw up the more 
complete list of values given in Table II. The entries in 
since this 


are given as tunctions ol! x, 


juantity is proportional to the density of metallic 
hydrogen—-and to the concentration of impurities in a 
huctor 
I ] 19 | able IT, we list én. 


he Fermi level at al 


SeMICcOoOr 


rhe proportionality factor is given in 


a, and f, where fis the 


zeTo and is 


solute 


ATU 14 


approximate empirical expressions we used 


ulating the entries for Table II are 


15 


a 1+0.00622+0.0012/'+0.002x,° (16 


These expressions are good to within about 0.1% for 


x the range covered by our calculations, ie., 


<1.58 


0.03 « tr, 
r. S. Kuhn, Quart. Appl. Math. 9, 1 (1951 

* Tables of Coulomb Wave Functions, U. S. National Bureau of 

dards Applied Mathematics Series (U. S. Government 

Printing Office, Washington, D. C., 1952), Vol. 17 


tar 
Ma 
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We can qualitatively characterize our results for the 
1s band of metallic hydrogen by saying that for the 
range of lattice constants covered in our calculation the 
effective mass is slightly larger than the free electron 
mass. For small lattice constants, the energy of the 
bottom of the band is given approximately by —3/x,, 
and the width of the band by 3.68/x,?. As the lattice 
constant decreases, the Fermi level rises much more 
rapidly than the bottom of the band falls. It is this 
fact which is responsible for the shift of the absorption 
edge to shorter wavelengths with increasing impurity 
concentration in semiconductors with small effective 
mass. 

We have calculated the energy of the bottom of the 
2s and 2p bands, with the boundary condition used by 
Baltensperger,® i.e., vanishing derivative at the edge 
of the cell. (Note that the bottom of the 2p band will 
not be at k=O, but at the edge of the Brillouin zone 
along the cubic axes.) Baltensperger found that in the 
range of lattice constants covered in his calculation the 
2s band was always well above the top of the 1s band, 
while the bottom of the 2p band crossed the top of 
the 1s band for x,~2. We have verified that for smaller 
lattice constants the 2s band remains well separated 
from the 1s band; the bottom of the 2 band remains 
below the top of the 1s band for lattice constants 
smaller than the crossover value. However, the bottom 
of the 2p band never falls below the energy level at 
which the 1s band is half-filled. In other words, the 
density of states below the Fermi level at absolute 
zero is the density of states in the 1s band alone, with 
no other band contributing. 


Application to Semiconductors 


Our calculation to this point, as summarized in 
Table II, refers directly only to metallic hydrogen. We 
can easily convert the results so that they apply to 
impurities in semiconductors. The conversion factor 
for the energy scale, as in Eq. (3) is: 


Exp/en= F/ f=13.60(m_/m)x*. (17) 


Taste II. 1s band in metallic hydrogen.* 


xe? firy a entry 


3984 — 100 
2257 —75.6 
1369 — 59.2 
761 —H4 
452.: —34.6 
571.6 228 —25 
246.1 125.! —18.9 
117.4 73.! — 14.79 
49.38 38.44 —11.11 
16.31 15.95 —7.72 
6.36 6.94 — 5.67 
2.168 2.14 —4.00 
0.690 0.06 —2.78 
0.253 —0.62 


1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
0.9999 
0.9998 
0.9997 
0.9995 
0.9990 
0.998, 
0.995, 
0.987 
0.963 


36 930 
15 940 
7630 
3230 
1521 


— 2.041 





* f is the Fermi level at absolute zero, ic. the energy at which the Is 
band is half filled. The other quantities are defined as in Table I. See Eqs 
17) and (19) to apply these numbers to impurities in semiconductors 
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Here the units are electron volts for the quantities 
referring to the semiconductor (Eg,F) and Rydbergs 
for the quantities referring to metallic hydrogen 
(es,f). Eg and F give the energy of the bottom of the 
ls impurity band and the energy of the Fermi level at 
absolute zero, respectively, relative to the energy of 
the bottom of the conduction band in pure material. 
To relate x, to the impurity concentration we note 
that the radius r, of the cell surrounding each impurity 

atom is given by: 
4er,'/3=Np", 


(18) 


where Vp is the donor concentration. If we use Eq. 
(3), we find 


x, *=6.2064X 107-7* (xm/m.)°N p, (19) 


where x, is given in Bohr radii and Vp in cm™. Using 
Eqs. (17) and (19), with suitable values for the dielectric 
constant and the effective mass, we can convert the 
entries of Table II into graphs showing the dependence 
of the Fermi level on impurity concentration. 


3. COMPARISON WITH EXPERIMENT 


The experiment to which the foregoing calculations 
most closely apply is the dependence of the optical 
energy gap on impurity concentration. The experiments 
give AE, the difference between the optical energy gap 
in an impure sample and the gap in a pure sample. 
From the theory one can determine the position of the 
Fermi level, given x and m,. The shift of the edge is 
related to the Fermi level by the equation, 


SE=(1+(m./m,) |}(F—-ykT), (20) 


where m, is the effective mass near the top of the 
valence band. Equation (20) is similar to an equation 
given by Burstein,‘ who used y=4. In general, y will 
depend both on the value of F and on ag, the value of 
absorption constant used to define the edge. For 
sufficiently low values of ag, 7 will increase continuously 
from zero as the Fermi level rises. Also, y will decrease 
as ag increases. This explains why the National Bureau 
of Standards’ points (ag~10*) in Fig. 2 lie below the 
Bell Telephone Laboratory* points (ag~10*). 


Taste III. Experimental results for indium arsenide.* 





Optical Doping 

Sample No-Na (cm gap (ev) agent 

9 5x 10** 0.30, none 

8 2x 10" 0.32, none 
15 1«10"* 0.35 Se 
25 3X 10"* 0.365 Se 
27a 3.3 10"* 0.40 Se 
12 6x10" 0.44, Ne 
28a 7.710" 0.46 Se 
24 1.810" 0.475 Se 
29 2.1K 10" 0.57 Se 
11 —7X10" 0.29% Cd 











* Np —N 4 was determined from the saturation value of the Hall constant 
at low temperatures. The optical gap given here is the room temperature 
value, for an absorption constant of 30 cm™. 
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Fic. 1. The top curve shows the theoretical Fermi level at 


absolute zero for InAs as a function of donor impurity concen- 
tration; the bottom curve shows the energy of the bottom of the 
ls impurity band. Both are given relative to the energy of the 
bottom of the conduction band in pure InAs. « is the dielectric 
constant, m, is the effective mass at the bottom of the conduction 
band, and m is the free electron mass. The points are our experi- 
mental results for the shift of the optical energy gap with im 
purity concentration 


In comparing AE and F for InAs and InSb, we have 
neglected the term (m,./m,) in Eq. (20), since no data 
for m, are available. Thus our value-for m, will be too 
low by perhaps 10%, which is within the uncertainty 
in m.. For a different method of analyzing the optical 
data, see the paper of Kaiser and Fan.” 


Experimental Results for InAs 


The results of our determination of the optical 
energy gap as a function of impurity concentration in 
indium arsenide are summarized in Table IIT. The 
samples were prepared in evacuated sealed Vycor 
containers, described previously.“ The optical 
samples were about 1 mm thick, with ground and 
polished surfaces. Large cleavage faces are not obtained 
with this material. The transmission samples are poly 
crystalline, but in most cases they contain only a few 
crystals. Two transmission curves have been previously 
published." 

In order to make our determination of the optical 
absorption edge independent of sample thickness, we 
calculated the absorption constant as a function of 
energy, assuming 50% reflection loss. The absorption 
gap, or edge, was defined as the energy for which the 
absorption constant is 30 cm™. This was a convenient 
value because of the thickness of our samples, but has 
no other special significance. Lacking data for a very 
pure sample, we estimate that the absorption edge 
') for pure InAs at room temperature would 


as 


(at 30 cm™ 
be 0.32 ev. 
Our results for the shift of the absorption edge with 
impurity concentration are given by the points of 
Fig. 1. For comparison we draw a curve for the Fermi 
“ W. Kaiser and H. Y. Fan, Phys. Rev. 98, 966 (1955) 
“R. M. Talley and D. P. Enright, Phys. Rev. 95, 1092 (1954) 
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Fig. 1 


ome from references 2 and 3, respectively 


s are defined as ir The points marked 


BTL and NBS « 
level at absolute zero based on Table II, using’® 11.6 
as the value of constant. We have used 
m.=0.055m for the conduction band effective mass; 
a smaller value would raise the curve showing the 
position of the Fermi level, while a larger value would 
lower it. In view of the considerations mentioned above, 
| edge will lie somewhat below the Fermi level; 
theoretical curve for m,=0.055m, therefore, agrees 
with the experimental points. We have 
ilso drawn the curve for Eg, the energy of the bottom 
this curve is quite insensitive to the 


the dielectric 


the opt ‘ 


the 


of the 1s band: 
value of effective mass used 

An interesting effect is observed in the three samples 
in Fig. 1 drawn for a donor concentration of 2X10". 
hese samples were prepared from arsenic of about the 
same purity, and are assumed to have about the same 
donor concentration. They correspond to samples 8, 9, 
and 11 of Table III, with sample 8, which is assumed 
to be nearly uncompensated, having the biggest optical 
gap. Sample 9, which we assume to be partially com- 
pensated although no impurities were purposely added, 
has a smaller gap. Sample 11 was purposely doped with 
Cd, and was p-type; it has the smallest gap of the three. 
We can explain this behavior by saying that the three 
samples represent different stages of the emptying 
of the 1s impurity band, with the electrons being 
drained off to acceptor atoms. This could account for 
the observations, but a theoretical study of the de- 
pendence of impurity band energy levels on degree of 
compensation is needed, as well as further experimental 
study of compensated samples. 


InSb 


In Fig. 2, we show a theoretical curve for the Fermi 
level at absolute zero and experimental points for the 
shift of the optical energy gap as a function of impurity 
concentration for InSb. The experimental points are 
taken from data of Hrostowski ef al.? and Breckenridge 


* F. Oswald and R. Schade, Z. Naturforsch. 9a, 611 (1954) 
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et al.,* marked BTL and NBS, respectively. The BTL 
points correspond to various absorption constants of 
the order of 10° cm; the NBS points are in the 10° 
cm~ range. The theoretical curve is calculated using a 
dielectric constant of'* 16.8 and an effective mass for 
the conduction band of 0.03m. 


4. DISCUSSION 


A quantitative check of the value of effective mass 
required to fit the experimental! results for the shift of 
the optical absorption edge as a function of impurity 
concentration is possible for InSb, where the effective 
mass in the conduction band has been measured by 
cyclotron resonance. The value found by Dresselhaus 
et al.* is (0.01340.001)m. This is to be compared with 
the value 0.03m, which gives approximate agreement 
between the theoretical Fermi level and the optical 
points. One way to explain the discrepancy would be to 
assume that there is more than one minimum in the 
conduction band. There would then be a g-fold multi- 
plicity in the impurity band, where g is the number of 
minima in the conduction band. This has been discussed 
in connection with impurity states in silicon and 
germanium by Kittel and Mitchell’? and by Kohn and 
Luttinger."* The approximate effect on our results 
would be to decrease the effective mass required to 
explain the optical data by a factor g!, since the optical 
effective mass is essentially a density-of-states mass. 
The cyclotron resonance mass would still refer only toa 
single minimum. 

A second effect which acts to improve the agreement 
between the cyclotron resonance effective mass and 
the optical data as interpreted by our theory is the 
lowering of the energy levels which results from the 
fact that in the neighborhood of the donor ion the 
dielectric constant of the lattice is no longer effective 
in reducing the Coulomb attraction between ion and 
electron. This effect is, in part, responsible for the 
differences between the ionization energies of different 
impurities in germanium, and in silicon. A quantitative 
treatment would require a calculation similar to the one 
described by Kohn and Luttinger."* If this effect were 
appreciable one would expect the shift of the optical 
absorption edge to be measurably different for different 
impurities in the same column of the periodic table, 
e.g., for S and Se or Te in InAs. 

The most serious objection to a calculation like ours 
is its neglect of randomness. The work of James and 
Ginzbarg” and of Aigrain and Jancovici® has shown 
that when impurities are randomly distributed, there 
will be a tail in the density of states at both edges of 


* Dressclhaus, Kip, Kittel, and Wagoner, Phys. Rev. 98, 556 
(1955). 

'7C. Kittel and A. H. Mitchell, Phys. Rev. 96, 1488 (1954). 

*W. Kohn and J. M. Luttinger, Phys. Rev. 97, 883 (1955); 
98, 915 (1955). 

*H. M. James and A. S. Ginzbarg, J. Phys. Chem. 57, 840 
(1953). 

* P. Aigrain, Physica 20, 978 (1954) 
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the band. What influence this will have on our results 
remains to be determined. 
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Detection of Vacancies Created by X-Rays in Sodium Chloride 
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The creation of vacancies in sodium chloride by x-rays is detected using optical techniques. The F-band 
absorption produced by ultraviolet irradiation is measured and the band is then optically bleached. The 
crystal is then x-rayed and optically bleached. The crystal is again subjected to the same ultraviolet radiation 
as it received prior to x-raying, and the optical absorption of the F-band is remeasured. It is found that the 
sensitivity of a single crystal of NaCl to ultraviolet radiation is enhanced by a factor of 100 after it has been 
exposed to 40-kvp x-rays at 13 milliamperes for 30 minutes. Experiments are also performed to determine 
the stability at room temperature of the excess vacancies under visible and ultraviolet radiation. 


INTRODUCTION 


HE generally accepted model for the F-center in 

the alkali halides is that it consists of an electron 
trapped at a negative-ion vacancy in the lattice. This 
model of the F-center was tested experimentally by 
Estermann, Leivo, and Stern.' It had been determined! 
that the F-band which is observed in various alkali 
halides is greater than that which would be expected 
on the basis of the number of vacancies in the crystal 
before prolonged x-ray irradiation. If this model is valid 
then the dimensions of the crystal should change under 
or after such irradiation. This change was detected by 
Estermann, Leivo, and Stern who measured the de- 
crease in density of single crystals of KCI after x-ray 
irradiation. More recently the increase in the dimensions 
of alkali halide crystals under irradiation has been 
measured by Sakaguchi and Suita* using an electrical 
technique. Their experiment had been carried out in 
air and it has since been repeated by Lin and Russell’ 
in an inert atmosphere, thereby ruling out any surface 
effects due to atmospheric contamination. The work of 
Estermann, Leivo, and Stern did not show definitely 
that the decrease in density observed was not in part 
due to a change in the lattice parameter. Recently, 
Berry,‘ using an x-ray diffraction technique, has shown 
that the contribution to the increase in volume due to 
an increase in lattice parameter is negligible. The 
present work is not intended to substantiate the F- 
center model further, but to show that the creation of 


" 1 Bnemene Leivo, and Stern, Phys. Rev. 75, 627 (1949). 

2K. Sakaguchi and T. Suita, Technol. Repts. Osaka Univ. 2, 
177 (1952). 

+L. Lin and B. R. Russell, Phys. Rev. 99, 657 (1955). 

*C. R. Berry, Phys. Rev. 98, 934 (1955) 


vacancies by x-rays can be detected by using simple 
optical measurements. 


EXPERIMENTAL DETAILS 


The crystals used in this experiment were grown by 
the Kyropoulos technique using sodium chloride which 
had been treated with dithizone to remove any heavy 
metal impurities. The } in. x} in. plates were cleaved 
to 0.008 in.+0.001 in. in thickness to insure the useful- 
ness of the data on a comparative basis even if the F- 
band produced by the x-rays was not uniform through- 
out the crystal. 

The ultraviolet source was an Allen hydrogen-arc 
lamp with a lithium fluoride window. The x-ray machine 
used was operated at 40 kvp and 13 milliamperes and 
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Fic. 1. The growth of the F-band in NaC! during ultraviolet 
irradiation at room temperature. Measured at 44650 A 
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Fic. 2. The growth of the F-band in NaCl during ultraviolet 


irradiation in crystals having had the following x-ray exposures: 
4—15 seconds/side, B—30) seconds/side, C-—1 minute/side, 
D—2k minutes/side, E—5 minutes/side, F—15 minutes/side, 


N—not x-rayed 


was equipped with a Machlett OZG-60 tungsten target. 
The crystals were placed 5 centimeters from the target 
and were exposed on both faces to insure maximun 
of coloration. A Beckman Model-DU Spec- 
trophotometer was used to measure the optical density 
crystals in the 2100 A to 7000 A region of the 


spectrum and a Baird Associates vacuum spectropho- 


iniformity 
of the 


tometer was used below 2150 A. 

The bleaching experiments were carried out using a 
microscope illuminator unit containing a glass-envelope 
100w tungsten lamp with a water filter. In all the 
crystals used the F-band produced by x-raying was 
completely bleached in 30 minutes. The crystals were 
placed about 15 centimeters from the lamp. 


RESULTS 


The F-band absorption produced in a single NaCl 
crystal by irradiating with ultraviolet light prior to 
x-raying is shown in Fig. 1. If this crystal is optically 
bleached and recolored the rate of coloration is now 
somewhat greater, indicating that the ultraviolet light 


is itself capable of producing some vacancies. In order 


to show that x-rays create vacancies the following 
procedure is used. A crystal is colored by ultraviolet 


light for 6 minutes and the optical absorption at the 
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Fic. 3. The ab 
sorption at the peak 
of the F-band (4650 
; A) measured after 
Da successively coloring 
; with ultraviolet ra- 
diation and bleach- 
ing with visible light 
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peak of the F-band, ar’, is measured. The band is then 
optically bleached. The crystal is then x-rayed and the 
optical absorption of the F-band is measured. After the 
x-ray-induced F-band is optically bleached, the crystal 
is again exposed to ultraviolet light for 6 minutes and 
the F-band absorption measured. The increase in the 
F-band produced by ultraviolet radiation after x-raying 
over that observed before x-raying can be seen by 
comparing curves A,B,C,D,E,F to curve N in Fig. 2. 
The crystal represented by curve .V has not been x-rayed 
and is the curve is Fig. 1 replotted. It appears that 
more than a 6-minute exposure to ultraviolet light 
begins to bleach the F-band in the crystals which have 
been x-rayed. The shape of the curves in Fig. 2 suggest 
that two processes are active simultaneously, namely: 
The ultraviolet light creates F-centers in the crystals 
and also destroys some F-centers. The destruction of 
these centers can be shown to be due to the destruction 
of the excess vacancies introduced by x-raying by the 
following experiment. A crystal which has been x-rayed 
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Fic. 4. Growth curves of the x-ray-produced F-band in NaCl: 
@—measured after each x-ray exposure; © —measured after each 
x-ray exposure but with the F-band optically bleached before 
successive X-ray exposures 


and optically bleached is recolored with 15 minutes of 
light. The resulting F-band absorption, 
ap" = '_ is plotted in Fig. 3. The crystal is then 
optically bleached for 30 minutes and ap"” then is zero. 
When the crystal is again exposed to ultraviolet light 
for 15 minutes, ap"” is found to be 5.8 cm™. This cycle 
of bleaching and recoloring is repeated until there is 


ultraviolet 
9.6 cm 


no longer a decrease in ap”’. 

Since the cycle just described involves the use of 
visible light for bleaching, the question arises whether 
any part of the destruction of the x-ray produced 
vacancies is due to it. In order to determine this, two 
new. crystals were x-rayed simultaneously and then the 
F-band absorption was measured. The upper curve in 
Fig. 4 shows the growth of the F-band in the crystal 
which was never optically bleached. The lower curve 
in Fig. 4 shows a crystal which has been optically 
bleached after each x-ray exposure and the sequence 
of the absorption measurements is numbered. It can 





X-RAYS 


be seen that the two curves differ by less than 5%, 
which indicates that the act of optically bleaching a 
crystal has little effect in destroying vacancies. If 
x-raying had produced no vacancies, or if the bleaching 
light destroyed all the vacancies created by x-raying, 
then ay* would have always been about 25 cm™' for 
subsequent exposures. 

In order to ascertain that the enhanced F-band 
absorption, observed in those crystals which are colored 
by ultraviolet light after being x-rayed, is not due to 
an increased absorption of ultraviolet quanta, the ab- 
sorption spectrum of the crystals was measured in the 
ultraviolet region. Figure 5 shows the ultraviolet ab- 
sorption of a crystal before being x-rayed and after 
being x-rayed 30 minutes and optically bleached. This 
X-ray exposure is the same as that given the crystal 
denoted by F in Fig. 2. The ultraviolet absorption 
shown in Fig. 4 does increase after 30 minutes of 
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Fic. 5. The ultraviolet absorption spectrum of NaCl: a—before 
exposure to x-rays; @—after 30 minutes of x-rays and optical 
bleach of the F-band. 


x-raying by a factor of 2 but the ap" for crystal F in 
Fig. 2 has increased a factor of 100 over ap’ for crystal 
NV. This indicates that the increase in the ultraviolet 
absorption is not significant. It is interesting to note 
that there is an absorption band in the unirradiated 
NaCl at 1870 A. The nature of this band is not yet 
understood. 

The stability at room temperature of the vacancies 
introduced by x-raying was determined in the following 
way. Three crystals were x-rayed simultaneously and 
then optically bleached. One of the three was colored 
with ultraviolet light immediately after the completion 
of the bleach, the second was colored 2 hours later, and 
the third was colored 18 hours later. All three crystals 
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were found to have the same ap", indicating no de- 
tectable loss of vacancies from the crystal. 

Figure 6 shows the data of Fig. 2 plotted in such a 
way is to indicate the relationship between ap* and 
ap’’. The F-band absorption, ap*, is measured after 
x-raying but before bleaching the crystal. After opti- 
cally bleaching the F-band produced by x-rays, the 
crystal is exposed to 6 minutes of ultraviolet light and 
the F-band absorption, ar“’, is measured. The absorp- 
tion coefficient of the x-ray-created F-band does not 
grow as rapidly as that produced by the ultraviolet 
radiation, indicating that prolonged x-raying anneals 
out some of the F-centers. 

The same increased sensitivity to ultraviolet radi- 
ation after x-raying to before x-raying, as observed in 
NaCl, has been found to exist in KCl and KBr. It 
would have been desirable to have used monochromatic 
ultraviolet radiation for coloring the crystals, but a 
measureable F-band could not be produced with 
available sources in a reasonable time. It is interesting 
to note that even for very short x-ray exposures (30 
seconds, crystal A of Fig. 2) a marked increase in the 
sensitivity of the crystal to ultraviolet light is observed. 
If there is an induction period for production of vacan- 
cies by x-rays it must be Jess than the 30-second ex- 
posure used in this experiment. 

Although the crystals after having been x-rayed 
contain vacancies in excess of those inherent in the 
lattice, there is no observable diffusion of these vacan- 
cies to the surface of the crystal at room temperature 
in 18 hours. It does appear that prolonged exposure to 
ultraviolet light destroys these x-ray-produced vacan- 
cies, whereas irradiation with visible light only removes 
the electron from the F-center. 

The author wishes to thank Dr. J. H. Schulman, 
Dr. C. C. Klick, and Dr. D. L. Dexter, and Mr. R. J. 
Ginther for many stimulating discussions, and Mrs. E. 
W. Claffy for growing the single crystals. 
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Electron Emission from a Lattice Step on Clean Tungsten* 
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Electron emission has been observed from the edges of the outermost atom layer of a (110) crystal face of 
clean tungsten. A bright ring appears in the (110) area of the emission pattern on a pulsed T-F emission elec- 


tron microscope when current densities exceeding 10’ amp/cm?* are drawn. When the emitter is ma 


intained at 


an elevated temperature, T 2 1700°K, the ring decreases in radius and eventually disappears. This is followed 
by the appearance of a new ring at the periphery of the dark (110) region, making possible the observation of 
a sequence of such collapsing rings. An experiment is reported which associates the ring collapse with the loss 
of an atom layer from the cathode tip, causing a change in its length, which is equal on the average to the 
interplanar spacing of the (110) crystal direction. This association proves that electron emission is observed 
from a lattice step and provides a convenient means for the study of the corresponding processes by which 


cathode material is transported 


INTRODUCTION 
HE techniques of pulsed T-F emission microscopy’ 
have been employed in the present work to 
observe effects of atom transport processes active on 
the clean tungsten cathode surface at elevated tem- 
peratures. These processes have long been known to 
dull and shorten field emitters.*4 

An emission pattern detail is shown to originate in 
electron emission from the edge atoms of a lattice 
plane of atomic thickness. Further, the transport 
processes which dull the emitter are shown to remove 
such planes from its tip in a manner which is detectable 
through the pattern detail. 

The ability to identify and trace the progress of a 
lattice edge of atomic thickness may find a number of 
uses. For example, an accurate measurement of length 
change may provide means for calibrating the magnifi- 
cation and resolution of commercial electron micro- 
scopes. Also, the ability to resolve an atomic lattice 
step may prove useful for crystal surface studies where 
present optical interferometric methods‘ have been 
limited to 15 A step-height resolution. It is also clear 
that the methods herein discussed may be used in 
quantitative studies of the transport mechanisms 
occurring on small, heated metal objects. Subsequent 
studies, to be reported later, indicate that the observed 
process is surface migration, and provide a measure of 
the constants involved in that process. 

Similar emission pattern effects have been observed 
by others*:*; however, direct proof of the resolution of 


* This work was sponsored by the Office of Naval Research 
For preliminary reports of this work see: Abstracts of the Field 
Emission Symposium, November 10-12, 1954, Mellon Institute, 
Pittsburgh, Pennsylvania; Trolan, Barbour, Martin, and Dyke, 
Phys. Rev. 98, 262(A) (1955 

'W. P. Dyke and J. P. Barbour, J. Appl. Phys. (to be pub 
lished) 

*E. W. Miller, Z. Physik 126, 642 (1949) 

*C. Herring, in Siructure and Properties of Solid Surfaces, edited 
by R. Gomer and C. S. Smith (University of Chicago Press, 
Chicago, 1953), pp. 50, 63 

* Ajit Ram Verma, Crystal Growth and Dislocations 
Press, Inc., New York, 1953) 

+E. W. Miller, 16-mm Film, Tagesztg. Deut 
September 1951, in Karlsruhe (unpublished) 

E. W. Miller, J. Appl. Phys. 26, 732 (1955) 
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electron emission from the edge of an atomic plane has 
not been found in the literature. 

his paper offers the first conclusive proof that elec- 
tron emission is observed from a surface irregularity 
of atomic dimensions. It would appear that these tech- 
niques may be extended to determine whether emission 
is observed from the single atom or molecular site, 
about which there has been much speculation, but as 
yet no adequate proof.7~* 


DESCRIPTION OF PHENOMENA 


A discussion of the difference between emission 
patterns obtained from tungsten during pulse and steady 
state operation will help to clarify the present methods. 
Figure 1 shows the contrast between (a) the emission 
pattern from clean monocrystalline tungsten at high 
current density (J=5X10’ amp/cm*) obtained with 
pulsed electric fields, and (b) the pattern at low current 
density (J=25 amp/cm*) obtained with steady state 
fields. In (b) the crystal planes with low Miller indices 
can be correlated with the large dark regions of the 
pattern in a well-known manner," and correspond to 
the regions of high effective work function and hence 
of low electron emission. Recent measurements* show 





a b) 


Fic. 1. Photographs of electron projection patterns from a clean, 
monocrystalline tungsten emitter under the conditions of (a) high 
current density, J = 5X10’ amp/cm*, during pulse T-F operation 

note the ring at R in the central dark area); and (b) low current 
density, J =25 amp/cm’, typical steady-state field emission. 


7 E. W. Miller, Z. Naturforsch. 59, 473 (1950): 

* R. Gomer and D. A. Speer, J. Chem. Phys. 21, 73 (1953) 
* J. A. Becker, J. Chem. Phys. (to be published). 

” E. W. Miller, Z. Physik 106, 541 (1937). 
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ELECTRON EMISSION 
the ratio of current density in the brightest regions of 
the clean tungsten pattern to that in the dark central 
(110) plane to be greater than 16 000/1 at the relatively 
low fields (2.5X10’<F<3.5X 10’ v/cm) generally em- 
ployed in steady state emission. It becomes apparent 
that observation of emission in the(110) crystal direction 
under such low fields is difficult and requires shielding 
the phosphor from scattered light and other excitation 
sources including x-rays, secondary electrons, and 
negative ions. Miiller* reports this accomplishment in a 
tube where a metal anode shielded the phosphor from 
all electron emission except that ociginating in the 
central (110) region. 

The pattern of Fig. 1(a) differs from that of 1(b) in 
several respects. First, the emission occurs over an 
increased area as evidenced by the spreading of the 
emission to crystal planes further from the central (110) 
region and by the decrease in the area of the dark 
“holes.” Second, the current density becomes more 
uniform over the pattern as evidenced by the decrease 
in contrast between the highest and the lowest current 
density regions." This can be attributed to two causes: 
(1) a decrease in the ratio of current densities between 
the low and high work function regions at high fields, 
as compared with the ratio at low fields as predicted by 
the Fowler-Nordheim field emission theory,” and (2) 
electron space-charge effects” which tend to prevent 
further current density increase in “bright” regions 
while permitting such increase where current density 
is still relatively low. These two effects decrease the 
pattern contrast and make it possible to observe detail 
that may occur in the low-index planes such as at R 
of Fig. 1(a), where a bright ring" of emission is apparent 
near the periphery of the central (110) dark region. 
When patterns such as Fig. 1(a) are observed by the 
methods of pulsed 7-F emission microscopy as described 
in reference 1, and when a cathode temperature in the 
range 1700° to 3000°K is used for tungsten, the ring 
R in the figure is seen to decrease in diameter and 
eventually to disappear; later another ring will appear 
and the process of ring collapse can be repeated. Such 
a sequence is illustrated in Fig. 2. The ring initially 
becomes apparent at the periphery of the dark (110) 
area as illustrated at R in Fig. 2(a), and as the emitter 
temperature is kept constant the ring continuously 
decreases in diameter as shown in Figs. 2(b) and (c) 
until it finally vanishes as at (d). Following the dis- 
appearance of the ring, the 110 region remains devoid 
of detail for a short period of time, after which another 
ring can be resolved at the periphery, to be followed by 





" Dyke, Trolan, Dolan, and Grundhauser, J. Appl. Phys. 25, 
106 (1954). 

4 R. H. Fowler and L. W. Nordheim, Proc. Roy. Soc. (London) 
A119, 173 (1928). 

4% Barbour, Dolan, Trolan, Martin, and Dyke, Phys. Rev. 92, 
45 (1953). 

“4 Not to be confused with the “ring and tilt” associated with 
vacuum arc initiation. [Dyke, Trolan, Martin, and Barbour, 
Phys. Rev. 91, 1043 (1983). 
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(a) (b) 





(c) (d) 


Fic. 2. Photographs of the central 110 plane on the emission 
pattern showing successive stages of ring collapse [(a) through 
(d) ] corresponding to the dissolution of the outermost atom layer 
from the 110 crystal plane of the heated tungsten tip, viewed by 
pulsed T-F emission electron projection microscopy. 


the shrinking sequence described in the foregoing. 
If a constant, high emitter-tip temperature is main- 
tained, the sequence will recur at nearly uniformly 
spaced intervals of time. The repetitive pulsing tech- 
nique is used only for purposes of viewing the pattern ; 
at the pulse lengths and repetition rates used herein, i.e., 
1 usec and 30 to 1000 pps (pulses per second) respec- 
tively, the average value of the electric field is negligible. 

The number of such collapsing rings per unit of time, 
herein referred to as “ring rate,” increases rapidly with 
increasing tip temperature, decreases with increasing 
radius of curvature of the tip, and decreases with 
increasing polar angle for a given type of crystal plane. 
It is also strongly dependent on the state of cleanliness 
of the tip surface; for example, less than a monolayer 
of carbon will impede the rate of ring collapse on 
tungsten. A ring may be “frozen-in” or held at any 
diameter by reducing the tip temperature below 
1000°K.. 


PROPOSED ORIGIN OF EMISSION IN THE RING 
AND THE MECHANISM OF RING DISSOLUTION 


The existence of the ring can be explained on the 
basis that the corresponding electron emission originates 
at the edge atoms of the top atom layer of the (110) face 
as illustrated in Fig. 3. Geometrical considerations show 
the electric field at the edge atoms to be greater than 
that existing at the smooth, tightiy packed surface of 
the plane; these edge atoms may also present a lower 
effective work function due to increased surface 
roughness.'® Both effects result in increased field 
emission as compared with that of their surface 
neighbors. Thus a ring of emission would be expected to 


“* R. Smoluchowski, Phys. Rev. 60, 661 (1941). 
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Fic. 3. Cross section of idealized emitter tip showing two 


outermost atom layers. Emission forming pattern ring originates 
in the vicinity of edge atoms (R) of top layer. Edge atoms at R 
are least tightly bound and when thermally agitated may be 
removed by surface migration as at M or by volume diffusion into 
vacancies in the metal lattice as at D 


occur and also to be resolved in the emission pattern 
detail, provided the diameter of the top lattice step 
was sufficiently smaller than that of the underlying 
step to be resolved by the field emission microscope. 
The resolving power of the device is calculated to be 
about 40 A for the smooth cathode’* and 3 A in the 
presence of surface roughness."’ If an emitter tip having 
a radius of about 1000 atoms, a size appropriate for this 
study, is idealized as a hemisphere, several single lattice 
steps should be individually resolvable with the field 
emission microscope; however, the shape assumed by 
the cathode at elevated temperatures is such that the 
low-index planes are extended in size and lattice steps 
become bunched in the region between the simple 
planes. A resolvable separation between the edge of the 
top atom layer and underlying layers occurs occasionally 
following flash heating of the tip, or periodically on a 
continuously heated emitter. 

If the emitter tip is maintained at an elevated tem- 
perature, the thermal energy of the atoms may become 
sufficient to break some of the bonds of the less tightly 
bound edge atoms, as at R of Fig. 3. These atoms may 
then proceed across the plane by surface migration, as 
represented by the arrow at M, or they may, by the 
process of volume diffusion, follow a path D into the 
interior of the metal. The rates of these transport 
processes have been discussed by Herring.’ At high 
temperatures evaporation can remove atoms; 
however, at the temperatures employed in this work, 
the latter process can be neglected. The removal of 
atoms from the lattice step results in a decrease in the 
diameter of both the top atom layer and its associated 
emission ring. 

The proposed explanation of the ring formation and 
removal assumes that electron emission from the edge 
of a single atom layer is resolved. The following experi- 
ment establishes that assumption and gives assurance 

“ E. W. Miller, Z. Physik 120, 270 (1943 

’D. J. Rose, Phys. Rev. 98, 1169 (1955) 


also 


MARTIN, AND DYKE 
that rings, under the conditions of the present experi- 
ment, do not correspond to multiple atom layers. 


EXPERIMENTAL PROCEDURE AND RESULTS 


The purpose of the experiment was to observe a 
sufficient number of successive collapsing rings on the 
emission pattern from a single tip that, if one assumes 
each ring to be associated with the removal of one or 
more atom layers, the resulting change in emitter tip 
length would be large enough to be accurately measured 
by other means. A convenient method of such measure- 
ment is by use of electron micrographs where a resolu- 
tion of 100 A requires a total of about 400 rings for a 
reasonably accurate measurement of emitter length 
change. 

In order to have a reference point from which to 
measure the emitter-tip length, it is necessary to have 
some identifying mark or characteristic in the vicinity 
of the tip, which will remain fixed relative to the bulk 
of the emitter during heat treatment. Desirable refer- 
ence markings were produced when emitters were 
fabricated from tungsten wire composed of small 
crystals about 10-* to 10~* cm in length. Emitters 
etched from this stock were smooth and uniform 
following the etching process. They were then heated in 
good vacuum at a temperature of 2000°C from two 
to ten minutes for the dual purposes of forming inden- 
tations at crystal boundaries as at point P of the tip 
shadowgraph of Fig. 4(a), and to smooth and round 
the tip to the extent indicated in the same figure. 
Further heating to clean and outgas during the final 
evacuation process was held to a minimum to reduce 


Fic. 4. Electron mi- 
croscope shadowgraphs 
of the profile of emitter 
X160. A, before opera- 
tion, with length-refer- 
ence point indicated at 
P. B, superposition of 
shadowgraphs obtained 
before and after opera- 
tion with matched refer- 
ence indentations at P. 
C shows an expanded 
view of the superim- 
posed tips; AL is the 
decrease in emitter 
length resulting from 
the collapse of 
rings. 























ELECTRON EMISSION 


undesired changes in the emitter length. The double 
indentations in the shank of the emitter shown in Fig. 
4(a) serve as double reference points and permit 
detection of possible reference point shift through grain 
growth. No change in grain size or movement of grain 
boundaries was noted during the experiment. In other 
cases, curved emitter blanks afforded an independent 
reference for the measurement of length change. 

After fabrication, electron micrographs were obtained 
and each emitter was mounted in an electron projection 
tube," evacuated as previously described"* and sealed 
off at a pressure of about 10-* mm of Hg. After seal-off 
and prior to operation, tantalum gettering decreased the 
static, chemically active gas pressure to about 10" 
mm of Hg. 

During 7-F emission, the total number of collapsing 
rings was determined either by direct count, as was 
done in the case of emitter No. X127 of Table I, or 
by observing the rate at known intervals of time and 
adding the individual rate-time products. After the 
collapse of some 2000 to 3000 rings had been observed, 
the emitters were removed from their envelopes and 
again micrographed at a known magnification. The 
shadowgraphs of each emitter obtained before and 
after the ring count were then adjusted to the same 
magnification and carefully superimposed at the 
reference notches as at P in Fig. 4(b) and the change in 
emitter length measured. Table I shows a column of 
values of the measured change in length for three 
emitters with an uncertainty estimated at +10% 
which includes errors due to microscope calibration and 
matching the micrographs as the principal sources. 
Table I also shows for comparison purposes the pre- 
dicted change in length for each emitter, assuming that 
each collapsing ring is associated with the removal of a 
single atom layer from the (110) plane of the tip. The 
interplanar spacing in the (110) crystal direction for 
tungsten is 2.23X10-* cm; thus, for example, the 
removal of 2500 atom layers from the tip amounts to a 
length change of 5.6X10~* cm. Good agreement is 
noted between the measured and predicted columns of 
the table. 


CONCLUSION 


The foregoing describes conditions under which the 
emission from the edge atoms of an atomic plane on 
the (110) face of clean tungsten is resolved in the field 
emission microscope. The results show that the collapse 
of an emission ring of the type described is associated 


* W. P. Dyke and J. K. Trolan, Phys. Rev. 89, 799 (1953). 
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Taste I. Number of collapsing rings and change in 
emitter length, for three emitters. 


Comp in emitter 
ngth 
Predicted value 











on the basis: 1 
Emitter Number ring to 1 Measured value from 
designation of rings atom layer emitter shadowgraphs 
X160 3000 6.7X10"* cm (6.4+0.6) X 10™* cm 
X127 1960 4.4X 10° cm (5.0+0.5)X 10"* cm 
Q218 2500 5.6X 10~* cm (5.70.6) X 10™* cm 








with the dissolution of a single layer of atoms from the 
plane in question. 

Since, by these means, one can identify the removal 
of such minute quantities of material as a single layer or 
a portion of a single layer from an emitter tip, one has a 
convenient tool for studying the mechanisms of atom 
transport and their dependence on various parameters. 
The advantages of this technique are several: (1) 
transport measurements can be made on an emitter 
while its gross geometry, which through mean surface 
curvature mainly determines the transport rate,’ is 
essentially constant; (2) the transport process is made 
continuously visible through electron emission resulting 
from a high electric field, yet undesired effects due te 
the field can be avoided by use of pulsed operation at a 
very low duty-cycle'; (3) the temperature necessary 
for the transport of detectable amounts of tungsten 
cathode material also causes evaporation of most 
surface contaminants, so that the surface is maintained 
in a relatively clean condition. 

Direct observation of a virtually instantaneous 
transport rate may be useful in several related problems. 
By measuring the dependence of the ring rate on tem- 
perature one may deduce the activation energy of the 
process involved; such a result should be readily 
accessible for several metals. Rates of transport may be 
expected to depend not only on temperature but on 
temperature gradient, surface curvature and its 
gradient, applied field, state of cleanliness or contami- 
nation, and perhaps other factors. Conversely, study 
of the rate during controlled variation of these param- 
eters may clarify some of the present obscurity 
concerning the mutual relationship of the corresponding 
mechanisms. 
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Statistics and Galvanomagnetic Effects in Germanium and Silicon 
with Warped Energy Surfaces* 
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A method is developed for calculating the statistical properties and galvanomagnetic effects of p-type Ge 
and Si for weak magnetic fields. The calculations involving the use of the Boltzmann transport theory are “ 
applied to the warped energy surfaces which have been determined by the cyclotron resonance experiments. 
Expressions are developed for the hole densities, conductivity, effective masses, intrinsic carrier concentra- 
tion, and Hall coefficient as a series expansion in terms of the anisotropy parameters of the warped surfaces. 
Results have been obtained for the assumption that the relaxation time r=/e~, where / is a constant, ¢ is the 
energy of the carriers and ) is a parameter whose numerical value depends on the scattering processes. By 
using the results of the calculations and existing experimental data, a speculation is made concerning the 
possible change with temperature of the combined effective mass of holes in germanium and the corres- 





ponding change in the band structure. 


I. INTRODUCTION 


INCE the energy surfaces for the bottom of the 
conduction band and the top of the valence band 

are now reasonably well known for germanium and 
silicon, it is desirable to carry out the statistical and 
galvanomagnetic calculations for these materials taking 
into account the nature of the energy surfaces. For the 
ellipsoidal models these calculations have been clearly 
outlined by Abeles Shibuya.” 
However, the comparable task for holes, where the 
energy surfaces consist of two sets of degenerate warped 
‘ has not yet Calculations for 

p-type germanium based on appropriate approxima- 
tions in terms of spherical energy surfaces but taking 
both types of holes into account® have been very effec- 
tive for describing the Hall effect and magnetoresistance 
effects as a function of the magnetic field. However, this 
treatment for directional effects of 


and Meiboom! and 


spheres," been done. 


cannot account 
either the magnetoresistance or the Hall effect. 

We shall describe a method for carrying out calcula- 
tions of the statistical properties and the galvano- 
magnetic effects of germanium and silicon which is 
valid for weak magnetic fields and takes the anisotropy 
into account. The results are directly applicable to 
materials which have a structure similar to that of the 
valence band of these two semiconductors. This paper 
deals specifically with problems related to the hole 
effective masses, intrinsic 
carrier Hall coefficient. A later 
publication will’apply the techniques discussed here to 
the interpretation of directional effects of the magneto- 
resistance in p-type germanium and silicon. 


densities, conductivity, 


concentration, and 


* The research in this document was supported jointly by the 
Army, Navy, and Air Force under contract with the Massachu 
setts Institute of Technology 

1B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954 

*M. Shibuya, Phys. Rev. 95, 1385 (1954 

* Dexter, Zeiger, and Lax, Phys. Rev. 95, 557 (1954) 

‘R. N. Dexter and B. Lax, Phys. Rev. 96, 223 (1954 

+ Willardson, Harman, and Beer, Phys. Rev. 96, 1512 (1954 
this reference will be referred to hereafter as WHB 


Il. THEORY 


By using results of the Boltzmann transport theory® 
an expression for the current density in the presence of 
electric and magnetic fields can be obtained as a power 
series in terms of the magnetic field H. The contribution 
to the current density j; from a constant energy surface 
may be expressed as 


f= GE j+o pk irtoijimEj;H iH, 
+¢ijtmnEj;H AnH at:::, (1) 


where E;, Hi, H.., and H, are the electric field and 
magnetic field components respectively. Since the 
surfaces that we are discussing possess cubic symmetry, 
the conductivity coefficients also must have cubic 
symmetry as can be seen from the expressions in Appen- 
dices A and B which are given in terms of the param- 
eters of the energy surfaces. Thus the first coefficient in 
Eq. (1) is the usual zero-magnetic-field electrical con- 
ductivity, the second coefficient is associated with the 
nondirectiona! Hall effect, the third is associated with 
the magnetoresistance which may be directional, and 
the fourth term gives the directional properties of the 
Hall effect. Since in practice the coefficients become 
increasingly complex to evaluate, we shall restrict our 
calculations to the first three coefficients. These are 
defined in Appendix A, in the manner of Abeles and 
Meiboom.' 

From the definitions of the coefficients it is seen that 
in order to carry out specific calculations, it is necessary 
to specify (a) the shape of the energy surfaces at the 
top of the valence band and (b) the dependence of the 
relaxation time on the wave vector k. 


A. Shape of the Energy Surfaces 


Observation of cyclotron resonance in p-type ger- 
manium’ and silicon‘ indicate that near the top of the 
valence band the energy surfaces in both of these semi- 
conductors consist of warped spheres. There are two 


*A. H. Wilson, The Theory of Metals (Cambridge University 
Press, London, 1953), second edition, p. 224. 
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sets of such surfaces with their maxima at the center of 
the first Brillouin zone and corresponding to two kinds 
of holes. Using this model, Dresselhaus, Kip, and 
Kittel’ have shown by means of a perturbation calcula- 
tion that the energy e, as a function of the wave vector 
k, can be expressed in the following form: 


he 
== ~—tA ke+ CBR+C (Rk +kok i +k ek) }} * 
<M 


(2) 


Here the plus sign is associated with the holes of the 
small effective mass and the minus sign, with holes of 
the larger effective mass. The k coordinate system is 
coincident with the cubic axes, mo is the mass of the 
free electrons and A, B, and C are constants determined 
experimentally** to have the following values*: 


For germanium: A=13, B=8.7, and C=11.4; 


For silicon: A=4.1, B=1.4, and C= 3.7. 


B. Relaxation Time 


The relaxation time r will be assumed to be dependent 
on the energy, ¢, as follows: 


r=le, (3) 


where / is a constant and A is a parameter whose numer- 
ical value may be chosen to best approximate the 
principal scattering mechanism. The relaxation time r 
should actually be taken as a combination of terms of 
the type in Eq. (3). For example, if lattice and impurity 
scattering are both to be considered, \ is chosen as 4 
and —} respectively; hence the total relaxation time r 
is given by 


1/r=(1/7:)+(1/7,), (4) 


where r; and 1, are the lattice and impurity scattering 
relaxation times respectively. For our purposes in the 
cases we are considering it will be sufficient to describe 
the situation by a single process. This simplifies the 
calculations considerably. We shall ignore interband 
scattering as such except perhaps in that a suitable 
dependence of r on energy may describe such a process. 
Hence in these approximations the contributions to the 
conductivity from the two degenerate surfaces will be 
assumed as simply additive. 

As can be seen from Eq. (2) the dependence of the 
energy on the components of the wave vector k is quite 
involved. For purposes of computation it is convenient 
to expand the expressions under the radical in increasing 
powers of the anisotropy term such that the series con- 
verges fairly rapidly. This is accomplished by suitably 
adding and subtracting a term $C*k under the radical. 
Thus Eq. (2) becomes, to the first order, 


? Dresselhaus, Kip, and Kittel, Phys. Rev. 95, 568 (1954). 
* The values for Ge have been revised from more recent data 
obtained by the Lincoln Group. 
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hk? 
e= ———(A+B’) 
2m 
(kth, +kok +k) 1 
BP oh HG 
kt 6 
=—g(0,o)eKT, (5) 


where B= (B+ 3C*)!, y=*4C/B (A+B), K is 
Boltzmann’s constant, T is the temperature, @ and @ 
are the usual spherical coordinates, and 

h®? (A+B’) 
£(0,6)= — —_— 

2m, KT 

X {1+ 47[sin?(cos'¢+sin'¢)+cos#—§F]}. (6) 





In this approximation, neglecting the next higher order 
term represents an error of about one percent for ger- 
manium and five percent for silicon under the worst 
conditions, namely in the high-mass energy surface 
with k along the [111] direction. The total error is 
probably less since the quantities to be evaluated have 
to be averaged over all angles. 

The choice of spherical coordinates, as we shall see, 
is essential for performing the integrations necessary to 
obtain the conductivity components. The integrals 
are computed by integrating first with respect to k and 
then with respect to @ and ¢. The general method may 
be illustrated by considering the simplest of the 
calculations, namely the density of holes. Assuming a 
Maxwellian distribution, the number of holes per unit 
volume, p, is given by’ 


bid eltrr) (KT 
p= f e(erte—P)IKTN (6) dems —— forrar, 
Lal 4r° 


er ‘woiKT ptt pat p® 
ae ee 


Xexp[ —g(0,o)k" jk*dk sinOdbdg, (7) 





where «¢, is the energy at the top of the valence band 
and ep is the Fermi energy level. After integrating over 
k, Eq. (7) becomes 


1 ~ 
po——etwranas f f [g(0,6)}" sinddidp. (8) 

16x! o “6 
The angular integrations are performed by first ex- 
panding [¢(6,@) |"! in the following series in y which is 
then integrated term by term over @ and ¢. 

t?(A+B’) ] ' 
2moKT 
XK (1—47g+ (15/8) 7° — (35/16) +--+}, (9) 


*W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), p. 240. 
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where q=4{sin9(cos‘¢+sin‘¢)+cos#—4]. For the p 
calculation, the first three terms in the series give an 
accuracy better than one percent for the holes of the 
larger mass in germanium. In any case, the expression 
for p is 
(2am KT)! 
p=|2 eer er (KT (A+B) 
ht 


X (140.057 +0.01635y7+0.00090087+ ---)]}. (10) 


The galvanomagnetic coefficients given in Eq. (1) can 
be evaluated using the same general procedure as was 
illustrated for the carrier density calculation. In this 
manner one obtains 


OW 
8 2xmoKT\! el 
( )e KT _P (5 2—r)(KT)>] 


My T he Mo 





x[(A+B)-4(140.016677+0.0413697 
+-0,00090679+4+-0.00091959/4 


+-0.00002106y°+ (11) 


++) By, 


32a eT 


ete PUET(R TROP (5/2 2)| 





3 héc(2me,)§ 
« [ (A+ B’)4(1—0.016677+0.017956y" 


— (),006985744+0.001261044+ +++) Jes. (12) 
Here I'(n) represents the gamma function, dy the 
Kronecker symbol, ¢,;: is the permutation tensor, and it 
is assumed that r=/e~*. Furthermore, it can be shown 
from symmetry considerations that only the compo- 
nents given above in Eqs. (11) and (12) are different 
from zero 

The current density due both to holes of large 
effective mass and of small effective mass can be ob- 


tained by modifying Eq. (1) to read 


I= Dy Ejt 2 pE Ait 2 ijmEjH A at (13) 


where the 2 coefficients represent the sum of the indi- 
vidual o coefficients for the two kinds of holes. 

By inverting Eq. (13), the usual Hall and magneto- 
resistance constants may be found as follows: 


FE, Ned + Ag Ait Negi (A Hat *9 (14 


Following Abeles and Meiboom, Eq. (14) is substituted 
into Eq. (13) and the A coefficients are evaluated by 
equating terms of same order in H and neglecting terms 
of higher order than H?. Since these coefficients have 
already been published,’ they are given in Appendix B. 


Ill. APPLICATIONS OF THE THEORY 
A. Effective Masses 


In the case of spherically symmetrical energy sur- 
faces, the mass is a scalar and hence has the same value 
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for the conductivity and the density of states. For non- 
spherical energy surfaces, on the other hand, this is not 
the case and one has to deal with two kinds of effective 
masses, the density-of-states effective mass m4 which 
we shall define from the relationship 

2(2em4KT)! 


iia g(t eP) /KT 
h 


p= 
and a conductivity mass, m,, which is found from the 


expression 
o= pet,/m., 


where 7, is an appropriate mean free time as defined by 
Shockley.” Expressions for the various masses have 
been worked out by using the results of Eqs. (10) and 
(11) and are given here: 


mo 
m a= ————{1+-0.03333,+0.01057y7 


(a+b’) 
— 0.00018 2—0.00003y 4+ ---], 
(15) 
mo 
m= ———[1+0.033337,—0.02566y2 
(6+b’) 


—0.00095y 2+-0.001 11yA+---], 


where the second subscript i refers to the hole in 
question. 

In problems such as those associated with the 
Haynes mobility experiment and transistor phenomena, 
it is customary to consider only one type of hole or 
electron. This implies that the total number of holes or 
electrons are equal to the sum of those moving on the 
separate energy surfaces and that these equivalent 
particles move on a single spherical energy surface. In 
our definition of equivalent conductivity masses, we 
shall assume that the average scattering time is the 
same for the individual particles and their single 
equivalent. This assumption of equal average 7, is 
fairly reasonable in view of WHB results® and also 
from cyclotron resonance measurements where the 7, 
are determined from the half-widths. Then in accord- 
ance with these restrictions we can say 


petep Pieter Pueten 
———-+- 


=e. ten >= = ee, 
m, MeL Met 
or 
1 if pu pa 
were hd “| (16) 
Mm, PLM, Men 


where the subscript Z refers to the light holes and the 
subscript H, to the heavier holes. The mass with no 
second subscript is the appropriate effective mass of the 
equivalent single hole which is the combination of the 
light and heavy holes. 





® See reference 9, p. 276. Shockley uses r, for this mean free 
time; we are using 7, to emphasize that this mean free-time is 
associated with the conductivity mobility and not the Hall 
mobility 
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Since p=pithna, 
(17) 


From Eqs. (16) and (17) one obtains the following 
expression for an equivalent conductivity mass: 


ma\' / Men mar\! 
Man Me 1 M aH 
Since the small hole may be quite light compared to the 


heavy hole, it is convenient to expand the above ex- 
pressions to 


2/ Mat ' 
ma~mar|1-(~~) 
3\ man 
Mal ! MoH 
~f-(NE)] 
M aH MeL 


Assuming the ellipsoidal model for the conduction 
band, it can be shown, as was done in Eq. (7) for the 
hole density in the valence band, that the electronic 


density is 
2am.KT\! 
n= 2(— ) N eler-e/KT. 
h? 


m ah=mar*+-man!. 








(20) 


(21) 





where m, is the effective density of states mass for 
electrons (equal to 0.22 mo for germanium and 0.33 
my for silicon), ¢. is the energy at the bottom of the 
conduction band, and \, is the number of ellipsoids in 
the conduction band (equal either to four or eight for 
germanium and either to three or six for silicon). The 
density of states mass, m,, is given by' 


(22) 


m,=m,'m,\, 


where m, and m, are the transverse and longitudinal 
electron masses respectively. Multiplying together the 
expressions for p and nm from Eqs. (10) and (21) re- 
spectively we obtain, after taking the square root, the 
following expression for the intrinsic carrier concentra- 
tion" n,;: 


2em KT \! 
n= (pm'= av a(- — ) gare 
kh? 

=NTle-*oPKT, (23) 
where é€g is the energy gap, equal to (€.—e,), see Fig. 4, 
and m, is a combined density effective mass defined by 
Eq. (23), associated with both holes and electrons and 
equal to (mam,)'. These various effective masses have 
been calculated and are given in Table I. 

Another quantity of interest is the ratio of the num- 
ber of small holes to heavy holes; using the results of 
Eq. (10) and the appropriate numerical values, this 
ratio becomes 0.0423 for germanium and 0.165 for 
silicon. It should be noted that the value for germanium 


See reference 9, p. 304 
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Taste I. Effective masses in germanium and silicon. 








Combined 
density 
of states 
Mass, Me 

. . (includes 
Conductivity masses porh holes 
for holes 


Density of states 
masses for holes 





Material Mg / Mg Mgr / My My! hy gy / Me tg, / My Mem electrons) 
Germanium 0.36 «60.043 0.37 0.31 0.044 0.25 0.29 
Silicon O53 O14 0.59 049 640.16 0.38 Om 





is about twice that determined by WHB from Hall 
coefficient data near room temperature. 

Values for the quantity N which is defined in Eq. (23) 
are 1.48X10"* or 2.110" cgs units (for N. equal to 
four or eight respectively) for germanium and 2.45X 10" 
or 3.46X10" cgs units (for NV, equal to three or six 
respectively) for silicon. These values which are cal- 
culated from the cyclotron resonance data may be com- 
pared with those determined from the measurements of 
Morin and Maita. The latter give, for N, 1.76 10"° 
cgs units for germanium” and 3.87 X10'* cgs units for 
silicon.” Assuming that the discrepancy between the 
theoretical and measured values of V is due to a linear 
variation of the energy gap with temperature one can 
solve for this variation, by equating the theoretical 
and experimental intrinsic carrier expressions, thus 
obtaining" 


eq(T)=eq(0)—8AT, (24) 


where for germanium” ¢g(0)=0.785 ev and §=4,3 
X10~ or 3.7X10~ ev/°K, depending on whether 4 or 
8 ellipsoids are taken for the conduction band and for 
silicon e¢g(0)=1.21 ev and B=4.8X10~ or 4.2X10~ 
ev/°K, depending on whether 3 or 6 ellipsoids are chosen, 
The above calculations are based upon the assumption 
that the effective masses which are measured at 4.2°K 
do not change at the higher temperatures. This is 
probably not true since with increasing temperature the 
curvature of the energy surface is likely to change. It is 
of interest to compare the calculated temperature 
coefficient of the energy with that obtained experi- 
mentally from infrared absorption edge meas:rements. 
In the temperature range 100°K to 700°K the tempera- 
ture coefficient is reported’* as 54X10~ ev/°K for 
germanium and 5X 10~ ev/°K for silicon. 

More recently, Macfarlane and Roberts have made 
similar measurements in germanium'*® and yilicon."” 
Their results are shown in Figs. 1 and 2 by the solid 
lines. Plotted on the same figures is the variation of ¢¢ 
with temperature, calculated from Morin and Maita’s 
data by using the cyclotron resonance effective masses 
for 4.2°K. It is seen that the four-ellipsoid model seems 

2 F. J. Morin and J. P. Maita, Phys. Rev. 94, 1525 (1954). 

“F. J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954) 

“G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865 (1949), 

Purdue University Semiconductor Research Final Report 
PRF-489 dated September 1, 1948 to November 30, 1951 (un- 
Published), p 147. 


* G. G. Macfarlane and V. Roberts, Phys. Rev. 97, 1714 (1955) 
'' G. G. Macfarlane and V. Roberts, Phys. Rev. 98, 1865 (1955) 
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Fic. 1. Variation of the energy gap in germanium with tempera- 
ture. Curves are labeled (1), (2), and (3). (1): data of Macfarlane 
and Roberts; (2): Lincoln Laboratory calculations for the 4 
ellipsoid model; and (3): Lincoln Laboratory calculations for the 
&-ellipsoid model 


to give best agreement for germanium and the six- 
ellipsoid, for silicon. However, it must be remembered 
that the combined effective mass has been assumed 
constant with temperature. Macfarlane and Roberts 
claim that for both germanium and silicon the conduc- 
tion band minima do not lie at the band edges and 
hence the number of ellipsoids are 8 and 6 for ger- 
manium and silicon respectively. From this information 
an estimate of the temperature variation of the effective 
mass can be made by fitting the calculated values from 
Morin and Maita’s experiments to the optically deter- 
mined values of ¢g. From this the combined effective 
mass of germanium appears to decrease from 0.29 mp to 
().20 mo in going from 4.2°K to room temperature where- 
as the combined effective mass of silicon seems to 
increase from 0.44 mp to 0.46 mo in the same temperature 
range. The variation in germanium is of the same direc- 
tion and order of magnitude as estimated for electrons 
in germanium by Kahn'* from the infrared absorption 
coefficient. 


B. Ratio of Hall Mobility to Conductivity 
Mobility at Zero Magnetic Field 


The Hall mobility uw can be defined as Roo, where R 
is the Hall coefficient and a» is the conductivity at zero 
magnetic field; the conductivity mobility u,, on the 
other hand, is simply oo/ pe. Thus the ratio of these two 
mobilities is 
Rpe. (25) 


Since R,, the Hall coefficient in the limit of infinite 
magnetic field, equals 1/ pe," it is evident that 


n/ Me - 


= R/R,. (26) 


MH Me 


Making use of Eqs. (10), (11), and (12) and Appendix 
B and assuming that r_=7,=/e~*, it can be shown that 
Ro, the Hall coefficient in the limit of zero magnetic 


* A. H. Kahn, Phys. ios 97, 1647 (1955). 

” This relationship has been pointed out by M. Shibuya for 
ellipsoidal surfaces, C. Herring for the simple “many-valley” 
model and E. N. Adams, L. Roth, and H. Zeiger for warped 
surfaces. 
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field, equals 
1 DF I(5/2)P(5/2—2a) 


"pec BB T%5/2—2) 


where D, E, and F are the second brackets in Eqs. (10), 
(11), and (12) respectively, but with each of these 
quantities summed over both types of holes. 

Substituting the appropriate constants and assuming 
that 7 is constant (A=0) gives the zero-field value of 
the mobility ratio of Eq. (25) as 1.76 for germanium 
and 1.24 for silicon, whereas assuming lattice scattering 
(A= 4) gives this ratio as 2.07 for germanium and 1.45 
for silicon. Experimentally Morin finds that for ger- 
manium this ratio for holes varies from 1.13 at 50°K to 
1.73 at 275°K, and he suggests that this temperature 
variation is connected with shape and number of 
surfaces of minimum energy in the Brillouin zone.” 
Morin does not, however, give the magnitude of the 
magnetic field which he used in these measurements. 
WHB, on the other hand, show that by assuming a 
constant magnetic field (for example 4000 gauss) that 
the large-field approximation is fairly good in the low- 
temperature region whereas near room temperature one 
is approaching the low-field limit and can account for 
the variation of the mobility ratio in this manner if 
both types of holes are included. Since our calculations 
are based on the low-field approximation, our results 
should be compared with the measurements near room 
temperature. Morin and Maita have also measured the 
mobility ratio for silicon; they find u”/u, <1. 

The theoretical calculation of u”/u, for germanium 
using the warped surfaces also may be compared to the 
ratio Ro/R,, for a p-type sample as shown in Fig. 1 of 
reference 5. In the extrinsic region for a temperature of 
205°K where we assume with WHB that lattice scatter- 
ing is the dominant process," Ro/R,=1.9 which is in 
reasonable agreement with the calculated value of 2.07. 


, (27) 
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Fic. 2. Variation of the energy gap in silicon with temperature. 
Curves are labeled (1), (2), and (3). (1): data of Macfarlane and 
Roberts; (2): Lincoln Laboratory calculations for the 3-ellipsoid 
model; and (3): Lincoln Laboratory calculations for the 6-ellipsoid 
model. 


* F. J. Morin, Phys. Rev. 93, 62 (1954). 

™ We are de! lattice scattering as corresponding to ant 
It must be noted, ft Se) ay oe 
since d= $ does not correspond to the experimental eae 
of hole mobility variation with temperature. 
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C. Hall Constant in the Transition Region 


In the transition region, that is in the neighborhood 
of the temperature at which the Hall coefficient goes to 
zero, it is necessary to consider electrons as well as the 
two kinds of holes. The Hall constant then becomes, by 
use of Appendices A and B, 


Leys (electrons) +2 ys (holes) 
R= : (28) 


{ 0 (electrons) +70 (holes) }? 





where Lyysielectrons) 290 Coreiectrons) have been calculated 
by Abeles and Meiboom for low magnetic fields using 
ellipsoidal surfaces. 

If one assumes that the relaxation time r, is inde- 
pendent of energy for all three carriers,” then there re- 
mains but one unknown in Eq. (28), namely the ratio 
Ten/Tep, Where r,, is the relaxation time for the elec- 
trons. 

Calculations corresponding to the p-type sample of 
WHB have been made. First, the experimental tempera- 
ture at which the Hall constant goes to zero has been 
used to find r,,/1r-, and then, with this ratio known, the 
Hall constant has been computed for the temperatures 
given in Fig. 3 of WHB.* The results are plotted in 
Fig. 3 and it is seen that the agreement with experiment 
is fairly good. 


IV. DISCUSSION 


In our treatment of galvanomagnetic effects we have 
carried out the calculations for low magnetic fields using 
warped energy surfaces and, to a limited extent, taking 
into account the energy dependence of the scattering 
time. In principle what is desired is a general theory 
which can be used for all values of magnetic field. This, 
however, is very difficult to achieve in this case. The 
low-field limit which we have treated has been very 
useful for evaluating expressions for the hole density, 
conductivity, and Hall constant. These results have 
been used to analyze existing data. In particular the 
evaluation of effective masses can be useful in specula- 
ting about the changes of the band structure as a func- 
tion of temperature. For germanium the percent change 
for the combined effective mass of both types of carriers 
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Fic. 3. Variation of the zero-field Hall coefficient with t 
ture. Points are taken from data of Willardson, Harman, and 
The curve is obtained from our calculations. 


® As belore Fen = Fer ™ Fy 
® Details of the method of calculation are given in Appendix C. 
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in going from 4.2°K to room temperature as estimated 
from our calculations, assuming the eight ellipsoid 
model for electrons to be correct at room temperature, 
is of the order of 30 percent. Kahn's estimate for the 
electrons alone is also about 30 percent; hence it 
follows from the definition of m,, i.e., mo=(mam,)', 
that the change in the combined mass of holes must be 
of this order of magnitude. This percent change can be 
reconciled with the model of the band structure which 
has been constructed from theoretical work and known 
experimental data. From his theoretical work, Her- 
man™-* estimates that the I'y minimum of the con- 
duction band at K= (000) moves in the same direction, 
as a function of temperature and pressure, as the L, 
minimum but at approximately two or three times the 
rate of the L; minimum (see Fig. 4). From perturbation 
considerations it can be shown that the curvature at the 
top of the valence band is affected primarily by the 
T'y minimum and that the proportional change in 
effective mass is Am,/ma~ Me'/¢. According to Mac- 
farlane’s data of Fig. 1, the change in the energy gap 
eg (Fig. 4) for this temperature range is a reduction of 
the order of 10 percent. The analysis of the experi- 
mental data which indicates a 30 percent change in 
effective mass therefore predicts a comparable percent 
change in ¢’. The situation in silicon is not as complete 
and well established ; hence such a picture cannot as yet 
be constructed. 

As we pointed out there seems to be a discrepancy 
between our calculations and the WHB results. We find 
a value for the ratio of the number of light to heavy 
holes which is about twice that determined by WHB 
from low-field Hall data at room temperatures. This 
discrepancy seems unexplainable since according to 
WHB the ratio p1/py appears to decrease with de- 
creasing temperature whereas our value which is deter- 
mined from data taken at 4.2°K is always greater. 

The techniques described in this paper are being used 
to evaluate the magnetoresistance coefficients in order 
to investigate the directional effects of p-type germa- 
nium and silicon. The results will be compared with the 
experimental data of Pearson and Suhl* and Pearson 

~ * F. Herman 


vate communication). 
* F. Herman, "Te 95 7 (988. 
* G. L. Pearson and H Suhl, Phys. Rev. 83, 768 (1951). 
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and Herring.” In this regard it may be pointed out that 
the directional effects of magnetoresistance for valence 
bands of germanium and silicon appear greatest at low 
magnetic fields; consequently the calculations in this 
limit should be most useful. The same general remark is 
applicable to the Hall coefficient where in the saturation 
limit all directional effects disappear. However, in order 
to investigate the directional Hall effects, it is necessary 
to evaluate the conductivity coefficients of the cubic 
terms in H. These calculations are quite formidable and 
therefore we will not attempt them. 

The magnetoresistance and Hall effect can be evalu- 
ated in the high-field limit; however, these do not 
appear to be useful in investigating the directional 
galvanomagnetic effects in p-type germanium. 

The treatment which we have presented gives the 
de conductivities. For rf calculations, it can be shown 
by use of the Boltzmann equation that 1/r must be 
replaced by (1/r+-jw) in the integrals given in Appendix 
A. If the relaxation time is not a function of the energy 
this amounts to simply substituting (1/r+jw) for 
1/r in the final integrated expressions. 

The results obtained in this paper and the method 
used are quite general and should be useful for investi- 
gating the properties of similar surfaces in materials 
other than germanium and silicon, provided the 
anisotropy is not so large as to impair the rapid con- 
vergence of the series in terms of the anisotropy param- 
eter +. 
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APPENDIX A 


The single-energy-surface conductivity coefficients 
are defined as follows: The current density j; per energy 
surface may be expressed as 


) 0 Eyton Es +0 jimEsH A 4 
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* G_L. Pearson and C. Herring, Physica 20, No. 11, 975 (1954) 
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Here + is the relaxation time, fo is the unperturbed 
distribution function, ¢ is the energy, dV; is an element 
of volume in & space and the remaining symbols have 
their usual meaning; the Einstein summation notation 
is used, with ¢,;: acting as the permutation tensor. 


APPENDIX B 


The magnetoresistance coefficients, obtained by 
substituting Eq. (14) into Eq. (13) and equating terms 
of like orders in H, are 


Ag=4;;/e0, 
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APPENDIX C. OUTLINE OF <¢,,./t,, CALCULATION 

Substituting into Eq. (28), and assuming the r,; 
independent of energy one obtains R, the Hall coeffi- 
cient, in the form 


Gnten?—Hptes 
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where G, H, L, and M are known numerical constants. 
For R=0, we obtain 


Toa (- ‘) 
= ee Gn] 
Thus what is required is the ratio p/n. This can be 


found by solving the following two equations simul- 
taneously. 





(C.1) 


(C.2) 


(C.3) 
(C.4) 


where fo is the extrinsic hole concentration and 7» is 
the temperature at which the Hall constant goes to 
zero. 

Note added in proof.—(1) Recent information on the 
infrared absorption®** and magnetic susceptibility of 
germanium” contradict some of the arguments pre- 
sented to support the Macfarlane-Roberts 8-ellipsoidal 
model. The infrared data of Dash and Newman of 
absorption by indirect transitions at K= (00 0) indi- 
cate that the change in e’ with temperature is less than 
that of eg. This is in direct disagreement with our con- 
tention based partially on Kahn’s estimate of the elec- 
trom mass at room temperature and on the assumption 
of & ellipsoids. If one assumes that the effective masses 
of holes and electrons do not vary much from 4.2°K to 
300°K, one must conclude from Fig. 1 that the conduc- 
tion band consists of 4 ellipsoids which are located at 
the edge of the Brillouin zone. This is then in agreement 
with: the conclusions of Crawford, Schweinler, and 
Stevens, from their magnetic susceptibility measure- 

* W. C. Dash and R. Newman, Phys. Rev. 99, 1151 (1955). 

—, Schweinler, and Stevens, Phys. Rev. 99, 1330 
( 


p=potn, 
and 
np=n?=N?T fe~*9/K7Te, 
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ments. (2) Using the method outlined in our paper it 
is a simple matter to evaluate the expressions for the 
diamagnetic susceptibility of holes in germanium and 
silicon, using Wilson’s® equation (6.8.1): 


é f Pe He (~ ~) fe ey 
12rh*c/ Lak? dk,? \ak dk, 


® See reference 6, p. 175 
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If we apply the expansion scheme in spherical co- 

ordinates we obtain 

les kT ; 

=- — (—) exp[ (¢.—er)/KT](A+B){7,}, 

6 he? \ 2xmo 


where {7,} is the y series which appears above in the 
expression for 0431, Eq. (12). 
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Mechanical Strength of Thin Films of Metals* 
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The tensile strength of silver films are determined as a function of their thickness. The films are electro 
deposited on the complete cylindrical surfaces of smal! steel rotors and the rotor speeds necessary to throw 
them off are determined. Both the tensile strength and the adhesion of the films are obtained by using rotors 
of different radii. Also, the adhesion is measured by electrodepositing the films on the rotor in circumfer- 
entially disconnected patches which eliminate the hoop stresses. In most of the measurements, the adhesion 
is made vanishingly small by dipping the rotors in an albumin solution before electrodepositing the film and 
by thermal cycling. The tensile strengths of the films thicker than about 6X 10~* cm are found to be inde- 
pendent of thickness and approximately equal to that of bulk silver at the corresponding temperature. For 
thickness from 6X 10-5 cm to 2.5X10~* cm the data show some scatter, but below 2.5 10~* cm the tensile 
strength increases many-fold. The region where the tensile strength increases very rapidly is slightly de- 
pendent upon the electrodeposition current but within experimental error is independent of film temperature 


NDER the influence of tensile or shearing forces, 

a metal deforms elastically at first, and then 
plastically. Usually, plastic flow begins with stresses at 
least 100 times smaller than should be required to cause 
whole atomic planes in a perfect metal crystal to move 
over one another. This discrepancy between the cacu- 
lated and observed values of the stresses required to 
produce plastic flow is generally attributed to the 
movement of lattice imperfections or dislocations which 
are believed to exist in most ordinary metal crystals.' 
This dislocation theory has been remarkably successful, 
not only in accounting for the low mechanical strength 
of metal crystals, but also for many other observed 
properties of substance that otherwise would be difficult 
to understand.* Consequently, if it were possible to free 
a metal crystal of its dislocations or to lock them so 
that they could not move, the stresses required to 
produce plastic flow would be increased enormously. 
Furthermore, in polycrystalline metals, where at tem- 
peratures well below their melting points fracture 
generally is observed to be transcrystalline,’* increased 


= 2 rted by the Office of Ordnance Research. 
. Cottrell, Progress in Metal Physics (Interscience Pub- 
Fe nak New York, 1949), Vol. 1, p. 770. 
* Seitz, Shockley, Read, and Mott in Imperfections in Nearly 
Perfect Crystals ( ohn Wiley and Sons, Inc., New York, 1952). 
*R. King and B. Chalmers, Progress in Metal Physics (Inter- 


science Publishers, New York, 1949), Vol. 1, p. 127. 
*C. S. Barrett, Structure of Meals (McGraw-Hill Book Com 
pany, Inc., New York, 1952), second edition. 


strength should also be obtained. Apparently, the above 
conditions are at least partially realized experimentally, 
by forming the material in sufficiently fine filaments or 
thin sheets. Griffith’ found that under certain conditions 
the tensile strengths of very fine fibers of glass and of 
metals, were many times that of the bulk material from 
which they were made, while Orowan* observed that 
extremely thin sheets of mica were very strong. More 
recently, Herring and Galt’ and others, have found that 
metal crystals (whiskers), approximately 18X10~-* cm 
in diameter, are several orders of magnitude stronger 
than the ordinary bulk metal. In some preliminary 
experiments® an increase in the tensile strength of thin 
films of silver has been observed when their thickness 
was reduced to between 10~* cm and 10~* cm. The 
purpose of this paper is to report, in more detail, an 
extension and improvement of these measurements. 

In order to prevent tearing or stress concentrations 
in the very thin films, a centrifugal field has been used 
to apply the stresses. The method consists in uniformly 
depositing thin metal films on the cylindrical surface of 
a small rotor with rounded ends and then spinning the 
rotor in a vacuum until the film is thrown off. By this 
procedure, accurately known stresses may be applied 

A.A. Griffith, Trans. Roy. Soc. (London) 221, 163 (1921). 

* E. Orowan, Z. Physik $2. 235 (1933) 

4, Herring and J. K. t, Phys. aa: 85, 1060 (1952). 


* Beams, Walker, and Morton, fy Rev. 87, 524 (1952) 
Beams, Morton, and Turner, Science 118, 567 (1953) 
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uniformly, and at almost any desired rate. By assuming 
that the centrifugal action is opposed by the hoop 
stresses, and the adhesion of the film to the rotor, it 
can be shown that in the case of a hollow thin-walled 
cylindrical rotor, unsupported at the ends, 


4?N*RYd=T+AR/h, (1) 


where N is the rotor speed in rps, R is the rotor radius, 
d the density of the deposited film, 4 the thin-film 
thickness, 7 the tensile strength of the film, and A the 
adhesion. 

It will be observed that the second term on the right 
contains R/h, while the first does not, so that by ex- 
perimenting with rotors of different radii, both the 
tensile strength and the adhesion can be obtained. On 
the other hand, if the ratio of the rotor radius to the 
film thickness is large, the second term on the right of 
Eq. (1) overshadows the first, and, unless the adhesion 
is small, minute variations in the adhesion make it 
difficult to get reliable values for the tensile strength. 
Although experiments are underway in which it is 
hoped that this ratio can be greatly reduced, in the 
present experiments this ratio is several hundred for 
the thinnest films. Consequently, the films have been 
deposited and treated in such a way that the adhesion 
is small. 

If the adhesion of the film is vanishingly small, 
42° N*R*d=T, which shows that the tensile strength is 
independent of the film thickness. This neglects the 
small effect of the circumferential strain or stretching 
of the film, and assumes that the film is thin and behaves 
plastically in a homogeneous way. On the other hand, 
if the hoop stress vanishes, as in the case when the 
material is deposited on the rotor surface in circum- 
ferentially disconnected patches, then the adhesion is 
given by A = 49° N*Rad. 


DESCRIPTION OF EXPERIMENTAL ARRANGEMENT 


The rotors are suspended magnetically in a vacuum 
and are spun around a vertical axis by a rotating mag- 
netic field. The method is a modification of one previ- 
ously described.’ Figure 1 shows a schematic diagram 
of a magnetic suspension apparatus for spinning rotors 
at various temperatures. The steel rotor is freely 
suspended inside of a glass vacuum chamber by the 
axially-symmetric diverging magnetic field of the 
solenoid. The vacuum chamber is surrounded by two 
concentric glass Dewar vessels, and the solenoid which 
is outside the outer Dewar vessel. They all have a 
common axis, as shown in Fig. 1. A small pickup coil, 
mounted inside the inner Dewar, and just below the 
vacuum chamber, serves as a sensing element of a 
servo-circuit, which regulates the current through the 
solenoid in such a way that the rotor is maintained at 
the desired vertical position. The rotor automatically 
seeks the strongest part of the field which is on the axis 


° Beams, Yous, and Moore, J. Appi. Phys. 17, 886 (1946). 
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of the solenoid. However, if disturbed, it swings around 
the axis. In order to prevent these horizontal oscil- 
lations, a steel damping needle (1 cm long and 0.1 cm 
diameter) is placed just below the sensing coil, and 
fastened to a weight in the inner Dewar with a fine gold 
chain 3.5 cm long. In order to spin the rotor at reduced 
temperatures, the two Dewars are filled with various 
liquids, ie., when liquid nitrogen temperature is de- 
sired, they are filled with liquid nitrogen, etc. If the 
rotor starts to swing, the magnetic field follows it, and 
hence pulls the needle along with it. The viscous drag 
produced by the liquid on the damper is sufficient to 
stop the horizontal motion of the rotor. A cone-shaped 
plastic shield around the camper keeps bubbles formed 
near the bottom of the inner Dewar from disturbing 
the damper. The support solenoid consists of 21 110 
turns of No. 23 AGW enamel copper wire wound on a 
plastic form. It has a resistance of 710 ohms, an induct- 
ance of 37 henries, and a disturbed capacity of 380 uuf. 
The support circuit is shown in Fig. 2. The pick up coil L, 
is the inductive element in the grid circuit of a partially 
neutralized tuned-grid, tuned-plate oscillator which 
operates at about 6 Mc/sec. A change in the vertical 
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Fis. 1. Diagram of appratus for spinning rotors 
at various temperatures. 
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position of the rotor with respect to the pickup coil 
changes the Q of the oscillator circuit, and hence the 
amplitude of the oscillations. The output of the oscil- 
lator is applied to the grid of a 6/5 in an infinite- 
impedance detector stage which does not load the 
oscillator. The dc voltage appearing across the cathode 
resistor is proportional to the amplitude of the oscil- 
lations, and therefore is an electrical measure of the 
rotor height above the pickup coil. This output of the 
detector is amplified and used to control the grid 
voltage, and thus the plate current of the power ampli- 
fier, which is also the current through the support 
solenoid. The result is that any change in the position 
of the rotor produces a change in the support solenoid 
current which tends to correct the original change in 
position. In order to prevent vertical hunting of the 
rotor, a phase lead, together with effective damping is 
introduced into the amplifier stage, which prevents all 
observable vertical hunting. If desired, the current in 
the solenoid required to support the rotor may be 
reduced by placing a soft iron core inside the vacuum 
chamber, together with a soft iron sleeve inside the 
outer Dewar as shown in Fig. 1. 

Two shapes of rotors were used. The first consisted 
of a solid cylinder 0.55 cm in diameter, and 0.20 cm 
high, on top of which was an inverted cone 0.318 cm 
high, and with half-angle of 30°. The second type was a 
solid cylinder 0.276 cm in diameter, and 0.234 cm high 
(the length of the cylinder is less than v3 times its 
radius). The rotors were made from 0.95/1.10 carbon 
tool steel, which was heated to 1450°F and quenched 
in water. They were tempered by heating to 425°F and 
quenching in water. They were then polished with 
emory paper, starting with No. 0 and progressing down 
to No. 0000. Some of the rotors were polished further 
with jewelers’ rouge. In some of the low-temperature 
experiments, a special steel was used for the rotors, 
with coefficients of expansion somewhat closer to that 
of silver. The silver films were deposited on the rotors 
by electro-deposition. Contrary to most commercial 
electroplating problems, where good film adherence is 
of importance, the film adherence was purposely reduced 
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to a minimum. The silver was deposited from a fresh 
cyanide solution containing 31 gm/1 of silver cyanide, 
45 g/| of potassium cyanide and 55 gm/1 of potassium 
carbonate, maintained at 32.4=0.1°C. The rotors to 
be plated were carefully cleaned in acetone, then in 
warm water containing a commercial detergent (Surf), 
rinsed thoroughly, and dried. They were then dipped 
in a solution of 0.2 g/l of purified human albumin 
in water, as recommended by Jacquet” for eliminating 
adhesion. The thin layer of albumin which remains on 
the rotor is conducting, and hence allows the electro- 
deposition of excellent films, but reduces their adhesion 
to a negligible value. In addition, some of the rotors 
were thermally cycled by dipping in liquid nitrogen, to 
further reduce adhesion. The rotor was spun at 2 rpm 
in the center of the anode which consisted of a helix of 
1 mm pure silver wire during the electrodeposition. 
When patches were plated on the rotor, thin sections of 
plastic were fitted over portions of the rotor which were 
to be left bare. The rotor is spun inside the vacuum 
chamber by a rotating magnetic field in a manner 
similar to that of the armature of an induction motor. 
The method has been described in detail previously.’ 
During the accelerating period, the rotor is, of course, 
heated by the eddy currents induced by the rotating 
magnetic field, but by using very slow acceleration 
rates, especially at speeds near where the film ruptures, 
the heating was made comparatively small. However, 
especially at temperatures below that of liquid nitrogen, 
this heating is greater than can be tolerated, so we are 
developing a method in which the rotor accelerates as a 
synchronous motor in which the frequency of the ro- 
tating magnetic field increases at the same rate as the 
rotor speed. This reduces the eddy currents and the 
heating to a negligible value. The rotor friction due to 
the mangetic suspension, is extremely small, and can 
be accounted for entirely as due to gaseous friction on 
the spinning rotor. By maintaining the gas pressure in 
the chamber surrounding the rotor below 10-* mm of 
Hg this friction is very minute, and hence produces no 
appreciable heating. In order to stop the rotor in a 
reasonable time, the direction of rotation of the mag- 
netic field must be reversed and the rotor driven to 
rest. The rotor speed is determined by reflecting light 
off the rotor into a photomultiplier tube. A mark on 
the top (or upper cone) of the rotor causes the output 
of the photomultiplier tube to be periodic, with a 
repetition rate equal to the speed of the rotor. This 
output signal is amplified and compared with that from 
a variable-frequency oscillator on a cathode-ray oscil- 
loscope screen. From the resulting Lissajous pattern, 
the speed may be determined. When the film comes off, 
the rotor always is slightly disturbed, and this is easily 
observed by the change in pattern on the screen. Also 
this rotor disturbance varies the Q of the pickup circuit, 
which in turn changes the frequency of oscillation of 


* P. Jacquet, Compt. rend., 118, 921 (1933). 





1660 BEAMS, BREAZEALE, AND BART 





a patches might loosen around the edges, and that they 
would “rip off.”” However, close examination showed 
t wailed Wels ON dele this not to be the case. Actually, because of the masking 
Volve plastic, the deposited films were slightly thinner on the 
edges, which probably prevents ripping. Also, all of the 
patches on the rotor came off at approximately the same 
rotor speed. Incidentally, this method of measuring 
adhesion has turned out to be very reliable, and gives 7 
absolute values. 
Figure 3 shows the values obtained for the tensile 
strength of silver as a function of film thickness. The 
temperature was above room temperature, the plating : 
current 8.5 ma/cm?, and the rotor diameter 0.28 cm. 
It will be observed that for thicknesses greater then 
6X10-* cm the tensile strength is about 1.210’ 
dynes/cm?, and is independent of the thickness. This 
is approximately equal to the bulk strength of the silver 
at the operating temperature. Data not plotted in the 
figure showed the tensile strength to be independent of 
film thickness up to at least 10~* cm. For thicknesses 
between 6X10~* cm and 2.710~* cm the data are 
more erratic, but there is some indication of a small 
J increase in tensile strength. However, for thicknesses 
a a less than 2.5X10-* cm, there is a many-fold increase 
in tensile strength. In fact, the tensile strengths of the 
thin silver films are so great that the solid steel rotors 
% 4 + 4 - 20 explode before the films burst. The triangles in Fig. 3 
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Fic. 3. Curve of tensile strength versus film thickness for ” 
silver at maximum temperature of 170°K 
. Failure Range ond Average 
. | Volue 

the support circuit. Since this frequency is radiated, it zor 44 A Minimem Velve of Strength 
may be picked up by a radio receiver in its vicinity. A | 
highly selective RCA type CRV-46131 receiver has | 
been used in this work. With the receiver beat-frequency 24 
oscillator in operation, the receiver is tuned to the o | 
support-circuit frequency and then detuned to give a § 4 | 
low audio-frequency note in the loudspeaker. This note 7 A 
changes pitch abruptly when the film is thrown off the = | 
rotor. Also, such a system is useful in monitoring the . | 
support circuit. = | ‘ 

The film thicknesses were measured by the usual € as Se 
weighing technique, and by light interference methods. 
In most of the experiments, curves of film thickness = | : 

. . ” . 

versus charge transferred in the electroplating process ae a 
were made. The film thicknesses could then be deter- 4 | 
mined from the amount of charge transferred, with an $ | 
over-all precision of about one percent. - eo | 

As pointed out above, the measurement of tensile ; 
strength is greatly simplified if the adhesion can be | 
reduced to a negligible value. Consequently, silver ae 
films of different thicknesses were deposited on the 
rotors in patches, and the absolute value of the adhesion ~~fog S—= + 4 
A determined by the relation A=4*\*Rhd. By this of 1 1 i 1 4, 


procedure the technique of electroplating, described Film wunbieies 5 


above, for effec tively eliminating adhesion was devel- Pins '& Carve of tissidis clita Seuss ibs Cilitianis ter 
oped and tested. At first sight, it may appear that the silver at approximately 330°K. 
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and Fig. 4 represent points where the rotor speed was 
not sufficient to burst the film. In some of these cases 
the rotor was carefully brought to rest and a small cut 
made across the film in such a way as to eliminate the 
hoop stress. When the rotors were accelerated again, 
the films were observed to fly off completely at com- 
paratively low rotor speeds, which was additional 
evidence that adhesion played no part in the observed 
tensile strength. 

Figure 4 shows a typical plot of film thickness versus 
tensile strength for silver, when liquid nitrogen was 
introduced into the Dewar flasks surroynding the rotor 
chamber. The electroplating current was 8.5 ma/cm* 
and the rotor 0.28 cm in diameter. Here again it will 
be observed that the tensile strength is within experi- 
mental error, independent of the film thickness for 
thicknesses greater than about 6X10~-* cm. However, 
the strengths of these films are somewhat larger (about 
2.9X 10° dynes/cm?). It is believed that this is the bulk 
strength of the silver at the temperature of the rotor. 
Also, as in Fig. 3, the tensile strength increases many 
times for thicknesses less than 2.5X10~* cm. Because 
of the rotor heating discussed above, produced by the 
eddy currents induced in the rotor by the acceleration, 
the exact temperatures of the rotors used in obtaining 
the data for both Fig. 3 and Fig. 4 can only be roughly 
estimated. However, the temperature of the rotor in 
Fig. 3 was probably around 330°K and that of Fig. 4 
at least 160°K lower or a maximum of 170°K. In view 
of this, the data indicate that the thickness below which 
the tensile strength shows the very rapid increase is 
within experimental error, independent of temperature. 

First it should be emphasized that the observed 
strength of the thick films (1.2 10° dynes/cm?) is of 
the order of 200 times the yield stress of 5.9X10* 
dynes/cm? (3X10~%u, where uw is the minimum shear 
modulus) of an annealed single crystal of silver.‘ This 
may be due to the fact that every grain deforms and 
hardens by ordinary multiple slip. However, it is 
possible that the high strength results from the fact 
that only a fraction of the grains (the larger ones) 
contain Frank-Read sources" of length smaller than 

uF. C. Frank and W. T. Read, Jr., Phys. Rev. 79, 722 (1950). 


2A. H. Cottrell, Dislocations and Plastic Flow in Crystals 
(Oxford University Press, New York, 1953). 


the grain size (say 10~ or smaller). The piling up of 
dislocations produced by these sources at the grain 
boundaries, necessary to nucleate dislocations in the 
neighboring grains, would then provide the high 
strength. This interpretation implies, of course, a 
further increase of strength if the grain size is further 
decreased. If this interpretation is correct, then it is 
probable that when the films consist of a monolayer of 
grains, none of them should be able to stabilize Frank- 
Read sources in their interior," and therefore the films 
should quite suddenly increase their strength to the 
theoretical shear strength. In fact, if an orientation 
factor of the order of 2 is taken into consideration, the 
maximum shear strength observed with our thinner 
films approach within roughly an order of magnitude 
of the theoretical value." 

If the greatly increased tensile strength at small film 
thicknesses is due to the absence of dislocations, the 
difficulty of generating new dislocations, etc., then one 
should observe no appreciable slip in the stretched films. 
However, it is difficult to decide this point, even by the 
electron microscope, because of the small thickness of 
the films, but we have in progress special experiments 
which should not only determine the slip, but also the 
Young’s modulus in films formed both by electro- 
deposition and by evaporation. Recently, Mr. W. K. 
Ford and one of us, have found an increase in the 
tensile strength of evaporated films when the films are 
very thin, by measuring the bulge of the films through 
a support, produced by air pressure. However, the 
results so far, are preliminary, and much less precise 
than the data of Figs. 3 and 4. 
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Coefficients for diffusion of Ag™ into single crystals of alpha silver antimony were measured as a function 
of temperature and concentration, over the range 550-900°C and 0-14% antimony concentration. In addi- 
tion, a number of measurements were made of the diffusion of Sb™ into similar alloys. The activation 
energy for silver self-diffusion was found to decrease by 1} kcal per percent added antimony. Effects of im- 
purity were appreciably less for solute diffusion than for solvent diffusion. The results are in qualitative 
agreement with theories of Overhauser and Lazarus, and indicate that effects due to changes in vacancy 
concentration are smaller than those resulting from changes in mobility energy. 





INTRODUCTION 


e YMPARISON of pre- and postwar data for the 
diffusion of antimony into silver’ demonstrated 
considerable differences in results, probably due in part 
to the large gradients and solute concentrations necessi- 
tated by the earlier techniques. The existence of these 
large discrepancies indicated the desirability of a funda- 
mental investigation of both impurity and gradient 
effects, using modern tracer methods. 

It had been proposed by Seitz? that the role of 
vacancies in diffusion processes might be studied by 
enhancing the density of vacancies in the lattice. Small 
amounts of dissolved impurity, it was suggested, might 
cause such an enhancement. 

Previous studies of the effects of impurities on 
diffusion had been made’ and increases of diffusivity 
noted. Within the past few months, Hoffman, Turn- 
bull, and Hart* have reported additional measurements 
on polycrystalline samples of AgPb and other silver 
alloys over a range of 700-900°C. The present investi- 
gation was designed to make measurements on alloy 
single crystals over a larger temperature range, in order 
to determine the existence and magnitude of changes, 
due to impurities, of the activation energy Q and fre- 
quency factor Do, both defined by the equation 


Dag=Do exp(—Q/RT), (1) 


where D,, is the self-diffusion coefficient of silver in 
the alloy, R is the universal gas constant, and T is the 
absolute temperature. 


EXPERIMENTAL 


In order to preclude grain boundary diffusion in low- 
temperature measurements, single crystals were used 


* Supported in part by the U. S. Atomic Energy Commission. 
t Based on a thesis submitted by E. Sonder to the University 
of Illinois in partial fulfillment of requirements for the degree of 
Doctor of Philosophy in Physics. 
t Present address: Department of Physics, Iowa State College, 
Ames, Iowa. 
' Slifkin, Lazarus, and Tomizuka, J. Appl 23, 1405 
1952). 
7 F. Seitz, Acta Cryst. 3, 355 (1950). 
* W. Seith and A. Keil, , physik. Chem. B22, 350 (1933). 
*R. E. Hoffman and D. Turnbull, J. Appl. Phys. 23, 1409 
1952). 
* Hoffman, Turnbull, and Hart, Acta Met. (to be published). 
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for all specimens diffused below 850°C. These were 
prepared from 99.99% pure vacuum-cast silver and 
99.9% pure antimony. The metals were placed in a 
National Carbon Co. A.U.C. grade graphite crucible, 
which had previously been cleaned by boiling in aqua 
regia, leaching in hot distilled water, and baking in 
vacuum at 1000°C. The filled crucible was sealed in 
Vycor at a pressure of 10-* mm Hg, and the contents 
mixed by repeated tipping at a temperature above the 
melting point of silver. Following this, the sealed con- 
tainer was removed to a Bridgeman-type furnace, 
where the single crystal was grown. A gradient of 100°C 
per inch was maintained in the furnace by water cooling 
the lower end. It was possible to obtain crystals with 
an antimony concentration up to 14% by lowering the 
charge through the gradient at a rate of about one 
inch per hour. 

Methods of preparation and diffusion of the indi- 
vidual specimens have been described previously.®’ 
Most of the diffusion coefficients were determined by 
standard sectioning techniques, using a precision lathe 
to obtain cuts of } to 3 mils thickness. 

An attempt was made to extend the temperature 
range down to 450°C by use of a precision grinding 
machine which permitted removal of sections 3 microns. 
in thickness.* These latter data were unfortunately 
less reliable due to macroscopic voids in the alloy 
crystals used. Metallographic examination showed these 
voids to be roughly spherical, 5-20 microns in diameter, 
and of varying sizes in different specimens. Thus the 
apparent diffusion coefficients in grinder samples, where 
the total penetration, 4(D#)', was less than 2 mils (50) 
microns), could easily have been 10-20% high, as the 
results indicated.’ For this reason, low-temperature 
results are not included here. However, the data re- 
ported, in the range above 550°C, do not suffer from 
this source of error, since penetration depths were 
invariably greater than 10 mils. It should be noted that 
such voids have not been observed in pure silver or 


* Sonder, Slifkin, and Tomizuka, Phys. Rev. 93, 970 (1954). 

— Lazarus, and Tomizuka, J. Appl. Phys. 23, 1032 
(1952) 

* Letaw, Slifkin, Portnoy, Rev. Sci. Instr. 25, 865 (1954). 

* E. Sonder, Ph.D. thesis, University of Illinois, 1955 
(unpublished). 
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copper crystals which are grown more slowly and in a 
continuously pumped rather than sealed vacuum. 

The chemical composition of the alloy specimens was 
determined, after the diffusion measurements had been 
completed, by the Detroit Testing Laboratory. The 
method used consisted essentially of separation of the 
silver and antimony by precipitation and filtration and 
subsequent volumetric titration of the antimony against 
potassium bromate to a methyl orange end point. The 
analyses showed that specimens originating from the 
same ingot differed less than 15% in composition, indi- 
cating that segregation in the grown crystal ingots 
was small, and that the maximum variation in composi- 
tion in any particular diffusion sample was less than 
2%, since none of the samples were longer than } the 
length of the original ingot. 

A summary of the results of 21 measurements be- 
tween 500 and 900°C appears in Table I. The coeffi- 
cients given were calculated by a least squares method 
from the raw data, shown plotted in Figs. 1-4. To 
permit consideration of these results in terms of 
activation energy, the diffusion coefficients for each 
concentration range have been normalized to the same 
concentration and are shown plotted logarithmically 
as a function of 1000/T in Fig. 5. Also included in 
Fig. 5 and shown dotted are curves for the diffusion of 
antimony into pure silver as well as for self-diffusion of 
silver. The antimony line is from reference 6, while the 
silver self-diffusion line has been obtained from pre- 
liminary results of a re-evaluation of the activation 
energy for this process,” 


Taste I. Experimental data. 





Diffn. coeff. 


(cm*/sec) 


Atom% Sb 
in alloy 


0.54 
0.56 
0.67 
0.67 


Temperature 
(deg C) 


629.2 
716.9 
882.3 
899.8 


1.17X10™ 
9.66% 10-" 
2.27X 10 





0.92 
0.92 
0.90 


568.6 
568.6 
716.3 
875.7 
890.4 


567.8 
629.3 
716.5 
792.7 
875.3 
890.6 


2.46X 10% 
2.84X 10° 


3.50X 10-4 
1.74X 10-4 
1.38X 10-" 
6.23X10-" 
2.94 10% 
3.80X 10% 


567.7 
567.7 
714.7 
714.7 
709.9 
709.9 


2.09X 107 


| PROOSS 
eh ted aA A 





* Upon connecting diffusion coefficients at the same tem- 
rature but different composition by smooth curves, it was 
ad that extrapolation to zero Sb concentration indicated 
reciable difference from published values (reference 7) for self- 
diffusion of pure silver. Since one of the purposes of the present 
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Fic. 1. Penetration curves, 0.53% Sb alloy, silver tracer. 


The diffusion coefficients determine, within experi- 
mental error, straight lines. The activation energies 
obtained from these by a least squares method are listed 
in Table II, together with the frequency factors, Do. 
The results may be summarized by the relations: 
Q(c)—Q(c=0) = 1.5¢, and Do(c)/ Do(c= 0) =0.25c, where 
c is the antimony concentration in atom percent and 
Q is in kilocalories. 

Exploratory results indicate that, for diffusion of 
antimony in the same alloy system, impurity effects are 
appreciably smaller. Four measurements on 0.7% 
antimony samples, indicated by filled triangles in Fig. 5, 
show no difference from diffusion in pure silver. How- 
ever, in a 2.8 atomic percent antimony polycrystalline 
sample, a small but significant increase (20% above 
the value for pure silver) was noted. That point is shown 
by a filled circle. It might be observed that the total 
amount of antimony soluble in silver, 7%, is only 
slightly more than twice the 2.8% in the sample 
showing increased diffusion. 

An estimate of the accuracy of the data was made 
from the reproducibility of repeat measurements and 
from the standard deviation of the data from the 
Arrhenius plots, both being approximately 6%. In- 
investigation was to determine the change of activation energy 
with impurity concentration, it was deemed of critical importance 
to have a very accurate value of Q for the slef-diffusion of silver. 
A redetermination of the temperature dependence of self-diffu- 
sivity was thus begun. Partially completed results are given 
by D=0.4 exp(—44.1/RT) cm*/sec. 
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Fic. 2. Penetration curves, 0.89% Sb alloy, silver tracer 


cluding a possible 2° error in temperature calibration, 
one would estimate the probable error in Dy and Q to 
be 15-20% and about 0.8% respectively. 


DISCUSSION 
A. Comparison with Prewar Data 


As mentioned previously, pre- and postwar meas- 
urements of the diffusion of antimony into silver 
yielded inconsistent results.' Diffusion coefficients 
differed by as much as a factor of ten; the activation 
energies differed by 100%. The present experiment 
shows that these discrepancies are not due to the 
higher antimony concentrations in the prewar measure- 
ments. The diffusion couples of these early experiments 
consisted of pure silver and a 3% antimony alloy. 
According to the present results, the maximum change 
in diffusion coefficient ascribable to a 3% antimony 
concentration is about 50%; changes in activation 
energy should not exceed 10%. It therefore seems that 
the inconsistencies are caused by gradients in concen- 


Taste II. Experimental results showing change of activation 
energy, Q, and frequency factor, D», due to added antimony. 


1.42% Sb 

42.0 
0.275 

2.05 


0.53% Sb 


9 44.05 43.5 
5 0.403 0.382 
4Q 0.55 


0.89% Sb 


426 
0.302 
145 


Pure silver 





tration or by the poor sensitivity of the prewar 
techniques. 


B. Possibility of Large Changes in the 
Number of Vacancies 


The fact that reasonably constant slopes were ob- 
tained from plots of log D as a function of 1/T indicates 
that the impurity atoms cause little increase, if any, in 
the concentration of vacancies in the lattice. A large 
number of impurity-created vacancies would probably 
evidence itself by a diminished activation energy at 
low temperatures, where the number of thermally 
activated vacant sites would become smaller than the 
more or less constant number accompanying the im- 
purity atoms. 


C. Possible Changes in Mobility Energy 


It is well known that solution of an impurity may 
change the lattice spacing of a metal." Since the 
mobility energy of diffusion seems to be quite sensitive 
to interatomic spacing, it has been proposed by Over- 
hauser” and later by Lazarus” that impurity effects 
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Fic. 3. Penetration curves, 1.4% Sb alloy, silver tracer. 


" See, for instance, Hume-Rothery, Lewin, and Reynolds, Proc 
Roy. Soc. (London) A157, 167 (1936). 
® A. Overhauser, Phys. Rev. 90, 393 (1953) ; 91, 246(A) (1953). 
"D. Lazarus, “Impurities and Imperfections in Metallic 
Diffusion,” American Society of Metals, Chicago Meeting, 1954 
(unpublished). 





Sb IMPURITY ON 
may be viewed in terms of changes of the mobility 
energy. 

Overhauser considered the impurity atoms as sources 
of strain in a continuous medium. Assuming a Born- 
Mayer repulsive potential between atoms, W=K 
Xexp(—r/p), where r is the nearest neighbor distance 
and K and p are constants, Overhauser calculated the 
change in diffusion barrier height as a function of strain 
at any point. Subsequent averaging over the strain 
field permitted derivation of an expression for the 
change in mobility energy, 


1282 329ry gk 
AE= rrx|-— (- -) (= -) +a (= )I 
RT 
where 
Kby/} 
k= A ex(-- ~ a), 


2—v3 b 
ee 
2v2 p 


y=2(1—2y)/(1+y). 

u is Poisson’s ratio, } is the lattice constant, X is the 
fraction of impurity atoms, g is a numerical constant 
proportional to the strain discontinuity introduced by 
the impurity atom, and f is a cut-off parameter of the 
order of the lattice spacing, introduced in the averaging 
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Fic. 5. Temperature dependence of diffusion coefficients. 


process to prevent the integral from diverging at the 
origin. Using the present data for the silver antimony 
system, Hume-Rothery’s measurements for the ex- 
pansion of the silver lattice," and a value of 0.20 A for 
the constant p, we have calculated ro to be 4.04 A, a 
value which differs little from the lattice constant of the 
silver lattice, 4.08 A. The fact that the ro calculated 
from these data does approximate the lattice constant 
would indicate that an approach like Overhauser’s can 
very well account for the small changes observed, i.e., 
that the changes in Q may very well be due to changes 
in mobility energy for vacancies. 

A more quantitative calculation has been presented 
presented by Lazarus, who based his calculation on a 
model in which a diffusion jump is viewed as a unit 
shear of the lattice cell containing the diffusing atom 
and a vacancy. The change in mobility energy is thus 
equal to one-half the change in the atomic 110 shear 
modulus, which can be calculated for a uniform ex- 
pansion of the lattice by the method of Fuchs.” Localized 
effects were taken into account separately by assuming 
that a solvent atom that is adjacent to both members 
of an impurity vacancy pair will be able to shear into 
the vacancy with no higher mobility energy than the 
impurity atom. The resulting expression for the ratio 
of jump probabilities in the impure (p*) to that in the 
pure (p*) lattice is given by 


p'/p’=1—4X+4X exp(—AE,./RT), (3) 


where AE,,; is the difference in mobility energy be- 
tween the solvent and solute atoms diffusing in the 
pure lattice. 

‘Including also a small effect due to a slight increase 
in the vacancy concentration, Lazarus arrived at the 
following ‘expression for the ratio of self-diffusivities in 


“Kk. por Proc. Roy. Soc. (London) 153, 622 (1936). 
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Taste III. Comparison of experimental results and values 
calculated on the basis of Lazarus’ model 


Theoretical p(A) 0.15 0.20 0.25 
Dz/ (Ds) pare 0.50 0.72 1.02 
40 (kcal/mole) 1.3 1.2 1.1 
Experimental 
Deo/ (Do) pore 0.73 
4Q 1.5 


an impure (D*) and pure (D*) lattice, 


dD Car 1 
. exn( —- )(2--22)] 
D R_ RT 


AE,; 
x1 ~X+X exp- 
RI 


AE wi 
x1 4X+4X exp— | (4) 
R7 


where a is the linear coefficient of thermal expansion, 
r is the nearest neighbor distance, Z,,’ and E,,‘ are the 
mobility energies in the pure and impure lattice calcu- 
lated on the basis of uniform expansion, C is a constant 
of the order of 3, and AE,,, and AE,, are the differences 
of mobility and vacancy creation energies between 
diffusion of the solvent and solute. The sum of these 
last two, AO= AE,,,+ AE,,, can be obtained from dif- 
fusion measurements of solvent and solute in the pure 
lattice. 

Since the Born-Mayer exponent, p, which appears as 
a parameter in the theory,-is not accurately known, 
effective activation energies, Q, and intercepts, Do, 
have been calculated for three values of p, 0.15, 0.20, 
and 0.25. These effective values were obtained by 
calculating diffusion coefficients for temperatures of 
700, 800, 900, and 1000 deg K and then fitting them 
to an Arrhenius equation, as had been done for the 
experimentally determined diffusion coefficients. Ratios 
of values of Do for a 1% alloy and pure silver as well 
as differences in activation energy, Q pure —Q1% 
impurity, are compared with the experimental results 
in Table III. It might be pointed out that the theory 
does not wholly account for the observed changes, 
although qualitative agreement is excellent. 


D. Jump Frequency Formalism 


In connection with their data on Pb, Cu, Ge, and Al 
impurities in silver, Hoffman, Turnbull, and Hart* have 
presented a formalism in which diffusion coefficients for 
solvents and solutes in pure and impure material are 
written in terms of three jump frequencies, those of the 
solute, pure solvent, and a solvent atom in a zone around 
an impurity. They have neglected effects due to the 
overall expansion of the lattice, but have derived an 
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expression that takes into account short-range effects 
from all sources, i.e., changes in mobility as well as in 
vacancy concentration. The self-diffusivity, in an im- 
pure solvent in which the impurity diffuses faster than 
the solvent, is given by 


D,= (1—aX)D,°+aXD,, (5) 


where D,° is the self-diffusivity of the pure solvent, D» 
is the diffusion coefficient for the solute in the solvent, 
and a is the number of effective solvent vacancy 
exchanges during the time the solute exchanges once 
with the vacancy. This number cannot be greater than 
the total number of solvent atoms in the region strained 
by the impurity, since additional jumps could not be 
classed “effective.” 

It is interesting to compare this result with the ex- 
pression derived by Lazarus [Eq. (3) ] under much 
more restrictive assumptions. He assumed that the 
mobility of only those four atoms that can be nearest 
neighbors to both the impurity and the vacancy will be 
enhanced, hence the four in Eq. (3). It might seem 
reasonable to assume as did Hoffman, Turnbull, and 
Hart that other atoms in the region may also diffuse 
more easily; hence substitution of a number greater 
than four would seem justified. The present data sug- 
gest that a value in the range of six or seven is needed 
for agreement. 


SUMMARY 


1. Measurements of self-diffusion coefficients of 
silver as a function of antimony concentration and 
temperature show that in the range 550-900°C the 
activation energy decreases by 1} kcal per mole per 
percent added antimony, and that the frequency factor 
decreases by 25% for each percent added antimony in 
the 0-14% antimony range. 

2. The effect of impurities on solute diffusion is 
appreciably smaller than that on self-diffusion. 

3. Impurity effects are small and can therefore not 
be the major cause of discrepancies between tracer and 
nontracer results. 

4. Qualitative agreement exists between these data 
and theories of Overhauser and Lazarus, both of which 
ascribe the effects mainly to changes in mobility energy. 
The lack of any great amount of curvature in the 
Arrhenius plots indicates small changes in the vacancy 
concentration due to impurity additions. 
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The surface optical properties of the metals Ag, Au, Cu, Pt, Ir, and Ni in the infrared are shown to obey a 
simple generalized form of the Drude formula for the free electron theory, but involving two types of free 
electrons. If the surface optical constants are not anomalous, this procedure may be interpreted as a source 
of information on the density and relaxation times of free electrons in different overlapping energy bands. 
The evidence for and against anomalous surface optical constants is reviewed and it is concluded that the 
optical constants in the interior are the same as those measured on the surface. 


I. INTRODUCTION AND MATHEMATICAL 
FORMULATION 


N 1900 Drude! proposed a formula for the optical 

properties of metals based on the postulated exis- 
tence of two kinds of free charge carriers. In 1904 
Drude® abandoned this formulation since it seemed 
inconsistent with the electron theory which was being 
developed at that time. He then restricted the charge 
carriers to one kind. Since that time it has become 
evident: that Drude’s restricted formula may be used 
with only limited success and does not bring optical data 
into harmony with data for dc conductivity unless the 
optical properties of the interior are assumed to be 
different from those derived from reflection experiments 
on the surface. 

It will be shown that Drude’s more general formula 
does apply without limit to the free electron contribu- 
tion to optical properties in all metals which have been 
studied, and that there need be no essential difference 
between the optical properties of the surface and those 
of the interior to be consistent with the dc conductivity. 

Since quantum mechanics and the exclusion principle 
were then unknown, Drude could not have guessed that 
electrons in different Brillouin zones can behave differ- 
ently, nor could he have suspected the existence and 
important function of ‘‘holes.”’ Nevertheless, the proper- 
ties which he ascribed in his earlier paper to positive and 
negative “ions” show a remarkable resemblance to 
modern ideas about holes and electrons. The parallel 
modern interpretation of conductivity of transition 
metals was proposed by Mott.’ Mott recognized that 
both s-electrons and d-electrons are of importance for 
the conductivity of transition metals. The present work 
extends Mott’s interpretation to optical properties and 
indicates that even nontransition metals may have 
more than one type of free electron. 

The Drude formula gives the complex dielectric 
constant, K, as a function of frequency or wavelength. 
The complex dielectric constant is the square of the 
complex index of refraction. 


K =[n(1—i«) P= K’—iK”. 
1 P. Drude, Physik. Z. 1, 161 (1900). 
? P. Drude, Ann. Physik 14, 936 (1904). 
*N. F. Mott, Proc. Roy. Soc. (London) A153, 699 (1936). 


The real and imaginary parts of K are, respectively, 
K’=n*(1—2), 
K" = 2n*«. 


In our notation the Drude formula may be written 


oA " 71 o% 
KoK.-(-———— ( +), (3) 


2rce 2rce Ai A Ae tA 


In Eq. (3), \ is the wavelength in meters, 7, and e2 are 
components of conductivity in ohms~ m due to the 
two different kinds of charge carriers, and \,; and A, are 
the corresponding wavelengths of relaxation. With these 
units, the value of 2ceo is 0.01668. K,, represents the 
contribution of “bound” electrons at long wavelengths 
compared to their wavelengths of resonance. o,, has no 
theoretical foundation, but is inserted in the equation 
because it is useful in describing certain deviations from 
theory in imperfect metal films. 
The de conductivity, oo, may be derived from Eq. (3) 
by the relation 
oo=lim(i2mcegK /A) = 01 +024+-e4. 
\-+90 (4) 
It is found not only that Eq. (3) gives an adequate 
description of the optical properties of all metals which 
do not have resonance frequencies for bound electrons 
in the visible or infrared region, but also that it may be 
reduced to even simpler approximate forms. In some 
metals both A; and A, are substantially greater than the 
wavelengths at which data are reported. In other metals 
only d, is large. These conditions correspond to the two 
special cases summarized below. 
Case I: d,*, 42 >>’ 
oA NW ato: 
- (Aw+A), (S) 


1 . 

2rceg AA» Zee 
lo, At) + (eo, Az) 
(o1/d1?) + (o2/d¥") 


Note that Ay<Ag<As <A>. 
Case IT: 47 > 


Tur 
K&K,—i— 


orto? 
(01/1) + (o2/As) 


X= 


Ns | vi 


o2(Aat tA) 
| | —_+—— | (6) 
2rceo Qwceskdi—a A? 
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Il. COMPARISON WITH EXPERIMENT 


Years ago, Meier determined the resonance fre- 
quencies of the so-called “bound” electrons in several 
metals. In silver he found the longest wavelength of 
resonance at about 0.274. In gold a resonance was found 
at about 0.374 and in copper at about 0.504. Equation 
(5) may be used successfully at wavelengths greater 
than roughly twice these values. 

Of these three metals, silver has the widest range of 
wavelength free of resonances and is probably the metal 
most frequently studied. Figure 1 shows data for the 
complex components of the optical dielectric constant 
of silver. The smooth curves are calculated from Eq. (5) 
using the parameters listed in Table I, with the excep- 
tion of ¢,, which is 0.019 10* ohm™ m~™. The data in 
the infrared are from Foersterling and Freedericksz® 
and Ingersoll.* The data of Minor’ are used in the visible 
range. Figure 1 is plotted on logarithmic coordinates, 
according to which (— K’) and K” should follow straight 
lines with slopes of two and three respectively, .if in 
Eq. (5) the parameters K, and o,, are omitted. The 
deviations from straight lines are attributable to the 
nonvanishing values of K, and ¢,. The straight line 
asymptote for K” is shown dashed in the figure. 

More recent data for silver obtained by Schulz® and 
Schulz and Tangherlini,’ which had not been published 

*W. Meier, Ann. Physik 31, 1017 (1910). 

*K. Foersterling and V. Freedericksz, Ann 
(1913) 

*L. R. Ingersoll, Astrophys. J. 32, 282 (1910) 

7R. S. Minor, Ann. Physik 10, 581 (1903) 

* L. G. Schulz, J. Opt. Soc. Am. 44, 357 (1954) 
*L. G. Schulz and F. R. Tangherlini, J. Opt. Soc. Am. 44, 362 
(1954) 
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when Fig. 1 was drawn, indicate values of (— K’) which 
coincide with the curve in Fig. 1 in agreement with the 
older data. The new data for K” are different, however, 
in that they coincide with the dashed straight line in- 
stead of the curve in the wavelength range 0.5 to 0.95 
micron. Schulz and Tangherlini stressed the importance 
of careful annealing of their metal films and they meas- 
ured the reflectivity from the glass-metal interface 
which was presumably free of contamination by the 
atmosphere. Our conclusion from these data is that ¢, 
does vanish, as it should, on a suitably prepared surface. 
Conversely, a nonvanishing ¢, may be taken as a 
possible indication of surface defects. ¢,, appears to be 
more sensitive to surface defects than are the other 
parameters in the equation. 

The situation in gold and copper is somewhat similar 
to that observed in silver except that there is more 
scatter in the classical data. It should be noted that all 
three metals are very difficult to measure in the im- 
portant infrared range because of their high reflectivi- 
ties. The values of A., A», and K, for gold and copper 
shown in Table I were calculated from the data of 
Schulz and Tangherlini which also indicate that o, 
vanishes for these metals. This table also lists repre- 
sentative values of the dc conductivity, oo, of these 
metals at room temperature taken from the Landolt- 
Bornstein” tables. 

In the Drude formula for one type of free electron 
( obtained from Eq. (3) by putting o.=¢,,=0 ] one finds 
that K”>(—K’) when A>A,, neglecting the effect of 
K,,. In this range of wavelength (— K’) increases only 
very slightly with increasing wavelength. In the metals 
platinum, iridium, and nickel, K”>(—K’) while 
(— K’) changes much more than could be explained by 
the simple formula. The data for these metals can be 
accounted for only under the assumption that there are 
two relaxation wavelengths, in this case as given by Eq. 
(6). In Eq. (6), 0; and o2 appear in different terms so 
that these parameters may be determined independently 
On the contrary, Eq. (5) contains only the sum of these 
parameters. By fitting experimental data to Eq. (6), one 
can find actual values of a; and a; as well as A; and Az. 

A graphical method has been found most satisfactory 
in the evaluation of numerical values of parameters in 
Eq. (6). The graphical analysis is based on a family of 
standard curves which show at a glance how a change 
in any one of the parameters would affect the shape of 
the resulting curves. Figures 2, 3, and 4 show the ex- 


TaBLe I. Parameters derived from optical data 
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” Landolt-Bornstein, Physikalisch-Chemische Tabellen (Springer- 
Verlag, Berlin, Germany, 1923-36), Vol 2 and Suppl 
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perimental data for platinum, iridium, and _ nickel. 
These data include the work of Lauch," von Warten- 
burg,” Quincke,” and Tool" in addition to those sources 
already mentioned. The parameters used in calculation 
of the curves in these figures are listed in Table I] 
along with the dc conductivity. Some of the parameters 
which could not be determined uniquely by the graph- 
ical method are either omitted or enclosed in paren- 
theses. 

Iron is an exception to the above formulas since it has 
a resonance frequency in the visible range. The data for 
iron are shown in Fig. 5 along with a smooth curve 
calculated according to Eq. (6). The deviations from 
the smooth curve centered at about 0.57 are character- 
istic of a resonance such as is usually attributed to 
bound electrons. In this case it is possible that the res- 
onance may be magnetic in origin. A similar resonance 
is observed in cobalt at around 1.35y. 


Ill. INTERPRETATION OF RESULTS 


If one considers the electronic energy diagram for 
copper as calculated by Krutter,"* it is clear that in the 
solid metal there is an overlapping of the 4s and 4p 
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™ K. Lauch, Ann. Physik (4), 74, 55 (1924). 

" H. von Wartenburg, Verhand] deut physik Ges. 12, 105 (1910). 

% G. Quincke, Poggend. Ann. Jubelband 336 (1874). 

“A. Q. Tool, Phys. Rev. 31, 1 (1910). 

H. M. Krutter, Phys. Rev. 48, 664 (1935) 
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bands and that the Fermi level falls in this overlapping 
range. According to this model both 4s and 49 electrons 
will contribute to the conductivity. Free electrons in 
these different bands would be expected to have differ- 
ent effective masses and scattering probabilities or 
relaxation wavelengths. Silver and gold are known to 
have similar electronic properties as compared with 
copper; therefore, one might expect a similar energy 
band model to apply to these metals. In silver the ex- 
pected overlapping bands would be 5s and 5p and in gold, 
6s and 6p. The fact that the two-electron model appears 
to give a better interpretation of the experimental data 
than the one-electron model tends to support the con- 
clusion that both s- and p-electrons contribute to the 
conductivity in these metals. The existing data do not 
allow separate determination of Ax, As, o1, and o9; 
however, it is evident that these can be determined by 
conducting experiments at longer wavelengths. 

In platinum and iridium the situation should be, and 
is, quite different, since these metals have unfilled 
d-orbits; the overlapping occurring between the Sd- 
and 6s-bands. In nickel 3d- and 4s-states would be 
involved. The values obtained for \, and o; in these 
metals are attributed to d-states, while the values for 
Az and o, are attributed to s-states. The small values of 
\; are interpreted to indicate that the charge carriers in 
d-states have a much greater probability of scattering 
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than do those for either s- or p-states. For these transi- 
tion metals, one may use the experimentally derived 
values of A, and o; in a calculation of the effective num- 
ber, ,, of electrons or other charge carriers in the 
d-state. This calculation the classical 
relation 


is based on 


n)/Ne= 2rcmyo;/Nee*A;, (7) 


where nm, is the number of atoms per unit volume, c is 
the velocity of light, ¢ is the electronic charge, and my, is 
the effective electronic This equation is not 
capable of determining both m, and m,, but if one as- 
sumes that m, is the rest mass of an electron in free 
space, then one obtains a representative value for m,. 
The values of ,/n, for platinum, iridium, and nickel 
calculated according to this convention are shown in 
Table II. 

Platinum and iridium have similar electronic con- 
figurations except that iridium has one less electron. 
In view of this, it is interesting that iridium has a 
noticeably greater number of charge carriers in the 
d-state. Since the metal with fewer electrons has the 
greater number of charge carriers, the latter may be 
identified as holes. This is reasonable since the d-band 
has room for ten electrons and is nearly filled. The 
charge carriers associated with the s-states are believed 
to be electrons. Most of the conductivity is due to these 


mass 


ROBERTS 


s-electrons since they have so much greater lifetime 
than the d-holes. 


IV. ANOMALOUS SURFACE LAYER 


Until now it has been generally believed that the 
optical properties of metals are influenced by an 
anomalous surface layer. This layer has been discussed 
at length by several authors.’* The analysis presented 
here appears to cast some doubt as to whether such a 
surface layer does have any significant effect on the 
optical properties of metals in the infrared at ordinary 
temperatures. Accordingly, it is relevant to review the 
evidence for and against the anomalous surface optical 
constants resulting from such a layer. 

The point in dispute is whether the optical constants 
determined from surface measurements are valid for 
points in the interior of the metal. To settle this point 
properly, one should compare experimental data for the 
optical constants in question. The surface constants are 
well known for a number of metals, but data for the 
interior as reported in the literature are relatively 
meager. However, these data do definitely support the 
view that the optical constants of the interior are the 
same as those of the surface. 


Taste II. Parameters derived from optical data 


a: X10°* «2: X10" o. K10~* oe X10°* 
ohm »hm~! ohm ohm 
Metal aA:(p Arts Ke iT m m 
Pt 1.27 05 24 1.03 0.25 9.5 
I 0.58 24. . 1.02 16.4 
N 0.70 44. 2.7 0.45 0.15 8.5 
Fe 0.39 75 (1.15 0.24 0.24 10.0 





One of the first suggestions that the surface optical 
constants might be anomalous came from application of 
the Drude one-electron formula [o2.=¢,,=0 in Eq. (3) ] 
to copper-like metals. If one neglects K,, and restricts 
the range of wavelength so that \*<),’ one obtains the 
following relation between conductivity and optical 
constants from the one-electron formula 


og acen(nx)*/dAn. (8) 


If one uses surface optical constants, this formula gives 
values of conductivity which are only about 0.3 of the 
observed dc conductivity of the solid metal for each of 
the three metals silver, gold, and copper. Therefore, if 
the formula is valid for the interior, nx must be about 
49% larger in the interior or m must be 70% smaller 
than the value measured on the surface. The two-elec- 
tron formulation does not give rise to such a difference. 

Recent experiments of Schulz"’ indicate that, for the 
metals he studied, the extinction coefficients, nx, of the 


* A. B. Pippard, Proc. Roy. Soc. (London) A191, 385 (1947); 
A203, 98 (1950); R. G. Chambers, Nature 165, 239 (1950); Ph.D. 
lissertation Cambridge, 1951 (unpublished); Physica 19, 365 
(1953); E. H. Sondheimer, Advances in Phys. 1, 1 (1952); R. B. 
Dingle, Physica 19, 311, 729-36 (1953). 

7 L. G. Schulz, J. Opt. Soc. Am. 44, 540 (1954) 
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interior were not much, if any, different from those of 
the surface. Schulz observed the transmission through 
films of varying thickness and from these data calcu- 
lated separate values of mx for the surface and for the 
interior. He also determined mx for the surface indepen- 
dently by reflection. Observed differences up to about 
15 percent between surface and interior values of mx 
were much too small to reconcile the simple Drude 
formula with the de conductivity. These differences are 
not regarded as significant in the present discussion, 
and on this basis Schulz’s experiments may be inter- 
preted to signify that the interior and surface values of 
the extinction coefficient are substantially the same. 
Schulz did not determine the real component, n, of 
the index of refraction of the interior. However, this 
property was measured many years ago by Kundt"* 
using metal wedges. With the exception of silver, 
Kundt’s interior results for “white” light are in very 
good agreement with the surface indices reported by 
others. Kundt’s interior value of » for Ag is several 
times higher than the latest surface value of Schulz and 
Tangherlini.* Kundt’s value for Ag is probably in error 
since the discrepancy in the one-electron formulation is 
even greater using his value. There is better agreement 
between Kundt’s interior values and the surface values 


Tas_e III. Analysis of charge carriers. 














Metal mi/Me 
Pt 0.79(Sd) 
Ir 1.64(Sd) 
Ni 0.47 (3d) 











of n for the metals Pt and Ni than for copper-like 
metals. This would be expected since Kundt did not use 
monochromatic light, and the values of # for the metals 
Pt and Ni are not such critical functions of wavelength. 

The evidence for anomalous surface optical constants 
is not based on a direct comparison of the surface con- 
stants with those of the interior but on a theoretical 
interpretation of other properties of metals. Further- 
more, the theory of the anomalous surface layer is in 
internal disagreement when applied to different experi- 
ments. For example, Andrew” obtained the value 
oo/l=4.5X 10” Gaussian units for the ratio of the con- 
ductivity to the electronic mean free path in tin as 
derived from measurements of the de conductivity of 
thin foils at low temperatures. Chambers"* obtained the 
value 8.6 10” for the same ratio on the basis of micro- 
wave resistance measurements, also at low tempera- 
tures. This difference appears to be well outside the 





%* A. Kundt, Ann. Physik 34, 469 (1888). 
” E. R. Andrew, Proc. Phys. Soc. (London) A62, 77 (1949). 
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limits of experimental error; therefore, one may con- 
clude either that the theory is deficient, or that the 
anomalous surface layer is less deep for microwave 
frequencies than for direct current—and perhaps of 
quite negligible depth at infrared wavelengths. 
Sondheimer"* gives a method for calculating the 
effective conductivity of a surface layer of any given 
depth. Sondheimer’s theory has been subjected to an 
extreme degree of refinement by Dingle.'* Notwith- 
standing these efforts, there does not seem to be any 
satisfactory way, analogous to Eq. (8), to calculate the 
dc conductivity from the surface optical constants or 
vice versa as long as the one-electron model is used. 
Nor do these theories offer any help in explaining the 
observed wavelength dependence of the surface optical 
properties of transition metals. In addition to these 
shortcomings it must be reckoned that the anomalous 
surface layer is just a theory, insofar as optical proper- 
ties of metals are concerned, whereas direct experiments 
indicate that anomalies in the surface optical constants 
are either small or nonexistent at room temperature. 
The author acknowledges with thanks the comments 
of R. E. Scott which were helpful in the revision of this 


paper. 
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Hall Effect and Conductivity of InSb 


H. J. Hrostowsxt, F. J. Mort, T. H. Gespare, anp G. H. WHEATLEY 
Bal Tdephone Laboratories, Murray Hill, New Jersey 
(Received August 19, 1955) 


Hal! coefficient and conductivity of single-crystal InSb have been measured from 1.3°K to 700°K. Im 
purity band conduction and an acceptor ionization energy of 7X 10~* ev have been observed in p-type InSb 
at low temperature. Variation of Ry with H indicates a complicated valence band structure. Effective masses 
of 0.015m for electrons and approximately 0.17m for holes are consistent with mobility and low temperature 
Hall effect data. Lattice scattering mobilities are proportional to T-** for electrons and approximately 
T-*4 for holes. The intrinsic carrier concentration product is given by np=3.6X 10"T* exp(—0.26/kT 


above 200°K. E, at 0°K is between 0.26 and 0.29 ev 


1. INTRODUCTION 


LTHOUGH many investigations of InSb have 

been reported,’ most of the information about 
this compound has been obtained from relatively 
impure material in which the total impurity concen- 
tration, V;, was unknown. The present work was 
designed to determine semiconducting properties of 
InSb from 1.3°K to 700°K from measurements of Hall 
coefficient and conductivity on single-crystal samples 
of rather definite, impurity content. 
generacy’ and other effects’ complicate the interpre- 
tation of data obtained from highly doped InSb, only 
samples of the highest purity obtainable were studied 


low Since de- 


2. EXPERIMENTAL 


Samples were cut from single crystals pulled* from 
melts of InSb purified by extensive zone refining.® 
Measurements were made on oriented bridge shape*® 
samples using indium alloyed contacts below 300°K 
and platinum 10 percent rhodium wire pressure contacts 
above this temperature. For high-temperature measure- 
ments the samples were heated in an atmosphere of .V2. 


Taste I. Electrical properties of InSb samples at 78°K. 


Ss ple Na~Ne (cm~* Raeicm'/volt sex 
1 7.7X 10" 375K 10° 
_ 9.8 10" 3.70 10° 
a is | 1.2 10" 2.30X 10° 
\4 8.8 10" 3.80 10° 
A 2.9X 10" 95X10 
8 44x10" 1.0 10" 
PYPO) C 1.8X 10" 8.1X 10 
\D 1.110" 9.3X 10 

* Obtained from « = (39/8) (1/¢Ra), H = 3080 gauss for all cases except 


—— Sand C where H «750 gauss 

‘oO Metdine and H. Weiss, Z. Naturforsch. 9a, 527 (1954), 
give a comprehensive review of the literature 

* Harman, Willardson, and Beer, Phys. Rev. 93, 912 (1954) 

* Hrostowski, Wheatley, and Flood, Phys. Rev. 95, 1683 
(1954). 

+ rs Teal and J. B. Little, Phys. Rev. 78, 647 (1950) 

. Pfann, Trans. Am. Inst. Mining Met. Engrs. 194, 747 

(19sz). 

*P. P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954). 


Table I gives the extrinsic electrical properties of the 
samples used. 

Above 500°K acceptors were introduced during the 
measurements. The effects were small and generally 
did not change the extrinsic properties by more than 
10 percent. At 300°K the changes were not detectable 
unless the sample had been heated above 650°K. 
Different samples of comparable carrier concentration 
were used for the high- and low-temperature regions 
because of this and the low melting point of indium in 
the alloyed contacts. 


3. VARIATION OF HALL COEFFICIENT 
WITH MAGNETIC FIELD 


The Hall coefficient, Ry, was measured as a function 
of magnetic filed strength, H, for a number of samples 
using fields ranging from 250 to 4300 gauss. In n-type 
InSb, Ry is independent of H up to 4300 gauss at 300°K. 
At 78°K, Ry decreases linearly with increasing H. The 
decrease of Ry over this range of H is dependent on 
electron concentration and varies from sample to 
sample. It amounted to less than 5 percent for the 
samples investigated. 

For p-type InSb, Ry varies with H in a manner 
somewhat similar to that observed for p-type germa- 
nium.’ Figure 1, which shows the behavior of samples 
{ and B at several temperatures, indicates that the 
variation of Ry with H depends on acceptor concen- 
tration as well as temperature.® 

The field dependence of Ry in p-type germanium has 
been successfully interpreted’ by assuming the presence 
of a small percentage of high-mobility holes in addition 
to the usual positive charge carriers. Recent cyclotron 
resonance experiments’ on InSb show the existence of 
two anisotropic holes with effective masses of approxi- 
mately 0.18m and 1.2m. Analysis of low-temperature 
Hall effect data (see Sec. 4) gives an average effective 
mass of 0.17m which is very close to the lower cyclotron 

? Willardson, Harman, and Beer, Phys. Rev. 96, 1512 (1954) 
and references cited there. 

* Harman, Willardson, and Beer, Phys. Rev. 95, 699 (1954), 
find little field dependence of Ry in the extrinsic range for 
ag a tors per 


(1955). 


cm’. 
” Kittel, and Wagoner, Phys. Rev. 98, 556 
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resonance value. This result indicates that the heavy 
holes are considerably less abundant. Since these would 
be expected to influence Ry only at relatively high 
fields it appears that the observed behavior of Ry below 
4300 gauss results primarily from a complicated valence 
band structure. 

The Hall coefficient is given by the relation Ry 
= (un/u)(1/ep), where uy/u, the ratio of Hall to con- 
ductivity mobility, is strongly dependent on magnetic 
field. Although yw/u cannot be determined exactly 
without independent measurements of drift mobility,” 
approximate values ranging from 1.5 to 1.8 can be 
obtained from the ratio of the low- and high-field values 
of Ru since (ux, Lt) tn = a Thus, 


Rimo/ Ram = bn/B- (1) 





5.5 wy * 
ou aN } 
ae | ae + — “Tr 1 + 








/ 


» 
> 
— 


10°*« HALL COEFFICIENT IN CM? PER COULOMB 
we 
: wu 
+ 





w 
o 
A 
~ 
a 
7 
x 
— 








ne 
a ee 

25 + ee on 

2.0 in } $ i H } { 

B, 7e°x 

1.5 + ‘ 4 tan RY > hen } 

8.1 Pe ee 

1.0 J 

0 as 1.0 is 2 25 3.0 3.5 49 45 

MAGNETIC FIELD STRENGTH IN KILOGAUSS 


Fic. 1. Variation of Hall coefficient with magnetic 
rf field for p-type InSb. 


These values are much greater than 32/8, the value 
for spherical energy surfaces. They are also somewhat 
approximate because of the onset of impurity scattering, 
which influences yy/p at liquid nitrogen temperatures. 


4. LOW-TEMPERATURE RESULTS 


Figures 2 and 3 show, respectively, the temperature 
dependence of the Hall coefficient (for 1 = 3080 gauss) 
and conductivity, ¢, for two samples of low extrinsic 
carrier concentration. Measurements were taken to 
1.3°K in both cases. 

There is no evidence of donor ionization in Sample 2 
in the temperature range studied. An effective electron 
mass, m,, of 0.015m (see Sec. 6), where m is the free 
® The lifetime of holes in InSb is apparently too low to measure 
drift mobilities by existing techniques. 
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Fic. 2. Hall coefficient below 50°K es reciprocal 
temperature for Samples 2 and B. 


electron mass, gives a degeneracy temperature" of 
28°K for this sample. This is in reasonable agreement 
with the observed temperature dependence of the 
conductivity. The donor ionization energy calculated 
from the hydrogen-like model for impurity centers is 
10-* ev for a dielectric constant" of 16. Ionization from 
this level would be observable in Hall effect measure- 
ments on nondegenerate samples (n= 10" cm~*) around 
2°K. 

The data for p-type sample B show ionization of 
acceptors with increasing temperatures above 10°K 
and impurity band conduction“ below this tempera- 
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Fic. 3. Conductivity below 50°K es reciprocal 
temperature for Samples 2 and B. 


" W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand and Company, Inc., New York, 1950) 

" Briggs, Cummings, Hrostowski, and Tanenbaum, Phys. Rev. 
93, 912 (1954). 

“= C. S. Hung and J. R. Gliessman, Phys. Rev. 96, 1226 (1954) 

“ Impurity d conduction in p-type InSb has also been 
observed recently by H. Fritzsche and K. Lark-Horovitz, Phys. 
Rev. 98, 1532(A) (1955), 
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ture. The value obtained for E,, the acceptor ionization 
energy, from the slope of the curve between 10°K and 
20°K, is (7+1)X10~ ev. 

Because of the dependence of Ry on H, exact values 
for the effective hole mass, m,, and the donor concen- 
tration, V4, cannot be obtained from these data. The 
results vary with the temperature for which they are 
calculated and the assumptions regarding the definition 
of Ry. Hole concentration, p,, in the extrinsic range 
where p, is constant was calculated by assuming that 
Ram = (39/8) (1/ep.). Then uz/u was determined as a 
function of temperature by using the expression yy/p 
=ptRiy.980 and extrapolated into the impurity 
ionization region. With these values of uy/u and the 
Hall coefficient data for 3080-gauss carrier concen- 
tration was calculated as a function of reciprocal tem- 
perature and analyzed to give average values of m, 
=O.17m Ng=8X<10" cm“. The estimated 
certainty of the values is less than 50 percent. 

Below 10°K, impurity band conduction is observed 
in p-type InSb. A Hall coefficient maximum similar to 
that reported for germanium by Hung and Gliessman™ 
is observed. This maximum occurs at a higher tempera- 
ture and impurity band conduction occurs at lower 
impurity concentrations than for germanium because 
of the smaller effective hole mass in InSb. Although the 
mobility of the acceptor band carriers can be estimated 
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Fic. 4(a). Hall coefficient vs reciprocal temperature 
from 78°K to room temperature. 


GEBALLE, AND WHEATLEY 


to be 1 cm?*/volt sec, analysis of these results is not 
justified without a clearly defined Ry. Furthermore, the 
acceptor centers are residual impurities and were not 
introduced in a controlled manner. Thus, it is possible 
that there are several chemically different acceptor 
centers with different ionization energies. 


5. HALL EFFECT AND CONDUCTIVITY ABOVE 78°K 


Hall effect and conductivity as functions of 7—' are 
shown in Figs. 4fa), 4(b), 5(a), and 5(b), respec- 
tively, for temperatures from 78°K to 700°K. The data 
for n- and p-type samples merge into common intrinsic 
curves around 300°K. The curvature in the conduc- 
tivity and Hall effect curves at high temperature has 
been attributed to degeneracy by several investi- 
gators.'* The shift in the optical absorption edge with 
increasing electron concentration, however, indicates 
that the effective electron mass is increasing with in- 
creasing population of the states in the conduction 
band.* The conductivity, which is most sensitive to 
these effects, is an exponential function of 7—' up to 
465°K, the Hall coefficient up to 535°K. Therefore the 
intrinsic behavior does not appear to be seriously 
affected by these phenomena below 500°K in samples 
of this purity. 


6. ELECTRON MOBILITY 


Since Ry is relatively independent of H for n-type 
InSb, we assume that u.= (8/3) (Ro). Figure 6 shows 
the observed variation of yu, with temperature. Also 


TEMPERATURE IN DEGREES KELVIN 























700 600 500 400 
‘ i 
| " eae a8 
aa ™ D + + + al 
H = 3080 GAUSS 
> ‘ i 5 a 
o 2 + + —_ 
= 
° 
o 
« 107 de 
B™ oem FRO ee Ee a es Se ee 
“ 
2 | | 
S 4 | } Fr SS ER 
z 
z $ — 
- 
= 4 — 
3 Ped 
« 3 + i 
_ 
- i 
° | | 
Vv | | 
4 2 EE 
3 | | 
o | | 
x | | 
| | 
| | ; 
| } | 
: I 
. "7 | | 
e ‘ 4 4 4—__4 
/ } i | i 
6 + +- _ —+ +——4 
s 
Lo LS 2 2.5 30 35 


10°/ TEMPERATURE IN DEGREES KELVIN 


Fic. 4(b). Hali coefficient es reciprocal temperature 
in the intrinsic range. 
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Fic. 5(a). Conductivity 2s reciprocal temperature 
from 78°K to room temperature. 


shown are values of 47, the impurity scattering mobility 
calculated from the Brooks-Herring formula’ for an 
effective electron mass of 0.015m. It is apparent that 
samples 1 and 2 have approximately the same total 
impurity concentration. Assuming VN ;N4y—N.=9.8 
X10" cm~* for sample 2, the electron lattice scattering 
mobility, uz,, was calculated by the method of Con- 
well'® by adjusting m,, to give the best straight line over 
the temperature range from 50°K to 400°K. A value of 
m,=0.015m gives a significantly better result than 
0.01m or 0.02m. This value of m, is very close to that 
determined from cyclotron resonance experiments.’ 
The calculated lattice scattering mobility shown in 
Fig. 6 can be described by the equation 


Bin=1.09XK10 T--*, (2) 


The experimental results for sample 3 give good agree- 
ment with this equation for V;=3.6X 10" cm™. 

The curvature of u, above 465°K is somewhat similar 
to that observed in germanium" at comparable intrinsic 





% This is discussed in reference 6. 
* E. Conwell, Proc. Inst. Radio Engrs. 40, 1331 (1952). 
 F. J. Morin and J. P. Maita, Phys. Rev. 94, 1529 (1954) 
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Fic. 5(b). Conductivity vs reciprocal temperature 
in the intrinsic range. 


carrier density and attributed to electron-hole scat- 
tering. The dashed curve in Fig. 6 shows the calculated 
temperature dependence of uz,» including pay, the 
electron-hole scattering mobility, obtained by using the 
intrinsic carrier concentration determined in Sec. 8 and 
the effective masses given above. Since the inclusion of 
electron-hole scattering gives a result which is not in 
accord with the experimental data, it is concluded to 
be an unimportant scattering mechanism in InSb. 
Degeneracy and the increasing effective electron mass 
can qualitatively account for the observed deviation 
of the experimental mobility from the calculated lattice 
scattering mobility above 465°K. 

The temperature dependence of electron lattice 
scattering mobility is almost identical to that of 
germanium where the deviation from a 7~'* depend- 
ence has been attributed to scattering by optical modes 
or intervalley scattering.” 


7. HOLE MOBILITY 


Experimental values of Ryo are shown in Fig. 7 along 
with impurity scattering mobility calculated for a range 
of values m, and N; obtained from the low-temperature 
data for sample B. Although the exact relation of Ryo 
to conductivity mobility is not clear, these probably 
differ by less than 20 percent above 50°K for H = 3080 
gauss. The temperature dependence of lattice scattering 
mobility, 4z», can be estimated from impurity scattering 
mobility and the conductivity data using hole densities 
obtained from the Hall coefficients. Results of these 
calculations indicate that the temperature dependence 
of 41» is approximately 7-*", Impurity scattering, low 
temperature effects and the variation of Ry with H 
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Fic. 6. Electron mobility »s temperature. 


make it difficult to draw more quantitative con- 
clusions 


8. CARRIER CONCENTRATION 


Intrinsic carrier concentration has been determined 
from conductivity using measured electron mobility 
and extrinsic carrier concentration obtained from the 
Hal! coefficient in the saturation range. The method is 
similar to that used by Morin and Maita"’ except that 
the contribution of holes has been neglected because 
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of the high ratio of electron to hole mobility.’* The 
results are shown in Fig. 8. Between 200°K and 600°K 
they can be described by the empirical relation: 


np=3.6X10"T* exp(—0.26/kT). (4) 


They do not differ greatly from results obtained on less 
pure samples.'* Because of degeneracy' the true energy 
gap, E,, at 0°K is somewhat higher than 0.26 ev, the 
exponent in (4). However the varying effective electron 
mass and possible electrostatic interaction of charge 
carriers" also influence these data and make the value 
of E, rather uncertain. 

With the effective masses obtained above and the 
theoretical expression" for carrier concentration in the 
intrinsic range the calculated temperature coefficient 
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Fic. 8. Square root of the product of electron and hole con- 
centration es reciprocal temperature in the intrinsic range. 


of E, is (—3.940.3) X 10~ ev/°K if a linear temperature 
dependence is assumed. Combining this with £,=0.17 
at 300°K, a value obtained from optical measurement” 
on “pure” InSb, E, at 0°K is 0.29+0.005 ev. Although 
this is probably an upper limit to the true value, it 
indicates the over-all consistency of these results. 
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The kinetic behavior of systems in which processes occur which are distributed over a range of activation 
energies is considered. The effects produced by the initial distribution, the order of reaction, and the fre- 
quency factor are discussed. Imaginary and actual experimental situations are used to illustrate the large 
errors which can result when the distribution of the processes in activation energy is neglected. Some of the 
complications which can result from successive reactions and varying frequency factors are mentioned. 





INTRODUCTION 


AND! introduced the concept of a group of 
processes distributed in activation energy in order 
to explain the kinetics of the irreversible resistance 
changes which take place in heating evaporated metal 
deposits. The same concept was used by Curie® and by 
Randall and Wilkins* to explain the decay of the long- 
period phosphorence. Neubert‘ used the concept to 
explain the annealing behavior of radiation damage. 
The merits of the alternative kinetic treatments con- 
sidered by Brown,’ Dienes and Parkins,* Bowen,’ and 
others will not be discussed for it is the object here to 
consider in a general way some of the kinetic behavior 
resulting when processes are distributed in activation 
energy. Overhauser* studied the annealing of resistance 
changes in copper induced by high-energy deuterons 
and concluded the first part of the annealing could be 
explained by a distribution of processes over a range of 
activation energies followed by a single process in which 
the annealing proceeded by kinetics of order 2.5. 
Honig’ considered the integral transformation of one of 
the equations arising in the kinetics of processes dis- 
tributed in activation energy. These references fur- 
nished the background for the present paper and are not 
intended to represent an exhaustive survey. 

The above investigations all involved solids which 
may be considered to be molecularly inhomogeneous in 
some sense. In the case of evaporated metal films, the 
crystal structure consists of random mosaic deposits; 
in the case of radiation damage by energetic particles, 
the stopping process is itself localized, the displaced 





* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission 
t Enlarged from a manuscript submitted as a letter November 
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atoms may be trapped at various points in the solid, or 
in varying groupings, and the solid may eventually 
break down into a mosaic structure; in the case of 
phosphors, the electron traps may have different 
depths. Thus the different activation energies would 
appear to be associated with different portions of the 
solid. If reactions of order other than one are con- 
sidered, it may be necessary to introduce a local con- 
centration in addition to the average volume concen- 
tration. 


1. FORMAL THEORY OF THE KINETICS OF 
PROCESSES DISTRIBUTED IN ACTIVATION 
ENERGY; ISOTHERMAL ANNEALING 
AND TEMPERING 

1.1. It has been customary to consider that in analogy 
with the kinetic processes in gases and in solution, the 
annealing processes obey a differential equation of the 
kind 

— (dgq/dt)=kq", (1) 
where g is the concentration of possible kinetic proc- 
esses, / is the time, & is a constant, and n is the order of 
reaction (not restricted to integer values). In general, 
q cannot be measured directly. If a property is measured 
which is proportional to the number of processes which 
can occur, then for the processes which proceed at a 
particular value of the activation energy, 

— (dp/dt)=kf(p/f)", (2) 
where f is the change in property accompanying the 
occurrence of a kinetic process (termed the importance 
factor) and p is a property or property change which 
can be used to measure the concentration of kinetic 
processes which can yet occur. It is usually assumed 
that the rate constant, &, can be equated to the 
Arrhenius expression for the activation energy. Then 


— (dp/dt)= Afe*'"(p/f)", (3) 
where ¢ is the activation energy (units of ev will be 
used here), r is the product of Boltzmann’s constant and 
the temperature, and A is a constant having the dimen- 
sions of frequency when n is unity. In the case of 
isothermal annealing, this equation can be integrated 
to give 

p= pol l—(1—m) All f/ po) omer *) (4) 
= pol 1—(1—n) Blew!" 0-*) (5) 
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Fic. 1. The characteristic annealing function for isothermal 
annealing, 6,=(1—(1—m)Bieo""}/O-), g=enr, bag O-*), 
@= 7 In( Bi). 


where po is the value of p at ‘=0. The quantity B 
which is defined by Eqs. (4) and (5) has the dimensions 
of frequency for all orders of reaction. If the processes 
are distributed in activation energy, p and pp are dis- 
tribution functions (the dependence of B and f on the 
activation energy will be disregarded in this section) 
and the measured value of the property is’ 


p= f pol 1— (1—n) Ble ill de (6) 


or 


P(b -f pole) O.(edde, (7) 


) 


where P is the observed value of a suitable property. 
The function © defined by Eqs. (6) and (7) is termed 
The 


distribution of processes over a range of activation 


the characteristic isothermal-annealing function 


energies is termed a spectrum.” 

1.2. In dealing with a broad activation-energy 
spectrum, the annealing behavior is dominated by the 
exponential dependence on ¢ appearing in ©,, and the 
modifications introduced by po, the initial activation- 
energy spectrum, and the dependence of B and f on « 
may be treated as perturbations of the gross behavior. 
The characteristic annealing function for isothermal 
annealing is shown schematically in Fig. 1. Solving fer e, 


; 


e= 7{In{ (1—n)B)+1ni—In[1—@°-”? }}, (8) 


it is seen that as the isothermal annealing progresses, 
the curve is displaced along «, but does not alter in 
shape. The point of inflection is termed here the charac- 
teristic activation energy and is designated ¢. It is seen 
that 

eo= 7 In( Bt). 9) 


“In applying limits to integrals involving the characteristic 
annealing functions it is necessary to exercise some care when the 
order is not unity. If the order is less than unity the characteristic 
annealing function is zero from «=0 to «=r In[(1—n)Bi] while 
the functional form given is negative in this region, and thus 
integrals involving ©.<: or d@,-,/di should be taken from 
r In| (1—s) Bt) as a lower limit when the functional form given 
is used. If the order is greater than 2, — fo" (d0,/dijde diverges 
and hence a finite upper limit must be employed with this integral. 

" This term was introduced in the course of studies by Neubert 
(reference 4) in 1944 and has been in common use in the subject 
since then. 


PRIMAK 


The rate of annealing is'® 


dP d 7” 
“sung | 
Sy 
0 dt 
- dO, 
=f w(-—*)a 


Thus neglecting, for the moment, the effect of the 
initial activation energy spectrum, of the processes 
occurring simultaneously, those at the maximum of 
d®@,/dt make the maximum contribution. Since in 
isothermal annealing d0,/di and dO,/de (regarded as 
functions of €) are proportional to each other (again 
neglecting any dependence of B and f on «), they possess 
a maximum at the same value of ¢, and hence the proc- 
esses possessing the characteristic activation energy 
make the maximum contribution to those occurring 
simultaneously. However, because (dp/dt)(e) is usually 
unsymmetrical about ¢o, the average activation energy 
of the processes undergoing simultaneous annealing is 
slightly displaced from ¢, an effect which is small and 
which will be considered later. From the value and the 
slope of the characteristic annealing function at the 
characteristic activation energy 


(10) 





@,.(€o) =n"! A-*), (11) 
dO, n”! (-*) 

(«)=——, (12) 
de T 


it is seen that for reasonable values of m, most of the 
processes occurring simultaneously lie in a narrow band 
of activation energies of the magnitude several times mr 
(Fig. 1). 

1.3. The presentation of the activation-energy spec- 
trum as a function of time is a complete representation 
of the formal kinetic behavior of a suitable property for 
any kind of annealing program. Experimentally all that 
is observed is the integral of the activation-energy 
spectrum as a function of time. The customary kinetic 
interpretation of the data would consist of finding the 
initial activation-energy spectrum; and then through 
a proper choice of order and frequency factor (B), the 
activation-energy spectrum as a function of time would 
be given by the equations. If this could not be done, 
complications of kinetic behavior would be assumed. 
This matter is discussed later. 

1.4. The kinetic behavior for isothermal annealing in 
the case of a broad activation-energy spectrum is easily 
visualized and is drawn schematically in Fig. 2. As time 
proceeds, the initial activation-energy spectrum is 
swept out as the characteristic annealing function 
advances in activation energy. If the initial activation- 
energy spectrum is very broad, many times mr, the 
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characteristic annealing function may be approximated 
by a step function. Then Eq. (7) becomes 


Pin f po(ede, (13) 
and t 
dP /dt— po(€o) (deo/ dt). (14) 
From Eq. (9), 
pol r In( Bt) EY — (t/r) (dP /d2). (15) 


1.5. The result Eq. (15) which gives the initial- 
activation-energy spectrum from the isothermal an- 
nealing data, was derived by Vand! for first-order 
processes, but is seen here to be quite general and 
applies to processes of any order. The order does not 
affect the initial activation energy spectrum (for it was 
present before annealing was started) but rather the 
shape of the changing portion of the activation-energy 
spectrum as the annealing proceeds. This shape was 
ignored when a step function was used to approximate 
the characteristic-annealing function, and hence the 
result applies to all orders. It is seen from Eq. (15) that 
the effect of the frequency factor in isothermal annealing 
is to cause a simple displacement along the activation 
energy axis. Thus the result gives the correct approxi- 
mate shape for the initial activation-energy spectrum, 
but does not fix its location. For the usual range of 
times which can be realized in careful isothermal an- 
nealing, about three decades, it can be seen from Eq. 
(15) that the portion of the activation energy spectrum 
which is revealed is but several tenths of an electron 
volt, only a small portion of the several electron-volt 
wide activation energy spectra observed in disordered 
solids. If the whole spectrum is to be found by isother- 
mal annealing, it is necessary to conduct isothermal 
annealings at a number of different temperatures. 
However, in this case the parts of the spectrum 
revealed at the different temperatures will not fit 
togther unless the frequency factor is correctly chosen 
(however, see paragraph 4.3) since the displacement 
along the activation energy axis involves a product of 
temperature and (logarithm of) frequency factor. If 
this is used as a method to obtain the frequency factor, 
it is important to fit the parts of the activation energy 
spectrum together rather than the observed property 
changes as is shown in paragraph 2.3. 

1.6. The treatment given here may be extended to 





€ 


Fic. 2. An activation energy spectrum in isothermal annealing. 
The portion of the initial activation energy spectrum which has 
been annealed is shown as a dashed curve. 
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the case of tempering, i.e., an annealing conducted by 
raising the temperature in a gradual manner. For a 
case in which the temperature of the sample is raised 
according to the law 

(16) 


when annealing a group of processes characterized by 
a discrete activation energy, the differential equations 


t=cr, 


are 
— (dg/cdr) = Ae~“'"q", (17) 
— (dp/fedr) = Ae~*"(p/f)", (18) 

for which the solution is 
p= pol 1— (1—n) BerE2(e/r) !o™. (19) 


If the processes are distributed in activation energy, p 
and » are distribution functions, and the measured 
value of the property is 


P= iz pol 1—(1—m)BerE,(e/r) }¥°-"de, (20) 
or 


P= f pole)P(e,r)de, (21) 
0 


where ® is the characteristic annealing function in 
tempering. 
The functions E,,(x) are defined as 


E,.. (x)= of u-"e“du, 


2 


(22) 


and have been tabulated.” A property of interest is 
dE,, (x)/dx= — E,,_,(x). (23) 


For the range of x of interest here (20-50), the first 


term of Blanch’s asymptotic expansion,” 
E,, (x)= (a4+m)"'e?, (24) 


is a satisfactory approximation, and when used with the 
approximation 


(x+a)(x+b)—~(x+7)(x+h), (25) 
where a, b, j, and & are small integers and 
a+b=j-+k, (26) 


the algebraic operations with these exponential integrals 
are greatly simplified while their identification is pre- 
served. Often different expressions result from intro- 
ducing the approximation at different stages of the 
algebraic operations; but because the values of x of 
interest here are so large, they do not differ significantly 
from each other numerically. Where alternative ex- 
pressions were obtained, one convenient for the purpose 
at hand was chosen. 





%G. Placzek, National Research Council of Canada Report 
NRC-1547, 1946. 
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1.7. As in the case of isothermal annealing, the 
annealing behavior in tempering is dominated by the 
exponential dependence on ¢ appearing in ®, which is 
here termed the characteristic annealing function for 
tempering. It is sigmoid-shaped, somewhat like the 
curve drawn in Fig. 1, and varies from zero to one. 
Upon solving for ¢ using the approximation, Eq. (24), 


e+7 In[ (e/r) +2] 


~r{inf (1—n)B)+1n(cr)—In(i—#,'*)}, (27) 


it is thus seen that as the annealing proceeds (whether 
plotted in temperature as is customary, or in time), the 
sigmoid form of the characteristic annealing function 
advances in activation energy, and it also reclines 
instead of retaining its original form as it does in an 
isothermal! annealing. 

Using Eqs. (23)-(26), it is found that the point of 
inflection of the characteristic annealing function for 
linear tempering occurs at 

e&=r{In(Ber)—Inf{ (0/7) +2}. (28) 
The rate of annealing is 


Lx 
f po(—d®,/dr)de. 


Neglecting, for the present, the effect of the initial 
activation-energy spectrum, the maximum contribution 
to the annealing at any moment is made by the proc- 
esses occurring at the maximum of —d®,/dr which 


~dP/dr (29) 


does not occur at € but at e, given by 


aj r{inBer Int (e, 
’. (30) 


which is at a slightly higher activation energy than the 
characteristic Because d®,/dr is 
unsymmetrical about its maximum, the average activa- 
tion energy of the processes undergoing simultaneous 


activation energy. 


annealing is even farther removed from the charac- 
teristic activation energy. However these displacements 
are usually small in comparison with the effects which 
the initial activation-energy spectrum can exert. At the 
characteristic activation energy, the characteristic func- 
tion has the value 

$,,(e)=n'/O-* 1) 


The slope of the characteristic annealing function is 


d?,, 1 T 
—(¢) =n" (1+), 
de T €9 


which in a typical case would be a few percent greater 
than in isothermal annealing. Thus, for reasonable 
values of m most of the processes occurring simul- 
taneously in tempering also lie in a narrow band of 
activation energies, several times mr. Hence, the mathe- 
matical! artifice used here, that of starting the tempering 
at r=0, does not introduce a serious restriction. 


(32) 


PRIMAK 
1.8. An approximate solution for the initial activation- 


energy spectrum can be obtained in the manner used 
previously. From Eq. (21), 


(33) 


P(r) f pode, 
te 


and taking the derivative with respect to r, 


dP 


1 
polo) = — ———_—- 


; (34) 
dey ‘dr dr 


Writing yo for ¢o/7, Eq. (28) becomes 
¥ot+ln(yo+2)=In(Ber). (35) 


Since the annealing takes place in a small range of y 
and since yotIn(yot+2) is a very slowly varying 
function, it is quite permissible to take 


yotIn(yot+2 \~a + by by (36) 


where a and } are constants appropriate to the range of 
y under consideration. Then writing ¢ for —a+1n(Ber), 


(37) 
(38) 


eg rt/b, 
deo/dr=(E+1)/b=1+£/b 
(for b is close to unity), and 


t dP 1 
n( -=)~-——__. 
b dr (&/b)+1 
Since £/b varies only slowly with temperature, the 
initial activation energy spectrum is nearly proportional 
to the tempering curve which plots (—dP/dr) against 
r when the heating rate of the sample, (1/c), has been 
constant. The resolution is several times nr (see Vand!) 
and the method applies when the activation-energy 
spectrum is broad compared to mr and to reasonable 
orders of reaction. Changing the frequency factor causes 
a displacement of the derived initial activation-energy 
spectrum along the activation energy axis as described 
for isothermal annealing in paragraph (1.5). However, 
since in tempering the temperature is continuously 
changing, a change in choice of frequency factor also 
causes a distortion of the derived spectrum. Choosing 
a larger frequency factor expands the spectrum along 
its abscissas (activation energy) and contracts its 
ordinates. 
1.9. At m unity, the characteristic annealing functions 
converge to the exponential. Then some of the equations 
given previously can be written 


(39) 


p= po exp(— Ale’), (4a), (Sa) 


0 


e= r[In(At)—In2(1/9) ], 


(6a) 


(8a) 
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é9=7 In(Ad), 
Ole) =e", 
(dO/de) (€o) = (re), 
por In(At) )&— (t/r) (dP/dt), 
p= po exp[ — AcrE2(e/r) ], 


(9a) 
(11a) 
(12a) 
(15a) 
(19a) 


p= po exp[ — AcrE.(e/r) de, 
0 


(20a) 
(27a) 
(31a) 


e+r In[(e/r) +2 r[In(Acr) —In2(1/%)], 
(€0) = o, 


(32a) 


where In.(x) =In(Inx). 

1.10. In tempering, if the heating rate is given by the 
equation 
(40) 


t=cr™, 


where m is integral and greater than unity, the equa- 
tions may be integrated by the methods given here, 
and it is found that the characteristic-annealing func- 
tion involves the exponential integral E,,,2(¢/r). 


2. SOME EFFECTS PRODUCED BY THE INITIAL 
ACTIVATION ENERGY SPECTRUM 


2.1. The exact mathematical inversion of the iso- 
thermal annealing data P(t) to obtain po(e) by means 
of a Laplace transform has been given by Honig.’ In 
order to do this, it is necessary to know the function 
dP/dt sufficiently well analytically to determine its 
behavior over the whole of the complex plane. From 
the discussion in paragraph (1.5) it is obvious that 
this is impossible in practice. Honig’s conclusion that 
a constant initial activation-energy spectrum cannot 
exist, while entirely correct, has no practical signi- 
ficance. Since, effectively, only the processes over a 
small range of activation energies occur simultaneously, 
and since only a smal! portion of the possible range of 
activation energies can be observed in an isothermal 
annealing, the portion of the initial activation-energy 
spectrum which for practical purposes can be considered 
to be involved in a particular experiment can be 
constant.” In this case the annealing behavior is essen- 
tially that of the characteristic annealing function. 
When the initial activation-energy spectrum is not 
constant, some care is needed in interpreting the data. 
This is especially true when attempting to find the 
frequency factor or the order of the reaction, for the 
effects which they produce and which are studied, occur 
in a range of activation energies of magnitude ~mr, the 
range over which the processes are occurring simul- 
taneously, and any variation of the initial activation- 
energy spectrum in this region will weight the processes 
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occurring in some parts of this range with respect to 
those occurring in other parts of this range. Some of 
the effects which are observed are treated by giving 
two illustrations, one treating the analysis of isothermal 
data, and the other treating the analysis of step- 
annealing data. 

2.2. It is useful here to introduce a comparison 
between the shape So of the rapidly rising portion of 
the characteristic annealing function and the shape S, 
of the portion of the activation-energy spectrum existing 
at that time in the same range of activation energies. 
The qualitative effect of a rising initial activation- 
energy spectrum is that S, is steeper than So. Thus if it 
is not realized that fo is rising, it may be considered 
that the frequency factor is greater than its correct 
value. It may also be considered that the order is less 
than its correct value. However the point of inflection 
in S, may not correspond to this latter interpretation 
for, in general, it will be higher than for S» correspond- 
ing to a greater order of reaction and would be lower 
than in So only if po although increasing possessed a 
negative radius of curvature, small compared to mr. 

It is also readily seen by sketching some of the pos- 
sible forms of initial activation-energy spectra and the 
S, they yield that the maximum displacements of S, 
with respect to Sy can be of the magnitude ~#r for the 
most steeply rising initial activation-energy spectra. 
The reverse displacements will occur with falling 
initial activation-energy spectra. Accordingly, with the 
use of Eq. (14) or (39), processes occurring at a discrete 
activation energy will yield an approximate spectrum 
of width several times mr, and a smaller distortion will 
be found when the actual initial activation energy 
spectrum is less steep than a delta function. 

2.3. In isothermal annealing, it is convenient, to plot 
the measured value of the property (P) against 


(41) 


Inf = x. 
Then Eq. (15) may be written 
po(r InB+ rx)=—1r'(dP/dx). (42) 


Over the small portion of the activation energy spectrum 
which is revealed, the distribution may change very 
little. Thus dP/dx will change very little, perhaps within 
the experimental error of the data. It is tempting to 
draw P(x) as a straight line and thus miss the variations 
in the initial activation energy spectrum, po. It is 
necessary to be extremely cautious in interpreting 
isothermal annealing data extending from several 
minutes to several hours, but two decades in time. 

If the data P(x) for a number of independent iso- 
thermal annealings conducted at different teraperatures 
are plotted, they will form a family of curves which are 
nearly straight lines, the higher temperature curves 
lying below the lower temperature ones. These curves 
are nearly parallel as can be shown by taking 
0(dp/dx)/dr which is seen to be small when the relation 
Bie-“'~1 [Eq. (9) ] is inserted. If the temperatures are 
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6, (tT; t,) 
On (T2'2) 


Fic. 3. The appearance of the characteristic annealing functions 
and the activation-energy spectra for two isothermal annealings 
conducted at different temperatures when the measured value of 
the property is the same 


sufficiently close together, the first measured values of 
the property at the beginning of one annealing will be 
greater than the last measured values at the end of the 
annealing performed at a lower temperature. Respective 
points on the two curves having the same measured 
values of the property are related kinetically as follows: 


p= f po. (riti ede -f PoOn(r2,to,e)de. (43) 
9 


The approximation introduced in deriving Eq. (15) 
would lead to the result 


(44) 


€o(71,t;) == €o1 ée 2 = €& (r2,¢2), 


where €o), €o2 are the characteristic activation energies 
at the respective temperatures, and hence the approxi- 
mate value of InB is InB’, where 


(45) 


In(B’) = (r%\1—- T2X>) (t2— Ti). 


The behavior of In(B’) can be visualized with the aid of 
Fig. 3. The characteristic annealing functions for the 
two annealings will intersect at some activation energy, 
«, and hence the activation energy spectra will also 
intersect at this activation energy. The condition Eq. 
(43) requires that when the measured value of the 
property is the same for the two annealings, the area 
between the activation-energy spectra to the left of « 
must be equal to the area between the two spectra to 
the right of ¢,. In general, the characteristic activation 
energies, €9; and €92 respectively, will not be at ¢,, and 
hence defining Ae as 

(46) 


(47) 


Ac= €o1 ~~ €02, 
InB=1In(B’)— Ae/(r2— 171). 


For a rising initial activation-energy spectrum it is seen 
that e; is advanced relative to «; and € and hence Ae 
is increased, and the reverse is true for a falling initial 
activation-energy spectrum. These variations in Ae can 
be of the magnitude (~#r) since it is reasonable for 


the intersection of the characteristic annealing functions 
to occur over any part of their steep regions. Thus if 7; 
is about 0.05 and 1, is 0.055, B can differ from B’ by 
factors ranging from ~10~** to ~10". 

Even if the initial activation-energy spectrum is 
constant in the region of activation energies which are 
annealing, B must, in general, differ from B’. It is 
readily seen that with a constant initial spectrum, if the 
region of the initial spectrum undergoing annealing is 
not too close to the end of the initial spectrum, the con- 
dition of equality of areas between the activation- 
energy spectra on either side of their intersection 
requires the ordinate of the intersection decrease for 
pairs of points at greater times; accordingly Ae decreases 
and from Eq. (47), InB’ also decreases. The same 
reasoning requires that InB’ increase when the region 
of the initial spectrum undergoing annealing is close to 
its end. These effects are several orders of magnitude 
smaller than the possible effects of the rising and falling 
regions of the initial spectrum. 

2.4. For two successive stages of step-annealing, if 
the processes occur at a discrete activation energy, then 


(48) 
(49) 


—_ (dp ‘dl),=A fe ‘ "(Dp ‘f)*, 
==» (dp; ‘dt).= A fe ‘ "(p ‘ f) n 


At the beginning of the second stage, the value of the 
property is the same as at the end of the first stage. 
Designating the ratio of the rates at the two tempera- 


tures at this point as R and r:72/ (7, — 72) asf, it is seen 
that 


(50) 


a relation pointed out by Overhauser.* When the proc- 
esses are distributed in activation energy, it is obvious 
that this relation can at best hold only approximately 
since different distributions of processes are taking 
place at the two temperatures. The number which is 
obtained in this case upon introducing the experi- 
mentally determined rates and temperatures into Eq. 
(50) will be designated E and its meaning is investigated 
here. 

If the first of the two particular stages of step- 
annealing considered has been conducted for a time 4, 
sufficiently long to advance the characteristic annealing 
function at least several mr,, the activation-energy 
spectrum will have become 


e=f InR, 


pi= pol l—(1—n)Bhe’ o-™, (51) 


or, for n=1, 


pi=Po exp(— Ate n), (Sta) 


If at this point another annealing is started, the rate 
at which the property changes is 


dP 
-—-f pol 1—(1—n) Bier UO—») 
0 


di 
x [1 — (1—m) Ble-*9 }/O—™) Beeld, 
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At the beginning of the second annealing ‘=0, and 
hence” 


dP x 
-(—) -f pol 1— (1—n) Biye~*'*1 }/ O—™) Be-elrade, 
dito Fo 
(52) 


and for first-order processes 


dP r 
AG) = poexp(—Ahe"")Ae~""de. (52a) 
di J 0 


The integrals, Eqs. (52) and (52a), are various forms of 
the Euler integrals. If the initial activation-energy 
spectrum is constant, then for first-order processes, 
upon setting s=Ahe’" and o=1;/172, Eq. (52a) 
becomes 


dP Ti Aty 
_ (—) = po—(Ah) i of ec #g(e—-D dz, (53) 
di] hy 0 


Since Af, is a very large number, the upper limit may 
be taken to be infinite. Hence, 


dP 71 
-(=) = po—(Ah)**T(), 
dt J h 


where I’ is the gamma function. The rate at the 
end of the first annealing stage is obtained by setting 
ao=1. As before, designating the ratio of the rate at the 
beginning of the second stage to that at the end of the 
first stage as R, 


(54) 


R= (Al,)'T (o), (55) 
and 


(1—¢) In(A4) = Inf R, I'(c) }. (56) 


If it is assumed that the processes which are annealing 
simultaneously may be characterized by the charac- 
teristic activation energy at the end of the annealing at 
the lower temperature, from Eq. (9a), 

éo>=f{ In[ R/T (ce) ]. (57) 
Usually 0.9<0<1, hence ['(c) is near unity, and the 
result may seem to be insignificantly different from 
Eq. (50). However, this small correction is but one of 
a number which it will be seen are quite important in 
interpreting the kinetic significance of the annealing 
data. If the order is less than unity, and the initial 
activation-energy spectrum is constant, by setting 
Bie" =, Eq. (52) may be written” 


(-) Ti 
—( —) =p.—(Bt)' 
Bide erheen, 


xf (1—(i—n)y}YO- yetdy (58) 


bi 2—n 
= po—-(Bi,)**(1—n) (« —), 
- l—n 


(59) 
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where § is the beta function; and hence 


R= (1+a:)(Bh)'"T (e), (60) 


where 


1+a,=(1—n)* 
xI[1+(2—n)/(1—n) /Tfo+(2—n)/(1—n)]. (61) 


The respective values of a; for n=}, 3, }, are 0.056, 
0.040, and 0.032. The same treatment can be employed 
for orders 1<n<2, and then Eq. (52) becomes 


dP T Bu "dy 
(fap ees 
dt / ty 0 [1+ (n—1)y}/ 1) 
and since Bi, is a large number, upon marking the 
upper limit infinite, this becomes 


dP r 1: 
-(—) = po—(Bt,)'-*(n—1) a(« -«), (63) 
dl 0 ty n—1 


and hence 


R= (1—a;)(Bt,)' *T'(c), (64) 


where 


1 1 
1—a;= (n—1)! 1( -0) /r( -1). (65) 
n—1 n—1 


The respective values of a; for orders n=1.5, 1.9, and 
1.99 are about 0.133, 0.497, and 0.9142. Part of the 
large correction a; for large values of the order arises 
in the region of large values of ¢ which in practice 
would not exist, while part of the smaller correction in 
the region of ¢ of significance would be partially com- 
pensated for by the displacement of the average activa- 
tion energy of the processes undergoing simultaneous 
annealing from the characteristic activation energy. If 
the order is 2 or greater, it is necessary to limit the 
extent of the initial activation-energy spectrum in order 
to perform the integrations. However, it is seen that 
the deviations of the behavior of processes distributed 
in activation energy from Eq. (50) can all be cast into 
the same form. The deviations will be estimated here 
for several kinds of initial activation-energy spectra for 
processes following first-order kinetics. The same kind 
of cgrrections would apply when the order differs from 
unity, but the magnitudes of the corrections would, in 
general, differ somewhat. The corrections to be con- 
sidered are those arising from the first of two con- 
secutive stages of step-annealing being insufficiently 
protracted and from rising and falling regions in the 
initial activation-energy spectrum. To indicate the mag- 
nitude of the corrections, the results will be applied to 
the step-annealing data published by Overhauser.* 

(a) Length of the steps in step-annealing.—-It was 
shown (Fig. 1) that most of the rising part of the first- 
order-characteristic-annealing function lies in a range 
of activation energies ~3r. Hence for first-order proc- 
esses, if one of the stages of a step-annealing is con- 
ducted for a time sufficient to advance the charac- 
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teristic-annealing function about 37, practically none 
of the activation-energy spectrum lies under portions 
formed in previous stages of annealing, and hence the 
spectrum is practically that which would have arisen 
if the final annealing were the only annealing whict 
had been performed. Since in isothermal annealing, the 
characteristic-annealing function moves to higher acti- 
vation energies without altering its shape, its motion 
may be followed by choosing any point on it; and in 
the present case the characteristic-activation energy is 
a convenient point. Then the length of successive stages 
of step annealing should be determined from 


€02= €o,: +371, (66) 


or 

rz In(Al.)= 7; In(At,)+3n1, (67) 
and hence 
(68) 


to= te" (Al,)* =Xi;. 


If At; were about 10", a number which seems reasonable 
for Overhauser’s data (V.I.), and if it were desired to 
conduct each stage of step-annealing for the same length 
of time, ¢ should be about 0.91. Actually for most of his 


(68) suggests each stage 


annealings o0.94 and Eq 
should have been three times as long as the previous 
one; i.e., A= 3. Since it has not been, a residue of the 
spectrum of the previous annealing remains and hence 


Eq. (52a) is altered to 


dP ” 
-( ) f po exp(— {iic°¢™ {toe~* 
dl 03 ( 


Letting o)= rT» 
and 8=r(Ait,)' 


(~) : 
diJou ts 
Now 8 is small, and regarding it as constant gives a 


somewhat greater effect than it actually exerts. For a 
constant activation-energy spectrum it is approximately 


true that 
dP Ts 
( — ) - po 
dt 03 le 


and hence, upon altering the subscript on / to correspond 
to the nomenclature of Eq. (55), 


R= ( {/, ' 


(70) 


(Als) “"T (0) (1+8)-", 71) 


‘T (o)(1+8)' 
Since I'(¢) is nearly unity, this can be written 


R= (. 


11:)“1+a+(1—0)8], 


where a is a small number. 

For Overhauser’s conditions, (1—¢)8 is about 0.002 
to 0.010 which, it will be seen, is small compared to the 
value of a. 

(6) The effect of rising regions in the initial activation 
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energy spectrum.—These can be easily investigated by 
setting fo proportional to powers of ¢ or to negative 
powers of e~*’"'. Two effects are produced: a correction 
factor equivalent to increasing a is obtained, and the 
average activation energy of the processes undergoing 
simultaneous annealing is altered relative to the 
characteristic-activation energy. 

If the. initial activation-energy spectrum in the 
region is rising proportionately to an integral power (u) 
of «, 

po= ke’, (74) 


and hence 


dP ryt Ath 
-(—) = b- (Any f eg?! 
di J 4 ty 0 


<(In(At))—Inz #de, (75) 
which is seen to consist of a sum of products of gamma 
and polygamma functions.” The result can be cast into 
the form of Eq. (73) but a@ is now greater. Typically, 
when approaching a peak in the initial activation-energy 
spectrum, the spectrum rises so rapidly that it is best 
expressed by an exponential as 

po= ker", (76) 


where & and »v are constants. Hence 


dP rT) Ati 
-(—) =k—(At,)! f est "-ldg, (77) 
dt J» ty 0 


and therefore 


R = (At, )! 


T(o—v)/T (yr) 


(78) 


Since '(o—yv)/T'(v) is nearly unity but is greater than 
I'(«), Eq. (78) can be written in the form of Eq. (73) 
and hence the effect of the exponentially rising dis- 
tribution is to increase a. The average activation energy 
é of the processes annealing simultaneously is 


a= f (ap/anede / f (ap di)de. 


For spectra rising as powers of « [ Eq. (74) ], the inte- 
grals in Eq. (79) are like those of Eq. (75) and are 
easily evaluated with the aid of tables of gamma and 
polygamma functions.” It is found that while the 
activation energy at which the processes annealing 
simultaneously possess the maximum rate of annealing 
is about 


(79) 


(1+10 34)r, In(Af,), (80) 


the average activation energy of the processes annealing 
simultaneously is about 


(1.017+ 2 10-*)r, In(At;) (81) 


for small integral values of uw. For exponentially rising 
. x 


“H. T. Davis, Tables of Higher Mathematical Functions 
Principia Press, Bloomington, 1933), Vol. 2. 
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spectra, Eq. (76), Eq. (79) becomes 


At, 
(r32/t:) (Ahh) f e~*s'-""[1n(Ah) —Ins lds 


0 


Ath 
(Ty ty) (At) f o's! ""'dz 
0 


= [1 —¥(i- v) In(Ath) ]ri In(At,). 


(82) 


(83) 


where W is the logarithmic derivation of the gamma 
function. The quantity ¥(1—y)/In(A4) is a small 
negative number; and hence, as found for spectra 
rising as powers of ¢, € can be expressed as 


é= €o(1+6), (84) 


and for a constant activation-energy spectrum (v=0), 
50.02 as before. For a falling initial activation-energy 
spectrum 6 and a will assume values less than their 
values with a constant initial activation-energy spectrum 
in about the same proportion as for rising initial spectra. 
Thus, taking into account the effects of the lengths of 
the annealing stages, Eq. (72), the effects of the 
initial activation-energy spectrum Eqs. (75) and (78), 
and the nomenclature of Eqs. (73) and (84), Eq. (57) 
may be written 

eo={ In{R/[1+a+ (1—2)B}}, (85) 
and the average activation energy of the processes 
undergoing annealing simultaneously is therefore 


@= (1+6) In{R/[1+a+ (1—c)8)}, 
and hence 


(86) 


(87) 


E= { 1 —$\é+ fat+ (1 = @ B it. 


The corrections a, 8, 6 are to be considered approximate 
and maximal since the finite character of each type of 
behavior has not been taken into consideration. From 
Eqs. (84) and (9a), it is seen that the average activation 
energy of the processes occurring simultaneously é at 
equal values of A/; in a region in which the initial 
activation-energy spectrum is constant is proportional 
to the absolute temperature at which the annealing is 
conducted. When the initial activation-energy spectrum 
is rising, this average activation energy is above this 
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Fic. 4. The approximate activation energy spectrum from 
Overhauser’s isothermal annealing data assuming first-order 
kinetics and a frequency factor 10°. 
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Fic. 5. The behavior of EZ (plotted points) and71.02¢¢" (solid line) 
as a function of temperature. 





line; and when the initial activation-energy spectrum 
is falling, this average activation energy is below this 
line. Since a increases nearly proportionately to 4, the 
effect of the initial activation-energy spectrum on £ is 
less than its effect on this average activation energy. 
In Overhauser’s case, ¢ was about 2/2 and hence in this 
case the deviations of Z from a linear dependence on r 
would be about half as great as the deviations of @ from 
a linear dependence on + and opposite in sign. 

The results published by Overhauser® illustrate the 
effects shown here. An approximate value of A may be 
obtained from the slope of the curve E as a function of 
temperature given in Fig. 5, taken from Overhauser’s 
Fig. 4, and is about 10°. The approximate initial 
activation-energy spectrum obtained by introducing the 
slopes at the end of his stages of step-annealing (his 
Fig. 3) into Eq. (14), no correction being made for 
previous stages of annealing, is shown in Fig. 4. The 
sharp peak is readily apparent ; and from the discussion 
in paragraph (2.2), the actual peak must be somewhat 
sharper. The peak in Fig. 4 rises about as r* (or &**/""), 
changing a and 6 by ca 0.02; and falls about as e~™*, 


- 


changing a ard 6 by ca —0.04. Now ¢ can be written 
f= (l—@), (88) 


and since for these experiments o0.94, (1/5. Thus, 
since &~<0.6, the deviation of E from a straight line 
should be about —0.01 ev just before the peak and 
should be about +0.02 ev just following the peak. This 
expected deviation is readily apparent in Fig. 5 when 
the straight line (solid line) is drawn at slightly greater 
slope than was done by Overhauser (dashed line). Thus 
the data shown in Fig. 5 cannot be taken as proof of a 
2.5 order; they can be as easily explained by first-order 
kinetics. Within the precision of the data and of the 
approximations of the theory, the results could be 
explained by any order of reaction over quite a range 
of orders. The data given by Overhauser are affected 
mainly by the initial activation-energy spectrum, and 
as was shown in Sec. 1, such data is rather insensitive 
to order or frequency factor. That short isothermal 
annealings in the region of the peak can be fitted by 
kinetics of order 2.3 using a discrete activation energy 
is but an expression of the fact that the peak obtained 
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by inserting isothermal annealing rates into Eq. (14) 
is of width several times 2.37. Since r~1/30 ev in the 
region in which the peak anneals, the expected width is 
shown in Fig. 4. It is evident that the rates in short 
isothermal annealings in this region could equally well 
be explained by any order 0 <n < 2.3 if one assumes the 
processes to be properly distributed over a range of 
activation energies several times 2.3 +/n. It would seem 
that the method of step-annealing used by Overhauser 
might be more useful for evaluating the frequency factor 
than the order. 


3. DETERMINATION OF THE ORDER BY A 
COMBINATION OF ISOTHERMAL 
ANNEALING AND TEMPERING 


3.1. A possible method for determining the order of 
a group of processes which occur over a range of activa- 
tion energies is suggested by the physical picture pre- 
sented in paragraphs 1.3 and 1.4. The method is best 
applied when it is found that the initial activation- 
energy spectrum is quite constant over a sufficient range 
of activation energies. This fact can be easily ascer- 
tained, for then the approximation, Eq. (39), is quite 
good. If a sample of a substance possessing such an 
initial activation-energy spectrum is subjected to an iso- 
thermal annealing at a suitable temperature for a suf- 
ficient length of time, the rising portion of the resultant 
activation-energy spectrum has the form of the corre- 
sponding portion of the characteristic annealing func- 
tion. If a tempering experiment is now conducted on 
the isothermally annealed sample, the nature of the 
characteristic isothermal annealing function is revealed. 
The portion of the tempering curve of interest is that 
resulting from the steeply rising portion of the iso- 
thermal annealing curve. Here the approximation of 
Eq. (39) is useless. However, since the original initial 
activation-energy spectrum was constant (here desig- 
nated p,), the equations can be integrated directly. The 
tempering rate if the processes are first order is 


Xexp[— Ate" — AcrE,(¢/r)—«/1r }de, (89) 


where the isothermal annealing has been conducted for 
a time /; at a temperature 7; When the isothermal 
annealing has been conducted for a long time, at the 
initial part of the tempering curve the condition 


t>>cr/ (y+ 2) where y= ¢/r maintains. Letting p= 1,/r, 
Eq. (89) becomes 
dP - 
- =p. f Acrexpl—Ahe**—yldy, (90) 
dr 0 
which is seen to be 
dP cry)? 
——=>p.{ - ) (Acr)*-*pI (p) (91) 
dr fy 
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Equation (91) is useful for values of 0 up to ~} in 
practice. 
Similarly, when the order is not unity, 


dP - 
-—=. f [1—(1—n)Biyeww’? VO») 
dr 0 


x[1—(1—mn) BerE2(y)]""-™ Beredy, (92) 
and when /,>>cr/(y+2), 


dP ” 
_- =p. f [i—(1—n) Bt" }/"-™ Bere“vdy, (93) 
dr 0 





which, for the particular case of orders between 1 and 
2, is 


dP cr\? 
— pf +) (Ber)'~*pl" (p) 
dr ty 


[0 w(—-»)/ (—)} si 


The quantity in the brackets approaches unity when n 
approaches unity and increases when m increases over 
the range 1-2. Since the expression refers to the 
beginning of the rising portion of the tempering curve, 
that on the low-temperature side of the inflection point, 
it is in accord with the physical picture that the temper- 
ing curve is nearly proportional to the initial activation- 
energy spectrum, and that the slope of the rising 
portion of the isothermal annealing curve decreases with 
increasing order. Because the frequency factor affects 
the characteristic annealing function and the charac- 
teristic tempering function differently, it is necessary 
to choose a correct frequency factor (and indeed is a 
useful method of determining the frequency factor). If 
the frequency factor has been established, a com- 
parison of the actual tempering curve with the results 
which are expected for first-order processes can be a 
method for investigating the actual order of the 
processes. The method is not necessarily confined to the 
initial portion of the tempering curve or to the simple 
experimental conditions chosen here if graphical inte- 
gration is resorted to. It may then be possible to deter- 
mine both frequency factor and order from the same 
experiment since they affect the functions differently. 

3.2. Experimental use of tempering rates.—For sig- 
nificant kinetic studies, it is essential that the tem- 
perature of the semple be raised strictly in accordance 
with a known law. Since thermal changes whose tem- 
perature derivatives are of the order of magnitude of 
the heat capacity often accompany annealing, it may 
be insufficient to raise the ambient temperature accord- 
ing to the known law, the customary procedure. The 
effects of not raising the temperature of a sample ac- 
cording to a known law are qualitatively the same for 
the kinetic systems considered here; they are easily 
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demonstrated for processes obeying first-order kinetics 
and possessing a constant initial activation-energy 
spectrum. Then 


dP 6: 
——= poder f expl—y—AcrE2(y) dy, (95) 
0 


T 
where y=e/r. From Eq. (24): 


dP s 
~—peter f exp[ — y— Acre~¥/(y+2) }dy. (96) 
0 


T 


Let »=exp[—Acre~¥/ (y+2) ]; then, using the approxi- 
mation Eq. (36), 


yt+In(y+2)=In(Acr)—In2(1/2)at+by, (97) 


and hence 


y= (1/6)[In(Acr)—In2(1/2)—a]. (98) 


Over the effective range of y, the variable 2 ranges from 
nearly zero to nearly one; hence 


dP ; 
- —=puAer f e~*vdv/bv In(1/v) 
0 


dr 


1 
= poder f exp[ —In(Acr)+1n2(1/2) 


+In(y+2) }dv/b In(1/2) 


i 
5 (pu/b) f (y-+2)de 
0 


1 
= (ou/t) f [In(Acr)—In2(1/b)—a+-2b jds 
0 


= (po/b*)[In(Acr)+y—a+26], (99) 
where y=0.577---. 

The quantity —dP/dr, which will be called the 
annealing rate, is greater the lower the tempering rate, 
for c is the inverse tempering rate. This is to be expected, 
for the lower the tempering rate, the longer the sample 
remains at any temperature. If the tempering rate is 
not constant, but starts changing, an exaggerated effect 
is observed. The qualitative nature of the effect is 
easily shown for an increasing tempering rate such as 
that governed by the law of Eq. (40). The annealing 
rate corresponding to Eq. (99) is then 


— (dP /dr) = (po/s*)[In(Amer™)+y—1r+ (m+1)s], 
(100) 


where In(y+m-+1)=r+sy [see Eq. (36) ]. Since r and 
s have nearly the same values as a and 6, the major 
effect is due to the power of the temperature appearing 
in the logarithm term. For a typical case at a tempera- 
ture several hundred degrees centigrade, if the temper- 
ing rate were parabolic (m=2), the annealing rate 


IN ACTIVATION ENERGY 1687 
would be about 10% less than if the tempering rate 
were constant. However, if the tempering rate were 
originally constant, and were to change to a parabolic 
one at some particular temperature, the decline in 
annealing rate would obviously be greater than the 
difference between the annealing rates for the two 
powers m because the activation-energy spectrum at 
the particular temperature for the constant tempering 
rate is smaller than for the parabolic one. Such an 
increase in tempering rate is common at the beginning 
of a tempering experiment, and since the tempering 
curve is usually interpreted as if the tempering rate 
were constant, it may be said that the initial portion 
of the tempering curve is depressed. As the constant 
tempering rate is approached, the tempering rate is 
declining, and here the tempering curve is elevated. 
The same effect frequently occurs at the end of the 
tempering range where a declining tempering rate is 
common. The result of these variations in tempering 
rate is the introduction of “false peaks” into the tem- 
pering curve. When thermal changes accompany 
annealing even more severe effects can occur." 


4. COMPLICATIONS 


4.1. The treatment given here has considered the 
behavior of processes distributed in activation energy 
when the frequency factor and order are constant. The 
physical justification of this treatment is that the 
experimentally observed range of activation energies 
affects the gross kinetic behavior more severely than 
the range of expected orders and frequency factors. 
Despite the lack of any detailed kinetic investigations, 
it is worth noting some of the effects which may be 
treated as variations of order and frequency factor. 

4.2. Variations in order due to the property chosen for 
investigation.—It was pointed out by Brown’ that if a 
property is proportional to a power of the number of 
processes which can occur, 

p= fq’, 
then the property will obey kinetics of order n/v. 

4.3. Variations in frequency factor.—The results which 
were derived here were based upon a slow variation of 
frequency factor with activation energy. This may seem 
a rather severe restriction, especially when the order is 
not unity and the frequency factor contains a concen- 
tration. However, this concentration is the original 
concentration, that given by the initial activation- 
energy spectrum. Since the annealing which is observed 
is due mainly to processes for which 


[7 ln(B)—«}™, 


(102) 


(103) 


the variations in B needed to affect the results are 
variations orders of magnitude larger than the ranges 
of ¢ being considered. Such variations in concentration 
have already been excluded in many of the results given 


“W. Primak (to be published). 
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here by the requirement that the initial activation- 
energy spectrum be broad compared to several times nr. 
However some physical circumstances might give rise 
to large variations in frequency iactor and perhaps 
diffusion controlled processes might be so treated. 

From Eq. (103) it is seen that if B changed greatly 
enough to affect InB to an extent comparable to the 
ranges of « under study, the processes with the changed 
B would be attributed to some other activation energy, 
despite the fact that they occur with the same activation 
energy. Then when an isothermal annealing is per- 
formed at another temperature, the processes would be 
attributed to still another activation energy. Thus when 
the frequency factor shows marked variations and it is 
assumed constant, the initial activation-energy spec- 
trum seems to be different at different temperatures. The 
effect is easily seen by considering a case in which the 
activation energy is constant but there is a distribution 
of frequency factors and is illustrated here for processes 
obeying first-order kinetics. 

In an isothermal annealing of processes of one acti- 
vation energy distributed in frequency factor and 
obeying first-order kinetics, the annealing rate is 


dP - 
— —= { po(A) exp(— Ale "\dA, (104) 
dt 0 


and taking as a specific example one in which the dis- 
tribution po(A) is a constant p, over a range A; to Az 
and zero elsewhere, 


dP a 
= —= pe f exp(—Ale'")dA, (105) 
dt Ay 
dP pat 
——= ——[_ (14+ Ale”) exp(— A ile’) 
dt fe" 
—(1—Adle fr) exp(— A ole et). (106) 


From Eq. (105), it is seen that at the instant the 
annealing starts, the rate is p,.(A,;— A). However, after 
any appreciable time, since A, will be greater than A, 
by orders of magnitude, the annealing rate becomes 


4PM 


== (107) 
a few 


(1+ Ale") exp(— Ale”). 


If it is erroneously assumed that the system consists of 
processes possessing a single frequency factor A,, but 
distributed in activation energy, then A,f=e~*’" and 
inserting Eq. (107) into Eq. (15a) there is obtained 


pol eo) = peAr(1+e*’*) exp(—ew/"). (108) 


In Eq. (108), « is fixed and ¢ is the variable. The 
fictitious activation-energy spectrum given by this 
equation resembles the form of a characteristic-an- 
nealing function because both are dominated by the 
negative exponential of a negative exponential. For the 
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fictitious activation-energy spectrum: the point of 
inflection occurs at «)=e+71n2 where the slope is 
poA ;4e~*/r; most of the rise occurs over a small range 
of € several times 7; no change takes place in time since 
it is an initial spectrum; and the ordinate 2p9A,/e 
remains fixed at ¢9>=« for all temperatures. Thus the 
segments of the fictitious activation-energy spectrum 
obtained by isothermal annealings at different tem- 
peratures do not join. For a series of segments obtained 
with successively higher temperatures, points obtained 
at higher temperatures will lie above points having the 
same value of ¢) obtained at lower temperatures when 
€0<2p0A 1/e. When €9>2p0A1/e, the higher temperature 
points will lie below the lower temperature points of 
the same €. It should be noted that the lower values of 
the frequency factor dominate the kinetic behavior. 

The effect of using a higher frequency factor in Eqs. 
(15) and (15a) is to displace the derived initial- 
activation-energy spectrum to higher energies, and in 
Eq. (39) to displace the spectrum, to reduce its height, 
and to spread it over a greater range of activation 
energies. A twofold distribution of processes in fre- 
quency factor and activation energy could be repre- 
sented in Cartesian space, and its projection on a ver- 
tical plane parallel to the activation energy axis would 
be a band. If the experimental rates of isothermal an- 
nealing at various temperatures are inserted into Eqs. 
(15) and (15a), there results an effect similar to that 
obtained in considering a distribution in frequency 
factor alone: the segments of the fictitious initial 
activation-energy spectrum obtained at various tem- 
peratures do not form a continuous curve; and for an 
appropriate mean frequency factor fall within the 
band. 

4.4. Successive reactions.'*—Successive reactions are 
possible for the systems considered here. The effect is 
the occurrence of a process which involves a property 
change and which thereby generates another process 
which will occur at a higher activation energy. The 
appearance of such additional property change at 
activation energies close to those at which the original 
process occurred would steepen the activation-energy 
spectra in these regions; and if the data were analyzed 
by the methods given here, an apparent order lower 
than the actual order and/or a frequency factor higher 
than the actual frequency factor would be derived. 

4.5. Experimental eludication of the kinetics.—It is 
seen that once the kinetics of annealing is admitted to 
have complexities as great as a distribution of activation 
energies, other complexities of behavior can be excluded 
only by experimental evidence. It is necessary (1) to 
ascertain that the property measured is a suitable one, 
(2) to exclude or ascertain successive reactions, (3) to 
ascertain the frequency factor, and (4) to ascertain the 

This possibility was ted by others in the course of 
radiation damage studies at Metallurgical Laboratory and the 
Argonne National Laboratory, among whom are Simpson, 
Neubert, and Hennig. 
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order of reaction. Each of these requirements must be 
met by suitably planned sets of annealings or combin- 
ations of annealings over the whole of the temperature 
range to be investigated. The writer is not familiar with 
any investigation sufficiently detailed to meet these 
requirements. Since much of the complexity commonly 
results from the fact that the properties which are 
studied do not identify particular chemical species in 
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particular environments (an analogy which could be 
taken in chemical kinetics would be the measurement 
of pressure in the pyrolysis of a gaseous mixture of 
organic compounds which was not simultaneously sub- 
jected to chemical analysis), it may be hoped that when 
suitable properties or combination of properties are 
studied much of the comp!exity of a particular system 
can be removed. 
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The exciton absorption spectrum of Cu,O has been measured at low temperatures. As reported by Gross, 
the observed lines fit a hydrogen-like series formula. The wavelength shift of the position of the optical 
absorption band edge has also been measured as a function of temperature. The dependence is approxi- 


mately quadratic. 


INTRODUCTION 

N a series of papers, Gross and his collaborators' have 

reported on the exciton absorption in crystals of 
Cu,0. This absorption appears as a series of lines near 
the main optical absorption edge which occurs in the 
red end of the visible region. The observation is made 
at low temperatures (77°K or lower) and with thin 
crystal slabs (of the order of 10 to 50 microns thick- 
ness). The observed lines may be empirically fitted to a 
hydrogen-like series formula with astonishing accuracy. 

Wannier,’? in 1937, postulated the existence of the 
corresponding energy levels, and proposed the following 
as a model. When an electron in an otherwise perfect 
dielectric crystal is raised to an excited state, it may 
be thought of as belonging to the crystal as a whole 
rather than to any particular atom. If its energy is 
insufficient to raise it to the conduction band, then it 
will remain within the Coulomb influence of the positive 
hole which it has left behind in the lattice. This electron- 
hole system may exist in stationary states, and will 
behave with respect to the remainder of the crystal 
as if embedded in a dielectric medium. The system is, 
however, free to migrate within the crystal. 

The expected energy levels, measured from the ioniza- 
tion continuum (the conduction band), will be given 


* Now at Department of Physics, Colorado Agricultural and 
Mechanical College, Ft. Collins, Colorado. 

1 Ye. F. Gross and N. A. Karryev, Doklady Akad. Nauk S.S.S.R. 
84, 261 (1952); 84, 471 (1952); Ye. F. Gross and B. P. Zakhar- 
chenya Doklady Akad. Nauk S.S.S.R. 90, 745 (1953); Gross, 
Zakharchenya, and Reinov, Doklady Akad Nauk S.S.S.R. 92, 
265 (1953). 

2G. Wannier, Phys. Rev. 52, 191 (1937). 


by the Bohr expression: 
W,= —pet/4rek'ch', 


where y= m,*m,*/(m,*+m,*), the reduced mass of the 
electron-hole system; ¢ is the dielectric constant of the 
dielectric material; & is the ordinal number of the level 
and takes on integral values. The other symbols have 
their usual meaning. The radii of the Bohr orbits will 
be given by 

a= k'eh/pe*. 


These expressions for the energy and the radius differ 
from those obtained in the Bohr theory for atomic 
hydrogen only in that the value for the reduced mass 
is much different, and that a dielectric constant has 
been introduced into the force equation. It should be 
noted also that the “ground state” for this system is 
the recombined state in which the electron has collapsed 
into its hole. This occurs at an energy W, (the width 
of the forbidden energy gap) below the conduction 
band. Consequently the series formula for the expected 
lines will be given by 


v= W,—W,/k, k=1, 2, 3,--°. 
EXPERIMENTAL 


We have repeated the earlier measurements of Gross 
et al., using the apparatus shown diagrammatically in 
Fig. 1. The spectrograph was a thrée-meter concave 
grating machine having a dispersion of roughly five 
angstroms per millimeter. The source was a tungsten 
filament. A water cell was placed between source and 
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Fic. 1. Optical arrangement used to observe exciton absorption. 


sample to remove extraneous heat radiation. The light 
passing through the sample was focused onto the slit 
of the spectrograph. The sample was placed within a 
metal Dewar flask with quartz windows. The cuprous 
oxide samples were prepared either by grinding or 
etching to a thickness of 10 to 50 microns from slabs 
which were originally approximately one millimeter 
thick. 

Figure 2 shows a typical spectrum. The sample was 
etched in this case to a thickness of about 25 microns. 
The two mercury yellow lines (A=5769.60 and 
= 5790.66) are also shown for wavelength calibration 
and to give some notion of line widths of the exciton 
lines as compared to instrumental line widths. The 
lines of ordinal number k=2, 3, 4, and 5 are clearly 
shown above the background noise. For wavelength 
measurements in this particular case, the mercury source 
was turned off while sweeping through the line k= 2, in 
order to avoid distortion of the line. 

Several observations were made at temperatures of 
4°K and 77°K. In addition, one run was made at a 
temperature of 2°K and one at 195°K. The position of 
the absorption edge at room temperature was observed 
in a smal] constant deviation spectroscope. For the 2°K 
run, both the positions and the line widths were not 
appreciably changed from their values at 4°K within 
the limit of our observations. At the temperature of 
195°K, the only lines seen were those of ordinal number 
k=2 and k=3 which were barely distinguishable above 
noise. At room temperature, no structure which could 
be interpreted as line structure was observed. 

Table I shows the results obtained at 77°K. Column 
(1) gives the ordinal number of the lines. Column (2) 


Fic. 2. Spectrometer record of exciton series in Cu,;O at a 
temperature of 4°K. The lines whose ordinal numbers are &=2, 
3, 4, and 5 are shown. The two mercury yellow lines are shown in 
emission for the purposes of calibration and to indicate instru- 
mental band width 
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gives the average value of the measured wavelengths. 
Column (3) shows the corresponding wave numbers. 
Column (4) shows the wave numbers obtained from 
the formula 

v= 17460—843/k’, 


in which the two constants have been adjusted to 
give the best fit for the lines k=3, 4, and 5. The meas- 
ured position of the line k=2 thus deviates by about 
three angstroms from its computed value. Column (5) 
shows the corresponding wavelengths measured by the 
Russian group. It will be noticed that at this tempera- 
ture our values are somewhat higher than theirs, while 
at 4°K (see Table IT) our values are lower than theirs. 

Table II shows the corresponding values at liquid 
helium temperature. These are best expressed by the 
following formula: 


v= 17521—786/k*. 


Taste I. T=77°K. Ordinal number, wavelength, and frequency 
of the exciton absorption lines in CuO. The last column quotes 
values obtained by Gross. 











oo exp verp Pihecr ARuse 

2 5794.4 17258 17249 5792.7 
3 5758.3 17366 17366 5756.6 
4 5744.9 17407 17407 5743.8 
5 17426 5738.1 





5738.7 17426 


Taste II. 7=4°K. Otherwise same as Table I. 








k exp Pexp Ptheor ARuse. 

2 5771.6 17326 17325 $775.8 
3 5736.2 17433 17434 5740.3 
4 5723.4 17472 17472 5727.4 
5 17490 5721.7 


$717.2 
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Table III shows a further series of values obtained 
from a ground crystal whose thickness was not deter- 
mined but was probably close to 10 microns. The tem- 
perature was not accurately determined in this case 
but was intermediate between the temperatures of 
liquid helium and nitrogen. This series is shown only 
to indicate the greater number of lines observed in this 
case. These are fitted by the formula: 

v= 17508—800/k*. 

The position of the band edge (interpreted as the 
series limit of the above series) shifts approximately 
quadratically with absolute temperature as it does 
with germanium and silicon.’ Figure 3 shows the experi- 
mental values obtained at the various temperatures. 
The solid curve is the empirical equation, 


\=0.00347°+-5707.4 (in angstrom units). 
DISCUSSION 


While the energy W, is essentially a property of the 
crystal, the energy W, may be thought of as a property 


*G. G. Macfarlane and V. Roberts, Phys. Rev. 98, 1865 (1955). 





EXCITON ABSORPTION 


of the exciton within the crystal environment. The 
actual values of the reduced mass and of the dielectric 
constant are not well known, but if reasonable values 
are taken for them, the constant W, may be evaluated. 
Choosing the value for the reduced mass as half the 
free-electron mass, and taking the dielectric constant 
to be 10, the computed value of W, is about 550 cm™. 
This is in fair agreement with the observed values at 
the various temperatures. The value is, of course, quite 
sensitive to the value of the index of refraction, and 
hence of dielectric constant, of the Cu,O crystal. 

The observed line widths do not seem to be particu- 
larly sensitive to temperature, at least in the range 
from 2°K to 77°K. The observed widths are of the 
order of a few angstroms, leading to lifetimes of the 
order of 10-" second. An attempt was made to observe 
the lines in fluorescence emission at a temperature of 
77°K with no success. Evidently other recombination 
processes compete too strongly to observe such 
radiation. 

The line k=/ was not observed by us. Gross reports 
that it is somewhat weaker than the other lines, and that 


Taste III. Same as Table I except that the temperature is 
intermediate between 4° and 77°K. (A different crystal sample 
was used than that of Tables I and II.) 








f exp Yeap Pibeor 
2 $777.7 17308 17308 
3 5741.2 17418 17419 
4 5728.2 17457 17458 
5 $722.1 17476 17476 
6 5718.9 17486 17486 
7 5716.5 17493 17492 





there is a- considerably discrepancy between its ob- 
served position and that calculated from the series 
formula. 

It is of some interest to calculate the size of the 
Bohr orbits for the exciton. Using the values given 
above for the reduced mass and for the dielectric con- 
stant, the first orbit has a radius of 10 angstroms, while 
that associated with the line k=7 in Table III would 
have a radius of approximately 500 angstroms. Thus, 
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Fic. 3. Shift of the position of the absorption edge (series limit of 
the exciton series) as a function of absolute temperature. 


from this picture, the electron is still able to feel the 
Coulomb influence of its hole at a distance of several 
hundred atomic spacings. It is conceivable that the 
reported misfit of the line = 1 by Gross, and our misfit 
for the line k=2 (Table I) may be due to the inability 
of the exciton to see the average value of the dielectric 
constant when so few atoms of the crystal lattice are 
contained within the orbit. 
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Two theories of the temperature dependence of ferromagnetic anisotropy in cubic crystals, the nearest- 
neighbor quadrupole-quadrupole coupling theory of Van Vieck, and the more recent classical theory of 
Zener, seem to be contradictory. It is shown that these theories are, respectively, high- and low-temperature 
approximations to the same physical picture: hamely, an anisotropy which decreases with rising temperature 
due to statistical fluctuations from alignment of anisotropically-coupled neighbor spins. Zener’s low-tem- 
perature approximation shows that the anisotropy decreases as the tenth power of the magnetization, 
Van Vleck’s high-temperature approximation yields a lower power law. It is argued that most of the ani- 
sotropy has vanished before sufficiently high temperatures are reached for Van Vieck’s approximation to 
be appropriate. Van Vleck’s nearest-neighbor dipole-dipole coupling theory, which has no classical analog 
and cannot be compared with Zener’s theory, is discussed from a spin-wave picture. 





I. INTRODUCTION 


HE standard theoretical study of the temperature 

dependence of ferromagnetic anisotropy in cubic 
crystals has been given by Van Vieck.' Recently Zener* 
has proposed a very simple classical theory which, at 
first sight, seems to be at variance with Van Vleck, 
both as to method and as to results. It is the purpose 
of this paper to show that the methods of Van Vleck 
and of Zener are different limiting approximations of 
the same physical picture. We shall attempt to arrive 
at the true state of affairs by taking a judicious middle 
path between these two limiting approximations. 

Van Vleck considers the anisotropy to originate 
from an indirect coupling between nearest-neighbor 
spins i and j produced by the series of interactions: 
spin i—orbit i—crystalline field—orbit j7—spin j. The 
effective coupling energy is then expanded into a dipole- 
dipole term 


Kp > i 


Cf Si 8-37 *(Se- 243) (Sj), (1) 
plus a quadrupole-quadrupole term 


Kg Vis *(Sy- ry, *(S,-4,;)*. (2) 


Les 
Here r;; connects nearest neighbors, and Cy and ¥;; 
are coupling constants, considered temperature-inde- 
pendent and acting only between nearest neighbors. 
The temperature dependence of the resultant anisotropy 
is caused by statistical deviations of $; and S; from 
maximum alignment. 

In a cubic crystal whose bulk magnetization vector 
makes direction cosines a), a, a3 with the three cubic 
axes, symmetry restrictions require the anisotropy to 
be an expression of the form 


Ex. K , (ay*a;* 


Van Vieck’s calculations are numerical, and he gives 
his results in tabular form. For convenience we express 


. . — ee 
+-arg2ar3*-+-3"a2;") + K gey7ay*ary*+---. (3) 


* Work was done in the Sarah Mellon Scaife Radiation Labora- 
tory and research was supported by the United States Air Force, 
through the Office of Scientific Research of the Air Research and 
Development Command. 

‘J. H. Van Vieck, Phys. Rev. 52, 1178 (1937) 

*C. Zener, Phys. Rev. 96, 1335 (1954) 


the temperature dependence of the anisotropy as a 
power of the temperature dependence of the mag- 
netization: 


K,(T)/Ki(0)=(M(T)/M (0))*. (4) 


In Fig. 1 we present Van Vleck’s results in terms of 
the exponent n. 

The anisotropy coming from %, as evaluated in the 
molecular-field approximation, behaves with an ex- 
ponent n dropping slowly from 6 to 5 as the tempera- 
ture decreases. Van Vleck also gives an improved 
calculation, in which part of the exchange energy is 
taken explicitly into account; in this calculation the 
exponent m drops from 10 to 5. For the anisotropy 
from Kp the exponent rises slowly from 2 to 4 as the 
temperature increases. In Fig. 1 the values of the 
magnetization are determined in the same theoretical 
approximation as are the values of K;. 

Van Vleck makes no attempt to evaluate the tem- 
perature dependence of K». 
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Fic. 1. The exponent m in Eq. (4) plotted against M(T)/M (0). 
Curve (A), Zener’s tenth-power law; curves (B) and (C), Van 
Vieck’s quadrupolar results; and curve (D), Van Vieck’s dipolar 
result. In all cases M(T)/M (0) is evaluated in the same theory 
as is the anisotropy. 
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FERROMAGNETIC ANISOTROPY IN CUBIC 


Zener’s method, on the other hand, is both classical 
and macroscopic. He considers the crystal to be com- 
posed of many small regions of unspecified dimensions, 
and in each region the magnetization vector is taken as 
constant in length but subject to random fluctuations 
in direction. The anisotropy energy of each region is a 
function of the direction of magnetization in that 
region, the functional form being taken as Eq. (3). 
Local fluctuations in the directions of magnetization 
then give rise to a temperature dependence of the total 
anisotropy energy of the crystal. Zener then evaluates 
the net effect of the fluctuations by a random-walk 
calculation. He finds the exponent in Eq. (4) to be 
10 for K, and 21 for K2, independent of temperature. 

Both Van Vleck and Zener obtain their temperature 
effects from statistical deviations from maximum align- 
ment. Van Vleck’s calculation is somewhat cumbersome, 
but his interactions are quite explicit and his approach, 
except for the use of the molecular field, is quantum- 
mechanical. Zener’s approach, although giving a classi- 
cal fuzz to the nature of the interactions, is very direct 
and simple, and his mathematical methods are ex- 
tremely powerful. For example, he is able to evaluate 
the temperature dependence of Kz [and indeed of all 
the other constants in the expansion (3)] in a quite 
general manner. 

As pointed out by Van Vleck, an interaction of the 
form Xp is incapable of yielding the anisotropy of 
Eq. (3) in a classical approximation. This is because in 
Kp the direction cosines of rm; appear at most in the 
square, whereas Eq. (3) is at least quartic in the 
direction cosines of the resultant bulk magnetization. 
Quantum-mechanically, however, because of terms non- 
diagonal in }>;.S/, the dipole-dipole interaction in a 
cubic crystal does give rise to anisotropy. This ani- 
sotropy is calculated by Van Vleck by means of 
second-order perturbation theory, and the temperature 
dependence is evaluated in the molecular-field approxi- 
mation. In Sec. VII of this paper we discuss this tem- 
perature dependence and conclude that Van Vleck’s 
molecular-field method gives too high a value of the 
exponent in Eq. (4). 

However, we are concerned here principally with the 
interaction Kg, which classically is capable of yielding 
an anisotropy of quartic form. Only for this interaction 
can the Van Vleck and Zener theories be compared, 
since only for this interaction do the two theories 
represent the same physical reality. 


Il. VAN VLECK’S APPROACH TO Ke 


In the quadrupole-quadrupole Hamiltonian (2), the 
spins are quantized with respect to the axis of mag- 
netization. To exhibit the anisotropy it is necessary 
to transform Eq. (2) into an expression involving 
ai;, 83, ez (the direction cosines of r,; with respect to 
the crystal axes) times an expression involving a, a, as 
(the direction cosines of the crystal axes with respect to 
the axis of magnetization). This transformation is given 
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in detail in Sec. 11 of Van Vieck’s paper,' and we shall 
not reproduce it here. (We shall present a similar 
transformation in the next section.) When account is 
taken of cubic symmetry, the result may be written 


KRe= Hot 4s fit fe [arta:*+a2*a;*+a3%a;7]. (5) 


Here Hp is isotropic. The quantity Qs is a lattice sum 
which is temperature independent : 


Q3= yg ND; vid 1 a S(aiPBiP+BirriZetrizai*) ]. (6) 


The factor 4 before Q; is a correction as noted in a 
subsequent paper by Van Vleck.’ 

The temperature dependence of the anisotropy is 
contained in the factor 


Chit feJ=Zin man el (SAT (SP—HS7)"] 

—4S¢S3(SPS/4+S7S?)}. (7) 
Since Kg is small compared to the exchange part of the 
ferromagnetic Hamiltonian, we may evaluate the ani- 
sotropy energy by taking the expectation value of (7) 
with respect to the exchange (first-order perturbation). 
To facilitate calculation we now introduce the operators 
S*=5$*+iS". Dropping all terms in (7) nondiagonal in 
S*S~, we then obtain 


(fitf.= (¥(S2)°—4S(S+1) 4 (S/)?—§8(S4+1)] 
+e (Si*)*(S 72+ (S)2US*)*] 
—41(28¢—1)S*S;- (2S ¢—1) 


—15--(2S4¢—1)(28—1)S;). (8) 


The problem of the temperature dependence of the 
anisotropy constant KX, is now reduced to the evaluation 
of (8). The rapidity with which (8) goes to zero as the 
temperature increases will depend upon the correlation 
assumed between the directions of neighbor spins, 
S; and S;. Unfortunately, we have no exact way of 
taking into account this correlation. However, the 
several approximations considered below put well- 
defined limits on the temperature dependence. 


Ill. LIMIT OF NO CORRELATION—THE SIXTH 
POWER LAW FOR Ke 


The limit of no correlation between neighbor spins 
has been considered in detail by Van Vieck.' Each spin 
is independently quantized in a molecular field, and 
Eq. (8) reduces to 


(ft fa) = [9 (om*)— 45 (S41). (9) 


Here (m*) is the expectation value of ($7)? in the 
molecular field. Van Vieck evaluates (9) as a function 
of temperature for S=1. His numerical results indicate 
a temperature dependence going as (m)* for 7/T.$0.5 
and dropping to approximately (m) at higher tempera- 
tures. Here (m) is the calculated Brillouin function for 
S=1, and not the experimental ratio M(T)/M(0). We 
show Van Vieck’s numerical results in Fig. 1. 


* J. H. Van Vieck, Phys. Rev. 78, 266 (1950), footnote 13. 
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A simple physical picture of the effect of temperature 
on the anisotropy energy may be achieved as follows: 
We apply the molecular-field approximation directly to 
the Hamiltonian (2). Since S$; and S,; are independently 
quantized, we may expand (r,;-*(S;-1;;)*) in a series of 
Legéndre polynomials P,(6;;) where 0,; is the angle 
between r,; and the axis of quantization. Reversing the 
direction of r,; cannot change the sign of (S,-4,;)?; 
hence the odd Legendre polynomials cannot appear in 
the expansion. Furthermore, since the direction cosine 
between S,; and r,; is present only in the square, no 
polynomials beyond P;(6,;) can appear. Thus 


(9¢7-2(S4- 843) = aPo(O4;) + bP (0). (10) 


The coefficient a is determined by averaging over all 
directions 0,;. In this average P;(0,;)—0 and the left 
side of (10), regardless of the “direction” of .S;, goes to 
the unweighted average of all possible values of m?. 
Hence 


1 6 
-~ 5 m'’=4S(S+1). 


edi (11) 
2S+1 =—s 


a= 


To determine the coefficient b we let 0;;=0. Then (10) 
reduc es to 


(m*) = a-+-b. (12) 


When (11) and (12) are inserted into (10), we have 
(nis? (S,- 84j)?) = §S(S+1)+[(m*) — 45(S+1) ]P2(0i,), 
and hence, 
Kg) = E,+-[(m")—4S(S4+1) PD a ves 

X([3 cos?(0,;) ?. (13) 


In the above equation we have lumped some of the 
isotropic terms into E£;. As we have noted, the angles 
0,,; are defined with respect to the axis of quantization. 
We now let this axis make the direction cosines a, a2, a3 
with the crystal axes. On taking account of the cubic 
symmetry we find 


Len vel § cos*(Oxs) P 


= E+ 305 (a;7a2?+a23%a3*+<a37a;7), (14) 


where EF; is isotropic and Q, is given by Eq. (6). We are 
thus led to Van Vieck’s expression Eq. (5) above, with 
f,+f2) as given by Eq. (9). 
In the classical limit (large values of S), we note 
from Eq. (9): 


(fit fr)=LP2(0) }, (15) 


where @ is the angle between the direction of the classical 
spin and the axis of magnetization. We could have 
obtained this temperature dependence of the anisotropy 
of a classical spin directly from the Hamiltonian (2) on 
using the addition theorem for Legendre polynomials. 
Thus we see in a very direct way how the temperature 
effect arises from statistical fluctuations. 
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It is interesting to calculate the temperature de- 
pendence in the classical limit. We have 


(P,(z))= f " Palalende 7 | ‘Palxderds, (16) 


where 
e= g8H/kT. 


Here H is the molecular field. In terms of the Bessel 
functions of imaginary argument,‘ 


(Pa(x))=In44(©)/T; (6). (17) 


For n=1, the right-hand side of (17) reduces to the 
familiar Langevin function. 
In the limit of large « (low 7'), Eq. (17) yields 


(P(x))~(Pi(x))ierr, (18) 


Thus the classical limit, as well as Van Vleck’s case 
S=1, starts out with a sixth-power law. In fact, for 
the entire temperature range there seems to be no 
significant difference between the classical and quantum- 
mechanical averages when expressed as functions of (m). 


IV. LIMIT OF COMPLETE CORRELATION—THE 
TENTH-POWER LAW FOR Kyo 


The limit of complete correlation has been considered 
by Zener.* In this limit a region of spins may be thought 
of as pointing in the same direction and moving to- 
gether as a unit. Zener considers the total spin of this 
region to behave in a classical way. The anisotropy 
energy of the region depends on the direction cosines 
of the total spin in a manner described by Eq. (3). As 
the temperature rises the various correlated regions of 
spins will point in different directions, and the total 
anisotropy will be a statistical average of expressions 
of the form of Eq. (3). 

We may derive Zener’s result from Van Vleck’s 
approach. We let the direction of S; coincide with the 
direction of its neighbor S;. From Eq. (8) we then 
obtain 


fit f2)= {35 (m*)— S[6S(S+1)— 5m?) 
+35(S+1)[S(S+1)—2]}, 


where S is now the quantum number of the system of 
two spins. We note that (19) yields zero for any value 
of S less than 2. This is because we are considering 
spins §,; and S; “locked” together as a unit, and in 
order for this unit to exhibit anisotropy in a cubic 
field it must behave as a 2* pole. 

We have obtained (19) from Van Vleck’s calculation, 
but it may also be obtained from the quantum- 
mechanical analog of Zener’s method. As in the steps 
leading to Eq. (10), we now assume 


(reg*(S<- 143)) = cPo(O4;) +d P2(0i;) +-eP 404). 


(19) 


* Numerical values are given in C. W. Jones, A Short Table for 
the Bessel Functions I..4(x), (2/)K44(x) (Cambridge University 
Press, Cambridge, 1952). 
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The constant ¢ is evaluated by averaging over all 
directions 0,;: 


1 s i 
c=- m‘*=—S(S+1)(3S°+3S—1). 
2S-+1 =—-s 15 





We may determine d and e from the equations obtained 
when 0,;;=0: 


(m‘)=c+d+e, 
and when 0;;=2/2: 
((S#))=c—4d+ fe. 


Equation (19) then follows when we invoke cubic 
symmetry, and when we use the general relation 


((S#)) = 4((S?+-S—m*))+ fm?) —} (S*+S). 


We have derived (19) by this alternate method be- 
cause it is now clear that if an entire region R of spins 
may be thought of as correlated, and not just the 
neighbors S$; and S;, we may expand 


(Lr ri *(S;- r3)*(S; . r;;)*) 
= cP, (043) +dP2(0i;)+eP.(,,). 


Again we are led to Eq. (19), with S now the quantum 
number of the total spin of the region. If this spin is 
large enough we may make a classical approximation, 
and Eq. (19) becomes 


(fit fr)= (Ps(O)). (20) 


This is precisely Zener’s result. We note that in the 
limit of complete correlation it makes no difference 
whether we use a Hamiltonian involving the inter- 
action between neighbor spins, such as Eq. (2), or a 
Hamiltonian involving single spins in some sort of an 
anisotropic crystalline field. In either case the tempera- 
ture dependence of K, will go as (P,(@)). 

It now remains to evaluate (P,(@)) in terms of the 
magnetization. Zener does this by imagining the direc- 
tions of magnetization of the various regions as points 
on the surface of a unit sphere. At 0°K all these points 
are at the pole of the sphere, and as the temperature is 
increased the points are to be envisioned as undergoing 
a random walk (diffusing) on the surface of the sphere. 
On solving the resultant diffusion equation, Zener finds 


(P,(0)) ew= (P1(0)) ew”, (21) 


This is the same as Eq. (18), except that it holds for all 
temperatures, and not just in the low-temperature limit. 
The reason for the high-temperature disagreement be- 
tween (17) and (21) may be traced to the omission of 
any molecular field in Zener’s random waik. That is, 
Zener assumes it just as probable that a point on the 
sphere of diffusion moves away from the pole as it is 
that the point moves towards the pole; on the other 
hand a Boltzmann average in a molecular field may be 
thought of as a random walk in which the probability 
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of returning to the pole is greater (random walk in a 
field of force). 

Now if nearest neighbors are to be thought of as 
correlated, the ordering effect generally thought to 
take place in ferromagnetism has been completely 
taken into account. Thus, in the limit of complete 
correlation, we believe Zener’s method of averaging to 
be correct. It will break down at temperatures at which 
neighbor spins move appreciably out of alignment, 
that is, at the same temperatures at which the general 
method of this section also breaks down. 


V. VAN VLECK’S APPROXIMATION OF PARTIAL 
CORRELATION IN Ke 


The two approximations of complete correlation and 
of no correlation are extremes, representing respectively 
low- and high-temperature limits. We now examine a 
calculation also given by Van Vleck' in which the corre- 
lation is partially taken into account. 

Van Vleck focuses attention on the spins §; and S, 
for which he is calculating the interaction energy of 
Eq. (2). He takes the exchange interaction between 
these two spins rigorously into account, representing 
only the interaction between these spins and the rest 
of the neighbors by the molecular field. The justification 
for this method is that the quadrupole-quadrupole 
interaction energy between two spins is most sensitive 
to the relative alignment of those two spins. However, 
since all neighbor spins are coupled together, the form 
of the total quadrupole-quadrupole energy will not be 
identical to the sum of Van Vleck’s partially-corre- 
lated terms. Nevertheless, we should expect the results 
of this calculation to lie between those of Secs. III 
and IV, i.e., between the sixth- and tenth-power laws. 

The results are given in Fig. 1 under the label 
“Van Vieck Improved.” It can be shown that in the 
low-temperature limit the anisotropy goes as (m)". It 
drops very quickly to approximately (m)*. 


VI. THE SPIN-WAVE APPROXIMATION TO Ko 


By means of the spin-wave approximation we gain 
some appreciation of the manner in which the limit of 
complete correlation fades into the limit of no corre- 
lation as the temperature rises. 

Following Holstein and Primakoff* we define: 

Sf=S— Ni, 
Sit = (2S)* fai, 
BF = (2S)tas* fi, 
fé=1—(n,/2S). 


(22) 


Here n, is the “spin-deviation” and equals aa; where 
a,;* and a; are creation and destruction operators. We 
insert the operators (22) into Eq. (8) and make the 
following low-temperature approximations: 


* T. Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1940). 
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(1) We drop all terms involving two creation or two 
destruction operators on the same spin; 

(2) We assume n,; is 0 or 1. Thus we set n?=n;; 

(3) We assume f;=1. 
The result is 


fits oS (S— } 2S, S—6(n,)—4(a/*a,) ]. (23) 
Introducing spin-wave operators a,* and ay: 
a;= ND" exp(—ik- ras; 
nae ; (24) 
a= NS, exp(ik- ray"; 
we obtain: 
f+ f2)=(S—4)*SLS—N-"Dy m(6+4y)]. (25) 
Here 
n= 2D, exp(ik-m), (26) 
where ™m=1r,—r,;, and the sum is over the z nearest 


neighbors j to any spin i. 

We have obtained (25) with the aid of Van Vleck’s 
transformation (Sec. II); the same result can be 
obtained, but with more trouble, directly from the 
Hamiltonian (2). 

Equation (25) points out the correlation problem in a 
very illuminating way. If we assume the power law (4) 
and introduce 

AK,=K,(0)—K,(7), 
AM=M(0)—M(T), 


then, at low temperatures, 


AK, AM 
{-——__~ 1-2n——__, 
K,(0) M (0) 
or 
AK, AM 
— ms 93———, (27) 
K,(0) M(0) 
Now according to the spin-wave picture, 
AM M(0)= NV 1S my. (28) 


Comparison of (25), (27), and (28) shows that: 

(1) In the approximation of no correlation, since 
a;*a;)=0, we have only the term in (25) with the 
multiplicative factor 6. Thus we get a sixth-power law 
in agreement with Sec. ITT. 

(2) In the approximation of complete correlation, 
only spin waves of very long wavelength are excited. 
Thus, in effect, k=0, and we have the tenth-power 
law of Sec. IV. 

Now standard spin-wave theory® gives as the energy 
of a spin wave of wave number k: 


E,.= 2SJ2(1 —— TJ» 
where J is the exchange integral. Hence 


Ds mn = > m[1 — (Fy, '2SJ=z) | 


AM E 
-s(—_-— ), 29) 
M(0) 2SJs 
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where E is the density of spin-wave energy. We may 
now write (25) in the form 


10AM 2E 
it f= (S—4'S| $-——_ 4. — oo ae 
M(0) SJz 
To relate E to AM, we note that for spin waves of 
small k, 





AM ‘a EWE 
——=const f _ ———— 8 
M(0) o exp(E/kT)—1 

- EWE 
E=const ——_-—_————_; 


0 exp(E/kT)—1° 


where the constants are the same. Carrying out the 
integration, we have 
AM 1.782 


{= ———_ ——k 


M (0) 2.315 


(S+1)T\ AM 
s-(10- -)——|. (31) 
ST, JM(0) 


Thus, 





(fit fe)= (S—4)S 





We have approximated 2/z by [3&7./(S*+-S)], where 
T. is the Curie temperature. 

From Eq. (31) we note that the “tenth-power” 
gradually drops with increasing temperature. Long 
before the drop is important, however, Eq. (27) has 
ceased to hold, and furthermore the spin-wave approxi- 
mation itself has broken down. 

Nevertheless, the general picture of the way the 
anisotropy energy behaves with temperature is now 
clear. 


VII. SOME REMARKS ABOUT Xp 


As we have seen in Sec. I, since the anisotropy arising 
from Xp, for cubic crystals, appears only in second- 
order perturbation theory, it has no classical analog 
and cannot be approximated by Zener’s theory. 

In addition to the second-order perturbation approach 
of Van Vleck, this anisotropy may be evaluated in the 
spin-wave approximation. Holstein and Primakoff* have 
indicated the general spin-wave method of handling 
dipole-dipole interactions. The resultant anisotropy at 
0°K has been calculated (a) in the presence of a strong 
applied field (or in a molecular field)*; and (b) in the 
absence of exchange interaction (dipolar ferromag- 
netism).’ 

It is clear from the above-mentioned calculations 
that the anisotropy at 0°K arises from the zero-point 
spin-wave energy. Furthermore, it is clear that the 
overwhelming part of this anisotropy comes from short- 
wave (high-energy) spin waves. This is readily seen 





* J. R. Tessman, Phys. Rev. 96, 1192 (1954) 
? M. H. Cohen and F. Keffer, Phys. Rev. 99, 1135 (1955). 
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when one recalls that the long-wave spin waves merely 
cause changes in the direction of magnetization of 
large regions of spins; and the energy cannot be sensi- 
tive to these changes of direction, since there is no 
classical analog to dipolar anisotropy in cubic crystals. 
Anisotropy can only appear in a cubic array of dipoles 
when the dipoles near one another become significantly 
misaligned, and this misalignment can only be caused 
by short-wave spin waves. 

Let us picture our cubic ferromagnetic crystal at 0°K 
with its zero-point anisotropy energy. As the tempera- 
ture is raised, }°y m spin waves will be excited, and 
their energy will add to the zero-point energy, so that 


E=>% (m+ 4) Ex. (32) 


To a first approximation, E, will be given by the 
exchange energy alone, and will be proportional to k?. 
Thus the majority of excited spin waves are of low k 
and, in accordance with our above remarks, add a 
negligible amount to the anisotropy. A detailed calcu- 
lation of the temperature dependence of the anisotropy 
would present a formidable numerical task, but it is 
clear that this temperature dependence cannot be very 
strong—at least not until quite high temperatures are 
reached and the occupation number of high-energy spin 
waves is significant compared to }. 

It is seen from Fig. 1 that Van Vleck’s results show 
that the dipolar anisotropy disappears much more 
slowly than does the quadrupolar. Furthermore, the 
value of the exponent m for the dipolar case increases as 
M(T) drops. This general trend bears out what we 
have said above about high-temperature effects. Never- 
theless, we think that the difference between the dipolar 
and quadrupolar must be even more pronounced than 
obtained by Van Vleck. His molecular-field method 
allows too many neighbor spins to take angles with 
respect to each other at low temperatures. In all 
likelihood the dipolar anisotropy energy does not 
change very much at all up to a large fraction of T.. 


VIII. CONCLUSIONS 


In attempting any comparison of theory and experi- 
ment we must first bear in mind the following two 
points which have been emphasized by Van Vleck: 

(1) Depending upon the sign of the coupling con- 
stant y,;, the interaction 3g can lead to a positive or 
negative sign of K,. On the other hand, since the 
coupling constant Ci; is squared in the second-order 
calculation, the interaction Hp can lead only to a 
negative sign of K,. 

(2) Unless the spin quantum-number of the indi- 
vidual atom is larger than }, the interaction K¢Q is zero. 

Since the average nickel atom has a spin of even less 
than }, it is probable that the only interaction present 
in nickel is of the type Hp. This leads to the correct 
(negative) sign of K,, but the temperature dependence 
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is completely off. The anisotropy in nickel disappears 
with temperature as something like the twentieth 
power of the magnetization. We can only conclude 
that this anisotropy is of an entirely different nature 
than dealt with here. 

On the other hand, there are both theoretical* and 
experimental’ indications that the spin quantum-num- 
ber of an iron atom is very nearly 1. The positive sign 
of K, in iron indicates an interaction Kg. As Zener has 
pointed out, experimentally the constant K, falls with 
temperature as the tenth power of the magnetization 
at all temperatures. 

We have shown that this tenth-power law is to be 
expected only if the spins of neighbor atoms are very 
highly correlated. Now, as the spin directions of 
neighbors begin to misalign, the tenth-power law will 
give way to a law of lower power, eventually to a 
sixth- or fifth-power law. However, we make the 
following point: if at the temperature where the 
misalignment has become appreciable, the anisotropy 
has essentially disappeared, or has become so small as 
to defy accurate measurement, it may well appear that 
the tenth-power law is holding, as Zener maintains, at 
all temperatures. We believe this is the situation in iron. 

There are several experimental confirmations of 
strong correlation in iron: 

(1) The magnetization curve falls well above the 
Brillouin curve for S=1 at high temperatures. 

(2) Neutron diffraction experiments” indicate that 
small but coherent domains are present in iron even 
through the Curie point. 

(3) A sizeable fraction of the area of the curve of the 
specific-heat anomaly is above the Curie point. 

These facts indicate considerable correlation even at 
temperatures above the point of “zero” anisotropy, 
~0.87T,.. Thus it is quite reasonable that at 0.87, at 
which temperature M(T)/M(0)=0.8, the correlation 
is nearly complete, or at least sufficient to maintain 
the tenth-power law. 

The same arguments should hold, but with even 
more force, for Zener’s twenty-first power law for K». 

In this entire discussion we have been using the 
atomic model of ferromagnetism. A band model has 
been used by Brooks,"' and more recently by Fletcher," 
to yield in a very rough way the anisotropy of nickel 
at O°K. Neither author attempts to explain the tem- 
perature dependence. We are well aware of the limita- 
tions of our atomic model. Still, we believe there is 


*P. Argyres and C. Kittel, Acta Metallurgica 1, 241 (1953). 

These authors conclude from the value of the ferromagnetic 

resonance g-factor that, of the 2.2 Bohr magnetons per iron atom, 

approximately 0.2 magneton comes from orbital magnetization. 
*S. B. Gunst and L. A. Page, Phys. Rev. 92, 970 (1953). These 

authors, using 2.62-Mev gamma rays, measured directly the spin 

(as contrasted with orbit) magnetization of an iron atom. 

“ C. G. Shull and M. K. Wilkinson, Phys. Rev. 94, 1439 (1954). 

“ H. Brooks, Phys. Rev. 58, 909 (1940). 

"G. C. Fletcher, Proc. Phys. Soc. (London) A67, 505 (1954). 
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Interaction of Impurities and Mobile Carriers in Semiconductors* 
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The interaction of mobile carriers in semiconductors with im depend on temperature 7, the Fermi level ¢, and the impurity ' 
purity atoms and ions tends to reduce the impurity activation density N/V, since the distribution of qauntum numbers of the ' 
energy. This efiect is studied using the familiar model of the occupied orbitals depends on these quantities. The free energy F i 
semiconductor as a unifort edium of dielectric constant K in of the system, first expressed in terms of the orbitals, 7, and ¢, ; 
which randomly distributed impurity ions appear as fixed unit _ is then reduced to a function of ¢, 7, and N/V. For given T and ; 


charges and the mobile carriers as charges with opposite sign and 


effective mass m*. The treatment is based on the solution of Har 











N/V, the physically significant ¢ is determined as that which 
minimizes F ; the carrier density and the effective impurity activa- 


tree equations for nonlocalized orbitals ¥; describing mobile tion energy are then computed as functions of T and N/V. The 
carriers and localiz whitals g,; describing electrons trapped in theory differs from all others in predicting a marked 7-dependence 
the neighborhood of impurity ions. Determination of the in of the activation energy, especially for high impurity concentra- 
lividua! zed or > unnecessary by a method tions. This appears because the polarizability of the mobile carrier 
hat expres la ile carricr density approxi distribution, which has an important effect on the interaction of 
mately as a ‘ ct the fluctuations in electronic impurities and mobile carriers, is temperature dependent in the 
potentia ty at nd ions. On use of this relation, present theory, and is completely ignored in earlier theories. For 
Poisson's equation becomes a linear integro-differential equation moderately high T the reduction in impurity activation energy 
for the electr tential energy, which can be solved in terms of predicted by the present theory is of the order of that predicted 
integrals involving the localized orbitals ;. All localized orbitals _ by Shifrin, and by Pearson and Bardeen; at low temperatures it is 
are taken to have the same form ¢, satisfying an integro-differen much less. Existing data on germanium and silicon suggest that 
tial equat btained by averaging the potential energy for a the theory underestimates the reduction in activation energy at 
trapped electron over all configurations of the other impurities; high impurity concentrations 

this is solved by a var ational proc edure. All orbitals in the theory 


1, INTRODUCTION 


— first theoretical attempt to compute the 
wnization energy ol impurity atoms in a semi 
conductor as a function of concentration was made by 
Shifrin.’ Shifrin used the hydrogenic model of the 
impurities, which pictures the neutral atom as con- 
sisting of a single potential carrier (hole or electron) 
with appropriate effective mass m*, moving about a 
fixed po.nt charge (the atom core) in a medium of di- 
electric constant K. The ionization energy of an isolated 
impurity is then 

Ey= Eqgm*/mK°, (1.1) 
where m is the true electronic mass and Ey the ioniza- 
tion energy of a hydrogen atom; the “radius” of the 
atom in the ground state is 


do= ay Km/m*, (1.2) 


where dy is the Bohr radius. Shifrin assumes that in 
the impure semiconductor the impurity states with 


* Based in part on a thesis presented by G. W. Lehman in partial 
fulfillment of the requirements for the degree of Doctor of Phi 
losophy at Purdue University, January, 1954 

+ Now at Nortn American Aviation, Inc., Downey, California 


'K. S. Shifrin, J. Theoret. Phys. (U.S.S.R.) 14, 43 (1944) 


principal quantum number nm merge with the contin- 
uum, and form its lower bound, when the “radius” 
n*ao of the corresponding orbitals is the radius of a 
sphere of volume V/N, where N/V is the density of 
impurity atoms. He thus concludes that the activation 
energy of the impurity is given as a function of impurity 


density by 
4 i7N\3 
AEs Eo 1- a, ( ) , (1.3) 
3 V 


A less schematic calculation has been made by Pear- 
son and Bardeen* who note that the energy required to 
remove an electron from an impurity atom is reduced 
by the interaction of the resulting ion with the free 
carriers in the system. Treating the free carrier dis- 
tribution as unaffected by the presence of the ions, and 
assuming that almost all impurities are ionized, they 
arrive at a formula resembling that of Shifrin: 


4x i7N\3 
AE pz = Fy 1-3.29/ a, -) | (1.4) 
3 V 


Like Shifrin, they thus conclude that the decrease in 


2G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865 (1949) 
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the activation energy is proportional to (N/V)'. 
Castellan and Seitz’ point out that it is usually not 
sufficiently accurate to equate the density of free 
carriers to the impurity density, and suggest other 
changes in the theory. They conclude, consequently, 
that the factors considered by Pearson and Bardeen 
will not reduce the activation energy simply propor- 
tionally to (V/V)', and cannot account for the experi- 
mental results of Pearson and Bardeen. They examine a 
number of other possible mechanisms, but do not suc- 
ceed in fully explaining the observed effects. 

The present theory again uses as the model of the 
semiconductor a uniform medium of dielectric constant 
K, in which randomly distributed impurity ions appear 
as fixed unit charges, and the mobile carriers as charges 
of opposite sign and effective mass m*. (For simplicity 
in terminology, the carriers will henceforth be thought 
of as electrons, and the ions as positively charged donor 
ions.) It attempts to go beyond earlier theories in 
giving a more systematic and consistent treatment of 
what appears to be the dominant factor in reducing 
the activation energy: the interactions of impurity 
ions with trapped and with mobile carriers. This treat- 
ment is based on the determination of one-electron 
orbitals by solution of Hartree equations. It is unusual, 
however, in that the electronic orbitals depend on the 
temperature and carrier density as parameters. In 
treating conduction electrons as free, one describes a 
given state of electronic motion by the same orbital, 
regardless of what other orbitals are occupied. When 
the electrons are subject to external forces, such as 
interactions with ions or atoms, this is no longer a 
satisfactory approximation. One must expect solutions 
of the Fock or Hartree equations to yield orbitals de- 
pending on the quantum numbers of all orbitals in- 
volved in describing the system—as is the case, for 
example, in atomic and molecular problems. In the 
present problem a change in the quantum numbers of 
any single occupied orbital would have an insignificant 
effect on any single other orbital; all that matters in 
determining the form of an orbital is the distribution of 
the quantum numbers of the other occupied orbitals. 
This distribution is essentially the same for almost all 
y’s that might describe the crystal at any given 7, and 
is sufficiently defined when one gives the energy level 
distribution in the conduction band, the density n, of 
free carriers, and the temperature. Thus the form of the 
orbitals comes to depend on the parameters m, and T.* 

Determination of this dependence adds another 
element of complexity to the problem. The deter- 
mination of the quantum numbers to be used in solving 
the Hartree equations for the orbitals involves sta- 
tistical considerations; these considerations, in turn, 





*G. W. Castellan and F. Seitz, Semiconducting Materials 
(Butterworth Publications, London, 1950), p. 8. 

* Formal treatments of such problems have been given by sev- 
eral authors; e.g., K. Husimi, Phys.-Math. Soc. Japan 22, 264 


(1940); W. M. MacDonald III and J. M. Richardson, Phys. Rev 
96, 18 (1954). 
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involve energies that have to be determined by solution 
of the Hartree equations. Thus the statistical and wave- 
mechanical aspects of the problem must be developed 
in a self-consistent way. 

A characteristic feature of the present theory is the 
predicted temperature dependence of the impurity 
activation energy. The formal basis of this temperature 
dependence will be clear from the preceding paragraphs; 
the physical basis can be pictured as follows. The mobile 
carriers form a polarizable charge distribution, made 
nonuniform by its interaction with the impurity ions 
and atoms. The polarizability of this charge distribution 
depends on the distribution of electrons over the con- 
tinuum states—on the electron density, and on the 
temperature as well. Around each positive ion is an 
induced average charge distribution of total amount 
—e, which tends to shield the positive ion. in the neigh- 
borhood of each neutral impurity atom there is also an 
induced average charge distribution of total amount 
zero, which modifies the effective potential acting on the 
trapped electron, and thus the activation energy, in 
a temperature dependent way. Further, each mobile 
carrier is regarded as moving in the field of the fixed 
charges plus the associated temperature-dependent 
induced electronic distributions. These interactions 
modify the energy levels in the conduction band, chang- 
ing the position of the band edge and the distribution 
of the levels within the band in temperature-dependent 
ways. This again affects the activation energy, in a 
way that appears to be much more important than the 
change of energy of the trapping states. The two effects 
are not, however, treated separately in the theory, but 
appear as interdependent factors in a self-consistent 
formalism. 

The complexity of the calculation makes it desirable 
to give a preliminary survey of the procedure used here. 
Solution of the Hartree equations is based on the as- 
sumption that the system can be properly described 
by use of two types of orbitals: orbitals y, that extend 
throughout the very large volume of the crystal 
and describe conduction electrons, and 15 orbitals yg, 
that describe electrons trapped in localized states 
about the impurity atoms (Sec. II). Each conduction 
electron moves in a potential field due to the trapped 
electrons, the impurity centers, and rest of the con- 
duction electrons. For very large systems this differs 
negligibly from the potential energy V,(r) of an elec- 
tron interacting with the total average charge dis- 
tribution of the system; thus one can assume that all 
conduction orbitals obey the same Hartree equation 
with potential energy V,(r). On the other hand, it 
would involve a large error to proceed as if the electron 
in the localized orbital ¢, interacted with its own aver- 
age charge distribution, as would be the case if the 
effective potential energy for this electron were taken 
to be V,.. Hence one must use a different effective 
potential energy for computing each trapped orbital, 
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that required for the calculation of g; being 
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For any given forma of V.(r), one could in principle 
compute the corresponding nonlocalized orbitals; given 
the distribution of electrons over these orbitals, one 
could then compute the total average density n,(r) 
of untrapped electrons in the system. In practice, such 
a procedure is out of the question. An approximation 
method, developed in Sec. III, gives n,(r) directly in 
terms of V.(r), the Fermi level ¢, and 7, it being 
assumed the distribution of electrons over the 
levels of the conduction band is of the Boltzmann form. 

One could determine V,(r) by solving Poisson’s 
equation, if one were given the positions of the im- 
purity ions, the forms of the occupied localized orbitals 
gj, and the density n,(r) of the conduction electrons. 
the form of n,(r) mentioned above 
converts Poisson’s equation into an integro-differential 


(1.5) 


that 


Substitution of 


‘ 


equation for V., which also involves the position of the 


impurity ions and atoms, the orbitals ¢,, ¢, and T. 
Section IV shows how this determines V(r) and n,(r 
as a sum of contributions associated with the individual 
impurity atoms and ions, and expresses these contribu- 
tions in terms of ¢, 7, and the localized orbitals ¢;. 
The form of the localized orbitals would, ideally, 
depend somewhat on the positions of nearby atoms and 
ions. To simplify the problem, the effective potential 
V.,(r) for the orbital yg, is averaged over all configura 
There results an integro 
the same for all 7, which is 


tions of the impurities (Sec. V 
differential equation for ¢;, 

IX) solved approximately by a variational 
In Secs. VI and VII the 


energy, and carrier density are expressed in terms of 


later (See 
method total energy, free 
T, ¢, and the averaged form ¢ of the localized orbitals. 
Simplifying approximations, discussed in Secs. VIII 
and IX, then lead to complicated, but usable, expres 
sions for the free energy F and for n, in terms of 7, ¢, 
and the impurity density (Sec. X). For given T and 
impurity density, the significant value of ¢ is that which 
minimizes F; when this is known, the carrier density 
can be computed immediately. 


2. FORMULATION OF THE HARTREE EQUATIONS 


In formulating the wave mechanical treatment of our 
model, we start from the standard form of the Hartree 
equations for N carriers of charge —e, effective mass 
m*, interacting with N fixed charges +e, in a medium 
of dielectric constant K: 


h? eoN 1 
| Z ~ 
2m* Kei |Ry—r 
é dr’ N | 
+ f > beled hyi(e) = Eg (rv) 2.1 
K r—r | vei 
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Here R, and r are vectors giving the positions of positive 
and negative charges, respectively ; ¥; is the normalized 
orbital to which the ith electron is assigned, and £; is 
the corresponding energy parameter. The total energy 
of the system is, in the Hartree approximation, 


ju 


N W' ¢é drdr’ 
+eE—f f— — |Win) |?) ye (r’) |? 
2K 


i+i’ rr 


N hi? fz 1 
E=>° ang} ere sees = 
* Ke|R-r 


2m 


+ 


VN @& 1 
+¥ > - Me 
i+i’ 2K R,—R; 
or 
v NN @ drdr’ 
E=> E,-—> > ff i(r) |?) We (r’)|? 
it” 2K r—r’ 
NN @ 1 
+E 


> . (2.3) 
* 2K |R;—R,;| 


The quantity on the right of Eq. (2.2) is stationary to 
variations of the ¥; that maintain normalization. 

It is well known that the Hartree equations may 
possess solutions that are without physical significance: 
for example, Pekar® has pointed this out in connection 
with the treatment of an assemblage of hydrogen atoms. 
We shall assume that in the system under consideration 
the physically significant solutions of the Hartree 
equation involve orbitals of two types: 

(a) orbitals localized about individual impurity ions, 
representing electrons trapped by these ions. We shall 
denote a 1s-orbital localized about the jth impurity 
ion by ¢;(r). We shall neglect the possibilities that 
electrons might be trapped in excited localized states of 
other types, or that two electrons might be trapped by 
a single impurity atom. 

(b) orbitals extending through the whole system, 
representing mobile carriers in the conduction band. 
Henceforth the symbol y,(z) will be reserved for orbitals 
of this type. 

We shall write the particle density due to trapped 
electrons as 


N 
n.(r)=)>_ a;| ¢;(r)\?, (2.4) 
rel 
where 
{9 if orbital g; is empty, 
a (2.5) 


\1 if orbital yg; is occupied. 


The particle density due to conduction electrons is, of 
course, > |¥,(r)|*, where the sum is over all orbitals 
occupied by the conduction electrons. Because of the 
nonlocalized character of the ¥ orbitals, no single term 
makes an appreciable contribution to this sum. We 





*S. L Pekar, Abhandlungen aus der Sowjelichen Physik, Folge 11 
(Verlag Kultur, und Fortschritt, Berlin, 1951), pp. 61-72. 
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shall therefore take as the particle density due to con- 
duction electrons 


n,\t)= Dif (Ey) Wilt) *, 


where {(E,) is the fraction of occupied orbitals y; in a 
small energy range about £;, and the sum is over all 
nonlocalized orbitals of both spins. The error involved 
in using Eq. (2.6), with {(£,) a smoothly varying func- 
tion, will be negligible for all statistically important 
distributions of conduction electrons over the non- 
localized states. The average potential energy of inter- 
action of an electron with the total electronic dis- 
tribution and the fixed positive charges is then 


(2.6) 


@ oN 1 
V(r)=-—¥ 
K = |R;—r 


e [n(r’)+n.(r') ] 
+ dr A | 
K r—r 


The potential energy term in Eq. (2.1) differs from 
this primarily in the restriction i’+i in the sum over 
electronic states. 

In using Eq. (2.1) to determine a conduction orbital 
¥;, one will make only an error of relative magnitude 
1/N if one includes the term i’=i in the electronic 
potential energy, thereby including a spurious inter- 
action of the conduction electron with its own averaged 
charge density. To this approximation, all conduction 
orbitals satisfy the same wave equation, which we write 


nm 
~ 
~— 


as 
h? 
| - rein) r)=ew,(r), (2.8) 
2m* 
where 
v.(r)=V.(r)—(V.(r)), (2.9) 
¢;= E;—(V.(r)). (2.10) 


Thus »,(r) and E; are the electronic potential energy 
and the energy parameter of the orbital, measured from 
(V.), the average value of V, in the crystal, which will 
henceforth be taken as the zero of energy. Important 
use will later be made of the obvious relation 


(v,(r)) =0. 2.11) 


Since the potential due to an electron trapped by an 
ion is large just where the localized orbital is large, it 
would be a serious error to include in Eq. (2.1) the 
interaction of a trapped electron with itself. The 
effective potential energy for an electron in the localized 
orbital ¢;(r) must therefore be obtained by subtracting 
from V, the potential energy due to an electron in the 
orbital ¢;, to obtain V4,;(r), as given in Eq. (1.5). We 
write the corresponding wave equation as 

i? ¢ dr’ 
[- r++.) pls -|e(e)]*] (0 
2m* KY |r—r'| 


=yjo;("), (2.12) 
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where yw; denotes the energy parameter of the jth 
localized orbital, as distinguished from the energy 
parameters ¢,; of the conduction orbitals. 

Equation (2.12), taken for each impurity j with a 
trapped electron, and Eq. (2.8) for the conduction 
orbitals, constitute the Hartree equations used in this 
theory. Since V,(r) involves implicitly the parameters 
a; and the function f(¢), as well as the orbitals them- 
selves, the solution of this system of equations will 
depend on which ions are assumed to have trapped 
electrons, and on the energy distribution of the un- 
trapped electrons. 

In terms of the quantities thus far introduced, Eq. 
(2.3) for tke total energy of the system can be written as 


N 
E= > is f(detd apjyt+N(V.) 


é rl 


VN € 1 é drdr’ 
EES Sf 
ie” 2K |R,—R,| 2K \r—r’| 


NWN 
<En.(r)n.(e)+ >, & ajay! o(r)|*| ey (0) |* 


i+i" 

+2n,(r)m.(r’)}. (2.13) 
In the first term, the sum over occupied conduction 
orbitals has been replaced by a sum over all conduction 
orbitals, just as this was done in formulating Eq. (2.6). 
The first term in the double integral includes one half 
the interaction of every electron with its own average 
charge distribution. This corrects only in part for the 
inclusion of such self-interaction terms in Eq. (2.8), used 
in calculating the ¢;, but the fractional error is negligibly 
small in any case, being of the order of 1/N. 

In using the Hartree equations and the energy ex- 
pression of Eq. (2.13), we shall be neglecting the ex- 
change and correlation energies that play an important 
role in the theory of metals. The reasonableness of 
this, as concerns the exchange energy in nondegenerate 
semiconductors, is easily checked. Wigner and Seitz* 
have shown that in the case of a completely degenerate 
free-electron gas the exchange energy per electron is 


Eu= —0.458e/r,, (2.14) 


where r, is defined in terms of the electron density 


N/V by 


(44/3)72=V/N. (2.15) 


If one regards the electrons as moving in a medium of 
dielectric constant K, as in the present model, an extra 
factor of 1/K will appear on the right in Eq. (2.14). 
By similar methods it can be shown that for a non- 
degenerate gas of electrons with effective mass m*, in 
a medium with dielectric constant K, having a Boltz- 
mann distribution of energies corresponding to tempera- 


* E. Wigner and F. Seitz, Phys. Rev. 46, 509 (1934). 
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ture 7, the exchange energy per electron is 


321m Ey (““) 
Fe gy mere em enamel oh 
47, K m* kT \pr, 
where ay is the Bohr radius. Ey=e*/2aq is the ioniza- 
tion energy of the hydrogen atom, and m is the true 
electronic mass. As an example we take V/V =10'*/ 
cm’, K=13, T=187°K, m*=0.45m. Then Eq. (2.16) 
yields E..= —0.0018 ev, compared with the impurity 
activation energy —0.036 ev found by use of the 
hydrogenic model. 


(2.16) 


3. CALCULATION OF SUMS OVER STATES 


In solving our problem, it wiil be necessary to evalu- 
ate certain sums over the conduction orbitals, such as 
n,(r) (Eq. (2.6) }. Even if 2.(r) were known to begin 
with, it would obviously be impracticable to do this by 
solving Eq. (2.8) explicitly for the individual y; and «;, 
and then summing. Fortunately, when the distribution 
of electrons in the conduction band is of the Boltzmann 
form, 


f(e) =expl — (e—f)/kT], (3.1) 


such sums are easily expressed directly in terms of 
integrals involving the electronic potential energy 2,(r). 

We shall assume that Eq. (2.8) is to be solved within 
the very large volume V of the crystal, surrounded by 
an infinite potential barrier. (Our theory will, however, 
neglect surface effects due to the bounding barsier.) Let 


Z(r't3H)=LawF(ey(r) exp(—ed), 


where the sum is over all spin-free solutions of Eq. 
(2.8) normalized to 1 in the volume V. We shall assume 
that Eq. (2.8) has only nonlocalized solutions,’ and can 
then write 


(3.2) 


n,(r) = 2ef!*™Z (er; 1/kT). (3.3) 
The factor 2 enters because Eq. (2.6) involves a sums 
over spins, whereas Eq. (3.2) does not 

In principle, Z(r’,r; 1) can be determined by solving 
a diffusion problem. It follows from Eqs. (2.8) and 
(3.2) that, for (>0, 


— DVZZ(r 2; 0+2.(2)Z(r' 7; )=-—dZ/dt, (3.4) 
where 

D=t?/2m*. (3.5) 
From the closure property® of the y’s, it follows that 


Z(r',r;0)=8(r'—1), (3.6) 

? In principle, Eq. (2.8) might possess localized solutions, which 
would be without physical significance [since any localized orbital 
should satisfy an equation of the type of Eq. (2.12)'] and should 
therefore be excluded from the sum over conduction orbitals. In 
the practical cases under consideration here A is large and the 
binding energy of localized solutions of Eq. (2.12) is small. Local- 
ized solutions of Eq. (2.8) will have even smaller binding energy, 
and their contribution to the sums seems safely negligible com- 
pared to that of the numerous nonlocalized solutions 

*D. Bohm, Quantum Theory (Prentice-Hall, Inc., New York, 
1951), p. 221. 


W. LEHMAN AND H. M. 


JAMES 


where 6 is the Dirac delta function. The presence of 
the infinite potential barrier at the surface S of the 
crystal requires y;(r)=0 and 


Z(r’,r; t)=0, for r on S. (3.7) 


For each r’, Z(r’,r; 1) could be obtained by solving 
Eq. (3.4), subject to the initial condition of Eq. (3.6) 
and the boundary condition of Eq. (3.7). If the pa- 
rameter ¢ is interpreted as time, Z(r’,r;/) can be 
interpreted as the density of a system of diffusing 
particles at point r, at time ¢, per particle released at 
point r’ at time ‘=0, when the following conditions are 
satisfied: (a) the diffusion constant is D; (b) a particle 
at point r”’ may disappear with probability ».(r’) per 
unit time if »,.(r’’)>0, or give rise to another particle 
with probability —»,(r’’) per unit time if »,(r’) <0; 
(c) any particle reaching the surface S$ is withdrawn 
from the system. 

An alternative interpretation of these equations 
makes it easy to write down an equivalent integral 
formulation of the problem. One can regard Z(r’,r; ¢) 
as the average density of particles at point r at time /, 
due to release of one particle at point r’ at time ‘=0, 
plus the release of —»,.(r’’)Z(r’,r’;’) particles per 
unit volume and per unit time, for all r” in V and all 
’>0; as before, any particle reaching the surface S is 
withdrawn from the system. Let Zo(r’,r; At) denote 
the average density at r at time ¢ per particle released 
at r’ at time ‘— Af. Then the total particle density due 
to the system of sources described above is obviously 


t 
Z(r',r; 2) Zale ni) f at f dr'sr" 
0 Vv 


KZ (ers t)Zo(r"x;t-—t’). (3.8) 

From the character of the diffusion problem, it is 
evident that for | r—r’| small compared to the distance 
of rand r from the surface S of the crystal, and for not 
too large ¢, the nature of the solution will be negligibly 
changed by ignoring the boundary condition on S, 
Eq. (3.7). Then Zo(r’,r; 4) can be taken as the solution 
of Eq. (3.4), with v.(r)=0, subject to the initial con- 
dition of Eq. (3.6): that is, it can be replaced by the 
familiar diffusion function 


Zo(\r—r'| ;=[4eDt}"' exp[—|r—r'|?/4Dt]. (3.9) 
Making this approximation, we write 
t 
Z(r',r; )=Zo(|r—r’ N= fae fae’ese”) 
0 x 
KZ (9 9" 1) Zo(r—e" t—0’). (3.10) 


This equation can be solved by a familiar iterative 
method. Writing 


Z(r.0;0=>.Z,(r',; 0), (3.11) 
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where Z, is of the rth order in »,(r), substituting this 
into Eq. (3.10), and equating terms on the two sides 
that are of the same order in 2,, one finds 


t 
Z41(F' 7; = -f at f ar'se” 
0 x 


XZ 0"; 1) Zo(r—r" 5 t—). (3.12) 


The successive integrations over ¢ can be carried out 
without difficulty. One finds 


1 r—r|+!| In—-r 
Z\(r' 7; )=-— fereteol- - ‘| 
4rD. r—r| in—e 
XZo(\r—n|+)mn—r’};4, (3.13) 
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Z.(r,r; i= far face (r;) 
(4rD)? 
r—ri/+)/n—m)t+in—r’ 
xs.(r9| 
r—r, rh Pe| |e’ 
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the generalization is obvious. 

If »-=0, one has Z,=0, for r>0. If v.(r) is constant, 
it follows easily from the definition in Eq. (3.2), to- 
gether with the fact that introduction of a constant 
potential », changes every e; by this same amount, that 


Z(r'r;0)=Zo(\r—e' |; expl—ed]. (3.15) 
On the other hand, Eqs. (3.11) to (3.14) yield 
Z(v',r30)=Zo(\r—e'| -O[1—vt+-4(0d)?—---]. (3.16) 


Roughly speaking, then, Eq. (3.11) gives an expansion 
of Z in terms of increasing order in 2,(r)t. It is easily 
shown that, for bounded v,(r) and for {>e>0, the 
series in Eq. (3.11) is uniformly convergent in /; it will 
not, however, be rapidly convergent if »,(r)¢ is large 
at many points. As applied in the present work, Eq. 
(3.11) will yield expansions in powers of »,(r)/kT; the 
practical necessity for dealing with only the first few 
terms of the expansions will then limit the accuracy of 
the results more severely the lower the value of T. 

It follows from these results, together with Eq. (3.3), 
that 


2arm*kl 4arm* v.(8;) 
nar) =2esi| ( ) fos 
i? h? ir—T; 
2xm* 
&Zo(2|\ r—r;' ;1/kT)4 (= ) fan fax 


Pe F1)0-( 82) 
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R= |r—11) +) t%—f2|\+\t%—F4}. (3.18) 
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In the present theory it is impractical to use terms 
beyond those explicitly written out in Eq. (3.17): In 
fact, this expression will be further simplified by re- 
placing the last term by its average over r, thus re- 
taining only the first-order fluctuations in m,(r), given 
by the first integral on the right. Since the average 
value of v.(r) is zero by definition [Eq. (2.9)], the 
average value of the first integral in Eq. (3.17) is zero. 
The average value of the second integral is easily ob- 
tained by integrating in elliptic coordinates with r, and 
r: as foci. One finds, to our approximation, 


2am*kT 
(n,)= 2et | (= =) + 


2rm* 


warns ~ [ee fr 
WkT V 


Y¢(1)0e( Fs) ; 
X-—— 20(2|n1—51 51/42), (3.19) 
lri— re! 
Sarm* v.(r;) 
n,(t)—(n.)=— ef far, 
I? r—r, 
x Zeal 2 _ rT) ° 1 kT). (3.20) 


Important simplifications and some characteristic 
features of the present theory arise from the linearized 
relation of n,(r) to v,(r), as given in Eq. (3.20). 


4. CALCULATION OF THE ELECTRONIC POTENTIAL 
ENERGY 


The potential energy »,(r) of an electron in the 
crystal is related to the total charge density by Poisson’s 
equation, which can here be written as 
—n,(t)—n,)t)}. (4.1) 


[2 5(r—R,) 
Using Eqs. (2.4) and (3.20), one can reduce this to the 
form 


(f,) 


V*v.(r)—xet far, 
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gt FL —0,)0(e— Ry) 
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Z(2\r—48;| 5 1/kT) 


+ 


3 al o(r— R,) ¢i(t- R,)|*}}, (4.2) 


where 

k= 320 'm*e/Kie. (4.3) 
This constitutes a linear integro-differential equation 
for ».(r), which is to be solved subject to the condition 
that (o,(r))=0. 

The bracket on the right of Eq. (4.2) describes what 
may be regarded, at this stage of the problem, as the 
fixed charges in the crystal: the average electronic 
charge density, the charges of impurity ions without 
trapped electrons, and the charge distributions of the 
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impurity “atoms”—ions plus trapped electrons. The 
total fixed charge is zero. 

Jecause of the linear character of Eq. (4.2); its 
solution is easily expressed in terms of the solution of a 
similar equation with a single fixed point charge. We 
write 


V ,(r, 
VV i(r) cet fide Zof2\r—4;| ;1/k7 
a rr 


to be solved for V; subject to the boundary condition 
that V(r >Oasr— ~. V,(r) can be regarded as the 
electronic potential energy that would be produced in 
the crystal by a sing!e impurity ion placed at the origin; 
it is the potential energy of interaction of an electron 


with the ion itself, plus its energy of interaction with 


the distribution of mobile electrons. of density P,(r), 
induced by presence of the ion. V; and P; must obvi 


ously satisfy the relations 


e | Pj(1) 7 
| r | ? fe | 4.6) 
K r r—r 


( omparison ol Eas 4.4) and (4.5), with use of Eas. 
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From E 4.5), and the boundary condition on V;,(r), 


fav. r)=1; 4.8) 


the total charge of the ion and the induced electronk 


it loliows that 


distribution that surrounds it is zero 


Equation (4.4) is easily solved by Fourier transform 





AND H. M. JAMES 


Calculation of V; and P; for given ¢ and T is thus re- 
duced to a matter of quadratures. These functions will 
be discussed in Sec. VIII. 

It will also be convenient to define the electronic 
potential energy V,(r) produced in the crystal by an 
atom—ion plus trapped electron—at the origin. This 
satisfies the relation 


Va(ti) 
v7 (r)—«xet fade Zo(2 o> Fy a | kT) 
“ wad 
4ré 
{6(r)— | o(r)|*}, (4.12) 
K 
where ¢ is the orbital of the trapped electron. V,(r) 
consists of terms representing the interaction of an 
electron with the ion, with the trapped electron, and the 


distribution of mobile electrons, of density P,(r), in- 
duced by presence of the atom: 


as. - ¢(F1)}° F P(t) 
V(r) |- + far + fax | 4.13) 
K r r—T) “ r—fr 


Comparison of Eq. (4.12) with the obvious analog of 


Eq. (4.5) shows that 


1 V. Tr; 
P(r etn fd 
rD r—r 
XZo(2\ r—1| ; 1/RT). 4.14 


Comparison of Eqs. (4.4) and (4.12) shows that 


V.(r) vae)— f ar g(r) \*Vi(r—r,), (4.15 


while comparison of Eqs. (4.7) and (4.14 yields 


P,(r)=P; n= far g(r) |*Pir—r,). (4.16) 


From Eqs. (4.15) and (4.16) it follows that 


fare. r fer ,(7)=0; 4.17) 


wal 


both the net charge in the mobile electron distribution 
induced by a neutral impurity atom and the average 
potential due to the whole set of charges will vanish. 
We shall assume that all the localized orbitals ¢ 
have the same form. Then from Eas. (4.4) and (4.12), 
and the linear character of Eq. (4.2), it follows that 


V (r—R,) 
— <n, fev (4.18) 


n= ¥; Vi(r—R)+>; 


atoms ions 
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Similarly, the mobile electron density is 


n(r)= >; Pa(r—R)+D; Pilr—R,). (4.19) 


atoms ions 


Thus the mobile electron density is expressed as the 
sum of contributions associated with each atom and 
ion; the potential energy fluctuation »,(r) is similarly 
expressed as a sum of contributions from the atoms and 
ions, minus the average value of these contributions. 
The possibility of expressing ».(r) and n,(r) in this way 
depends entirely on the linearization of the theory re- 
sulting from the assumption, expressed in Eq. (3.20), 
that the mobile carrier density is a linear functional of 
the potential energy fluctuation. It is this linearization 
of the theory that gives it a relatively simple form, but 
restricts its applicability to sufficiently small »,(r). 


5. HARTREE EQUATION FOR LOCALIZED ORBITALS 


In the preceding section we have seen how to deter- 
mine the form of v,.(r) for any specified ¢, T, and any 
distribution of trapped electrons in localized orbitals 
¢j, by a series of quadratures. Physically, one would 
expect the localized orbitals to have slightly different 
forms and energy parameters u;, because of the different 
relative positions of the other impurity ions and atoms 
with which the trapped electron interacts. To make the 
problem more tractable, we shall replace the inter- 
action of each trapped electron with the neighboring 
impurities by an average interaction—the average 
taken over all trapped electrons in a fixed random 
arrangement of impurity atoms and ions, or, what is 
equivalent, an average taken over all configurations of 
the impurities surrounding a given trapped electron. 
We shall accordingly write 


y;(r)= ¢(r—R,). (5.1) 


Combining Eqs. (2.12) and (4.18), one can express 
the Hartree equation for an electron trapped by an 
impurity ion at the origin as 


V.(r—-R)+ > Vir—R,) 


e g(r,))" 
— (Ne foc i(r)— few 
K r— Ff; 


Averaging over all configurations of the neighboring 
impurities, or over all R; (except that of the ion under 
consideration), one obtains 


V.(r—R,)))=0, (5.3) 





g(r) 





pe(r). (5.2) 


by Eq. (4.17), and 
V (r—R,) 


1 
fev. r), (5.4) 
y 


where V is the volume of the crystal, and the configura- 


tion average is indicated by double angular brackets. 
This averaging removes from Eq. (5.2) all terms repre- 
senting interactions with neighboring atoms, while the 
average value of the interaction with the NV; ions in the 
crystal cancels out against the fourth term. Thus one 
obtains 


i? e g(t) ‘| 
-_ vV?+ V,.(r)- fe g(r) 

2m* K rr; 
= pe(r). (5.5) 


The dependence of this equation on ¢ can be made 
completely explicit by use of Eq. (4.15) for V.: 


h? 
| - v?+4 (o- fan g(r,) |? 
2m* 


e 1 
x| Vent | 
, K (r—r) 


g(r)=pe(r). (5.6) 





Use of Eq. (4.13) instead yields 


(me é e¢ P,(n) 
-—_— += far 


g(r)=ye(r), (5.7) 
| 2m* Kr K 


r— Tf)! 





which expresses the effective potential energy for the 
trapped electron as the sum of contributions from its 
interaction with the nucleus and with the mobile carrier 
distribution P,, induced by presence of the nucleus plus 
trapped electron. 

In connection with Eq. (5.7), it may be well to 
emphasize the significance of the present application 
of the Hartree approximation. The induced distribution 
of mobile carriers is here treated as determined by the 
time-average distribution | ¢(r)|* of positions of the 
trapped electron, rather than its instantaneous position. 
In effect, the trapped electron is treated as moving 
rapidly as compared with the conduction electrons. In 
consequence of this approximation, the induced dis- 
tribution of mobile carriers, P(r), is treated as static, 
and like the inducing atom, has zero net charge. The 
electronic potential energy due to P,(r) falls off ex- 
ponentially as r increases; thus the effective potential 
energy for the trapped electron assumes the Coulomb 
form —eé/Kr at large r. This is in contradiction to 
another natural picture of the situation (inconsistent 
with the Hartree approximation) which would have the 
trapped electron moving slowly at large r in the field 
of an ion effectively screened by the conduction electron 
distribution induced by the ion alone. At least for large 
r, the present theory appears to underestimate the 
effect of shielding by the conduction electrons, by over- 
estimating the effectiveness of the trapped electron in 
keeping the conduction electrons away from the nucleus. 


6. TOTAL ENERGY OF THE SYSTEM 


An expression for the total energy of the system has 
been given in Eq. (2.13). By use of Eqs. (2.4) and (4.19) 
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this can be expressed in terms of the localized orbitals 
¢g and the distributions of mobile carriers P, and P; 
induced about impurity atoms and ions, respectively. 
To this expression we apply the process of configuration 
The 


requires a little care. 


averaging, as discussed in the preceding section. 
but 


Let N, and N, denote the number of impurity atoms 


calculation is elementary, 


and ions, respectively. Then one finds 


} > if NV oy 


é irdr’ 
\ ff PiAr)P Ar 
2K r—r 


6.1 


im of the 
, Corres ted 
are dupli- 

Here 
wi te ; 
| terms ts 


nergies ol the mobile 


expressed 


carner distnbuti induced by each ion and atom, 


! 
pius the energy trapped eles tron 
with the « armier tri} ’ ed } t the » 
wi uf art HStripu 1 indu 1 avou the Same 


cencer 
6.1 


arge 


‘ 


Configurat yved from Ex 


all terms that refer expl nteractions of cl 


distributions asso ifferent impurities. The 
i eC 
dependence of P nd . Oo! which d 
V, and 7, and 
total impurity 


The 


electrons and the parameter ¢ is implicit 


letermined | 


: 
mobile 


3.19 


number N; of 

in Eq. 

ition over all configurations of the 
4 


4.18 (5.4) to 


reiation tf yeen ne 


lo average this equ: 


*can use Eqs. 3), and 


is of 
j 2) into Eq. 
na 4.14 yields 
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is the electron density in an ideal unperturbed semi- 
conductor with the given ¢ and T. For a fixed number of 
impurity atoms, 


N=N,4N;i, (6.5) 


Eq. (6.3) provides an implicit relation between N; and 
¢ that depends on the values of N and T. (The de- 
pendence of the integrals on ¢ must not be forgotten.) 
The complexity of this relation, as compared with the 
usual Eq. (6.4), arises from the fact that the theory 
takes some account of the change in the energy dis- 
tribution of the conduction levels caused by interaction 
of the conduction electrons with the impurity atoms 
and ions. 

A quantity of fundamental interest in the theory is 
the average energy change per electron removed from 
a localized level: 

OF OF 
(6.6) 
ON, 


The first term on the right could be computed from 
Eq. (6.1), after properly expressing ((f(e;)e:)) as a 
function of NV, Ni, ¢, and 7; it represents the average 
energy required to bring into the conduction band an 
electron trapped by an isolated impurity, ¢ being held 
constant. The second term could be computed by use 
6.1) and (6.3); it represents the additional 
energy required, on the average, because of the change 


of Eas. 


in the interaction of the ionized impurity with the other 
impurities, and the associated changes in the self- 
energies of the charge distributions around those other 
impurities. It would be complicated and unnecessary to 
disengage these terms from each other before completing 
the calculation. 


7. CALCULATION OF THE FREE ENERGY 
In preceding Sections we have seen how to calculate 
E)), the contribution of mobile and trapped carriers 
to the internal energy of the system, as a function of N, 
T, and ¢ or N,. It remains to determine the physically 
occurring values of ¢ or (N;) as a function of N and T. 
These are the values that minimize the free energy 


F(N,T,f) = ((E))— TS(N,T,f). (7.1) 


The entropy S is given by 


S=kilnW=k InW,.+h InW,, 


(7.2) 


where W is the number of ways of choosing occupied 
orbitals, localized and unlocalized, consistent with the 
specified values of V, T, and ¢, and W, and W, are the 
number of ways of choosing conduction and trapping 
orbitals, respectively. 

The number of ways of distributing N.=N—WN; 
electrons over V impurities is 


7.3) 
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the last factor taking account of the two spin possi- 
bilities for each electron. The corresponding term in 
the entropy can be written, using Sterling’s approxima- 
tion, as 


S,=k lnW,=k{ (N—N,)[In2—In(1— Ni/N)] 


—N;ln(Ni/N)}. (7.4) 


The other entropy term, S,, can be expressed in 
terms of the distribution function f(e) [Eq. (3.1) ] by 
familiar methods.’ Let p(¢) be the density of conduction 
band levels, both spins included. Then W, is the number 
of ways of distributing Z;= f(€;)p(¢:)Ae; electrons over 
Ni=p(«,)Ae; levels in each of the energy ranges Ae;, and 


S.=klnW.= kf deo(e) 


X { f(©) Inf(e)§+[1— f(e)] Inf1— f(e)}}. 


(7.5) 
Separate calculation of this quantity is unnecessary: it 
is more convenient to associate it with the corresponding 
term in ((E)), 


> if (ede, fee e) flee, 


and to compute 


F, > flede))— TS. (7.7) 


With the assumed Boltzmann form of f(¢;), this becomes 


F f aeo(etef( +kT(1—f(e) }In{1- f(e) }}. (7.8) 


Treating f as small throughout the conduction band, 
one can replace (1—/f) In(1—/f) by f; the integration 
then yields 


FON (t—kT) (7.9 


With this approximation we have 


I vle—erti—In V,/N) 
| 


a 


+ (N— Nj) a ~kT(In2—In 
{ 


ec drdr’ kh 
- ff P(r P. 
2K r—r 


where yu, P;, P., and ¢ all depend implicitly on ¢, and 
¢ and N; are related by Eq. (6.3). 


drdr’ 


P(r) P; r)| 


r—r’ 


(7.10) 


°H. A. Bethe and A. Sommerfeld, Handbuch der Physik (Verlag 
Julius Springer, Berlin, 1933), Vol. 24, Part 2, p. 34. 
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8. THE MOBILE CARRIER DISTRIBUTION P;(r) 
INDUCED BY AN IMPURITY ION 


The calculations in the present work have been based 
on use of a simple analytical approximation to the dis- 
tribution function P;(r), which must now be discussed. 

The exact form of P;(r) is given by Eqs. (4.10) and 
(4.11). On substituting into Eq. (4.10) the form of Z 
given in Eq. (3.9), and carrying out the integration over 
directions of r, one obtains 


2e«no({,T) 7* 
H(p) f dr sin( pr) exp(—kTr/D) 
/) 


I 0 
Let 


q=4p(D/kT)}, 


and define” 


a 
gO(q) f dx sin(2gx) exp(— x*) 
q 
exp( ef dx exp(x*). 
0 


a 
One can then write 


dare’ 
{,T)- -O(q). 
KkT 


H ( p) = no (8.4) 


The function g@(g) has been tabulated and discussed 
by Rosser."' Here it is sufficient to note that 


6(0)=1, (8.5) 


©O(g)=1/2¢*, for g>10. (8.6) 
In the classical limit, s-+0, D-»0, and g->0. In 
this limit one can replace H(p) in Eqs. (4.9) and (4.11) 


by 


4re? 
no(t,T), (8.7) 


r? KkT 


and carry out the integrations without difficulty, to 
obtain 
(8.8) 


V ie(r) = — (2/Kr) exp(—r/r;), 


Pie(r) = (1/49 fr) exp(—r/r;). (8.9) 


The potential V;, due to an ion in the crystal thus 
appears as a shielded Coulomb potential, with range of 
the order of the distance r;. The length r, is identical 
with the characteristic length that appears in the 
classical theory of potential fluctuations in semi- 
conductors.” The infinity in P;.(r) at the origin is a 
” The equivalence of the two forms for J = q@(qg) can be estab- 
lished by noting that both satisfy the first-order equation d//dq 
= 1—2g/ and assume the value 0 when ¢=0 

J. B. Rosser, Office of Scientific Research and Development 
Report OSRD No. 5861 (unpublished). 

2G. W. Lehman, MS! thesis, Purdue University, 1950 (un 
published); also available as a Signal Corps Report. 
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peculiarity of the classical limiting form, and appears 
neither in the exact quantum-mechanica] resu!t, nor in 
the approximate one next to be derived. 

Convenient analytical approximations to P;(z) and 
V ;(r) can be obtained by introducing a simple approxi- 
to O(¢ 8.6) suggest that 
with sufficient 
accuracy for present purposes, by an expression of the 
form 1/(1+dq*). Here it 
the approximation has its first and second derivatives 


mation Equations (8.5) and 


one may be able to approximate ©(q), 
is desirable to choose d so that 


correct at the origin 


ig? (8.10) 
rhis is a good approximation for small g, but it is in 
error by a factor of 3 when q is large. For large g, how- 
q) is small, and contributes little to the de- 


(4.9). We 


ever, © 


nominator in Eq write this denominator as 


where ¢ is a parameter defined by 


Ok7 
8.12 


dD 


Numerical cl of © in Eq. 
8.11) by ©, will introduce an error of no more than 14 


it replacement 


for any 4g, long as §<}, as is the case in 


s 4, 
most of our i] ns; the corresponding approxi 


per ent 


mate iorm should be Corre spond 
this approximation, the 


nd (4.11 


ne finds 


integra-' 
are easily performed by 


exp 


&)!. (8.15) 


r,/(A+ 


These approximations will be used henceforth. Ele- 


mentary integration yields 
1+ E+¢ 


: 4 . 
drV <r) P(r) - 
e 2Kr, (1+) 


forms in Eqs. 
and hence Eq. 


8.16) 


(8.13 
(4.6 


and (8.14) 
; applying the 


The 


satisfy Eq. 


approximate 


(4.5), 
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latter equation and integrating, one finds 


e drdr’ 
ff eh ecoree 
K jr—r’| 


e 
- far} v(e)+—| Pale 
Kr 


@ 14+3&+# 


~ 2Kr, (+8) 


(8.17) 


9. APPROXIMATE FORM OF THE LOCALIZED 
ORBITALS 


Having determined the form of V;(r), one can turn 
to the solution of Eq. (5.6) for the localized orbital 
g(r). A variational method will be used here to deter- 
mine a simple approximate form for this orbital. 

Solution of Eq. (5.6) is equivalent to finding functions 
¢(r) that make 


hy? 
fererco] - r+v.in le 
2m* 
1 
— ar f ar g(r) |? 
2 
e 1 


x | V (r—r’) ‘ 


Hi¢) 


g(r) 


| on 
r 


ro 


stationary to variations of that maintain its 
normalization. The corresponding value of wu can be 
written in terms of integrals involving V;(r), or, as is 
most quickly evident from Eq. (5.7), as 


h é 
u(e) fererco]- —r- Jew 
2m* Kr 
é drdr’ 
taht 
K 


—P,(r) g(r’) |? 
rr 

We are interested in the form of ¢ that makes H(¢) an 
absolute minimum. The functional u(¢) is not sta- 
tionary with respect to deviations of ¢ from this form, 
but, as in any Hartree calculation, the total energy of 
the system is stationary with respect to variations of 
the orbitals ¢, if the other orbitals y (and thus P; and 
P.) are held constant. 

Equation (5.7) expresses the effective potential 
energy for a trapped electron as the sum of a Coulomb 
term and a contribution due to the presence of an 
induced distribution of carriers about the impurity 
atom. Since the inducing charge distribution has total 
charge zero, the induced distribution P,(r) of carriers 
will have total charge zero, and, moreover, will tend to 
be small in magnitude everywhere. Thus the potential 
energy term due to the induced carrier distribution can 


g(r) 


(9.2) 
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be expected to be very small; the total effective po- 
tential will be nearly of Coulomb form, and ¢(r) will 
be approximately of hydrogenic form. For simplicity, 
we shall base our calculation on the use of an approxi- 
mate orbital of hydrogenic form, 


a ; 
g(a; r)=|- exp(—ar/2r,), (9.3) 
8nr,? 


where a is an adjustable parameter so chosen as to 
extremalize H(¢). The adequacy of this approximation 
will appear later. 

On using this form of ¢, together with our approxima- 
tions for V; and P;, one can compute the free carrier 
distribution about a neutral impurity by use of Eq. 
(4.16). One finds 


1 1 
P,(r)= [—A, exp(—x)+A, exp(—-x/é) 
4n(1—#)r? x 
+-(4,;—A»s—Azax/2) exp( —ax) }, (9.4) 
where 
vo=r/r (9.5) 
at 
1 —1, 
(a®—1)? 
att 
1, ~~: (9.6) 


te 
5 

As 5 
a . 


The contribution of this induced carrier distribution to 
the electronic potential energy is 


V io(r)= [ B, exp v)— B, exp(—x/£) 
2Kr 
+ (B,— B,+Bgax) exp(—aét)}, (9.7) 
where 
B,=2A,/(1-—®), 
B,=2£A:2/(1—#), (9.8) 


By=A; a (1 — ),. 
A tedious calculation based on Eq. (9.1) yields 


9 


a\* Sea 1 a 
H(¢)= ed (=) --=- 
ag Bap 8(1—£) ap 


X (f(a) -— #f(ta)} | (9.9) 


where Ep is, as previously defined, the ionization energy 
of an isolated impurity, ap is defined by the relation 


= (9.10) 
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and 
1 la*+ 28a*+ 15a? 
f(a)=—- - (9,11) 
(1+a)* 
To minimize H(¢), one must have 
a l.@ 
—=1+ —~{ g(a)— &g(ta)}, (9.12) 
ay 161-—-# 
where 
7508+ 119e?+-65a+ 13 
g(a) = ; (9.13) 
(1+-a)*® 
For §<} and ao>4, the cases in which we shall be 


particularly interested, Eq. (9.12) shows that a/ao is 
very nearly equal to 1; at worst, for =}, ao=4, one 
has a/ao= 1.007. We shall therefore take a=ap in all 
the calculations that follow. Equations (9.3) and (9.10) 
show that this amounts to neglecting the change in 
form of the trapped electron orbital due to the free 
carrier distribution induced about the neutral impurity. 
The small deviation of a from ay suggests that the use of 
hydrogenic orbitals is an adequate approximation, and 
this is confirmed by test calculations of Vie, which 
show that this quantity is small and roughly constant 
in the region where ¢ is large. 

The total electronic potential due to an impurity 
atom is V,, plus the potential due to the unshielded 
impurity atom: 


9 


e ar 
" ( 4 ) exp ar r.). (9.14) 
Kr 2r, 


In calculating N;/V by Eq. (6.3) and F by Eq. (7.10) 
we shall neglect the very small integral 


drdr’ 
ff P,(r)P,(r’) farvaorace) (9.15) 
“ r r 


To this approximation one finds 


V.(r)= V;.(r) 


é 1 


fervor. : 
2Kr, 8a(1— £) 
x [h(a) h(&a) , (9.16) 
where 
25a’ + 36a+ 13 
h(a)= (9.17) 


(1+a)* 
With our choice of g(r), Eq. (9.2) for u becomes 
“ff drdr’ 
K rr 
The last integral in this expression also appears ex- 
plicitly in Eq. (7.10) for F, but cancels out when this 
value for y« is introduced, Evaluation of this integral is 


therefore unnecessary unless it is desired to determine 
p as a function of N; and T. 


p= — Bot P.{r)| ofr)? (9.18) 
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10. PARAMETRIC EXPRESSIONS FOR THE In terms of £, one has 
FINAL RESULTS 
The calculations and approximations described in ad = (1+%)/%r, (10.7) 
previous sections bring the problem into the following no(t,T)=7#/3eae(1+#)?, (10.8) 
form. The conduction electron density is related to J 
T,¢, and the impurity density V/V by Eq. (6.3). By rf=ae(1+2)/4r?. (10.9) 


use of Eqs. (8.16) and (9.16), this can be written as : 
Equation (10.1) assumes the form 














| e 1+§+F 1 ‘s 
n.))4\1 + | 3 f14+-&+-? 1 : ; 
| 4KkT7. (1+£)® 8ac(1—#) %e5 1-——_i - +— (h(a) — h( £ao)) 
| 2aor (1+£)* 8ao(1— #) ) 
x (hlao)—h fa )]| =no(t,T) ef 3n; 
= ——__——____—-(h(ao)—h(a»)), (10.10) 
vé@ (+2)? 16a¢r(1—£) 
-- h{ao)—h(Ea)), (10.1) 
V AKRTr, 8a0(1—&) and Eq. (10.2) the form 
where h(a) is defined by Eq. (9.17), and mo, £,7,,andao F kT | 
m ‘ e 4 4 r 4 a\2") 
are defined as functions by T and ¢ by Eqs. (6.4), —= ' bad In[ (6wr)'e*/(1+)*]—1 
(8.12), (8.15), and (9.10), respectively. The electronic  3rao 
free energy per unit volume, as given by Eq. (7.10), are +e) 
becomes, on use of Eqs. (8.17) and (9.18) and neglect +In(n./ni)— 
of the smallest integral, 2agr (1+€)* 
fh { 3 
n.)){€—kT|1—In(V(in,))/N) } + (n.—e)} ——+1n((n:—n.)/2n;)} |. (10.11) 
V 2r 
© I+F3E+ Ey \ The last two equations define 3ra*F/VkT as a function 
res » 1 
‘Kr, (1+8) me of r, ;, and £ only. Solution of 
K {— EotkT In[(N—V((n,)))/2N]}. (10.2) (OF /08)+.1=0 (10.12) 
The physically significant value of { is that which ——— 
minimizes F, for fixed T and N/V. Given this, all 
other quantities of interest can be calculated. 
The carrier density depends on T, V/V, and the two 
constants that characterize our model of the pure semi- in 
conductor: K and m*, or the binding energy Ey and 
radius do of the impurity orbitals at zero impurity con- a 
centration, as defined by Eqs. (1.1) and (1.2). The 
present theory establishes a relation between just three “ 
dimensionless parameters: ; 
r= $kT/Eb, (10.3) Ts 
which characterizes the temperature of the system, and os 
ni= (N/V) -39ae', (10.4) 
Ne n,))*3mae, (10.5 
which characterize the impurity and carrier densities, 
respectively. Except for a numerical factor of the order 
of 1, introduced to simplify numerical calculations, 1; 
and , are the average number of impurities and free 
carriers in the volume occupied by a trapped electron 
orbital a rs 0 
For practical calculations it is convenient to replace ws 
f as the adjustable parameter by £ [see Eq. (8.12) }: Fic. 1. Ratio of carrier concentration to impurity concentra- 


: Se of : tion, plotted against reciprocal temperature for various impurity 
Orr) '8/ (1+) =exp(e/kT), O<E<1. (10.6) concentrations % [see Eqs. (10.3), (10.4), 
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fixes ¢ as a function of r and ;, whereupon Eq. (10.10) 
gives n, as a function of these quantities. 


11. RESULTS AND CONCLUSIONS 


The calculations described in the preceding para- 
graph have been carried out on the punched card digital 
computer of the Purdue Statistical Laboratory, using 
a method of successive approximations. They have been 
limited to ranges of the parameters for which =}, to 
assure the accuracy of the approximations for V; and 
P; (Eqs. (8.13) and (8.14)], and for which ¢<—2kT, 
to assure reasonable accuracy for the assumption of 
classical statistics for the electrons in the conduction 
band. The basic results of the calculations are pre- 
sented graphically in Fig. 1, where the ratio of carrier 
to impurity concentration is plotted as a function of 1/r 
for various impurity concentrations. Curves for 7;= 10 
and ;=100 would be scarcely distinguishable from 
that for 7;=1. 

The difference between the present theory and earlier 
ones appears more clearly in Fig. 2. The relation be- 
tween the densities of carriers and impurities at a given 
T can be expressed in terms of an effective ionization 
energy : 


ht ' n2Z 
ab=—KT in| (— =) — —| (11.1) 
2am*kT/ N/V—n, 


As thus defined, AE is the ionization energy required in 
the usual model of noninteracting impurities if a con- 
centration V/V of impurities is to give rise to a con- 
centration n, of carriers at temperature 7. The ratio of 
AE to the ionization energy at zero impurity concentra- 
tion, expressed in terms of our dimensionless parameters, 


is 
2r 24r\' a? 
w=— io ( ) — | 
3 r Nim Ne 
Figure 2 shows w as a function of impurity concentra- 
tion, for a series of values of temperature; it shows also 


(11.2) 


TTT) 
] 





Fic. 2. Solid lines give SE/E, as a function of impurity con- 
centration, for several temperatures r, according to the present 
theory. Dashed lines indicate the temperature-independent re 
sults of the theories of Shifrin and of Bardeen and Pearson. 
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Fic. 3. Dependence of AE/E» on reciprocal temperature, 
for various impurity concentrations, 


the temperature-independent values given by the 
theories of Shifrin and of Pearson and Bardeen. The 
present theory gives about the same reduction in 
activation energy by impurity interaction as do the 
other theories when the temperature is relatively high, 
but a much smaller reduction at low temperatures, 
where the carrier concentration is low. 

The most striking result of the present theory is the 
strong predicted dependence of effective activation 
energy on temperature, when the impurity concentra- 
tion is high. This is shown most clearly in Fig. 3, where 
w is plotted against reciprocal temperature for various 
impurity concentrations. The existence of a minimum 
in the curves, for not-too-high impurity concentrations, 
is easily understood. When r is reduced from its value 
at the minimum, w tends to increase because the carrier 
concentration is decreasing, and with it the shielding 
effects that tend to reduce the activation energy. On 
the other hand, w increases when r is raised, because 
the relatively smaller increase in carrier concentration 
is overbalanced by the decrease in polarizability of the 
electron distribution, which also tends to diminish the 
shielding effects. The curves for the larger values of »; 
presumably approach 1 as 1/r goes to zero, but no 
attempt has been made to compute this part of the 
curves. 

The theory predicts that the family of plots of Inn, 
against 1/7, for different impurity concentrations, will 
always have the same form for all semiconductors with 
the simple band structure discussed here, and for all 
impurities describable by the hydrogenic model. More 
precisely, the plots will differ only by a vertical displace- 
ment determined by the value of ao or Km/m*, and 
by a horizontal scale factor determined by the value of 
E, or m*/mK*. If K and m* are known from other 
sources, a family of theoretical curves can be super- 
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Fic. 4. Solid lines 
give carrier concen- 
tration as a function 
of 1/T, for various 
impurity concentra- 
tions in a semicon- 
ductor with K=16, 
m*=0.25m, accord- 
ing to the present 
theory. The points 
give experimental 
data on six samples 
of m-type german- 
ium, as obtained by 
Debye and Conwell. 














imposed on a family of experimental curves with- 
out arbitrary adjustment of any factors. Figure 4 shows 
such a family of curves, drawn for K=16, m*/m=}. 

Even though the band structure of germanium and 
silicon is more complex than that assumed in the present 
model,” it is tempting to compare experimental data 
for these materials with the theory, anticipating that 
the tensor effective mass may be replacable by some 
mean m*. As an example, we take the carefully analyzed 
data of Debye and Conwell" for n-type germanium. 
Figure 4 shows experimental data taken from their 
work (Fig. 10), in comparison with theoretical curves 
calculated for the observed value of K and a generally 
appropriate value of m*—actually that used in the 
theoretical analysis of Debye and Conwell. In the case 
of the purer samples the fit is generally satisfactory, 
except that the observed carrier densities begin to fall 
more rapidly than is indicated by theory as 1/7 be- 
comes large. That this effect is due to the presence of 
acceptor impurities is already indicated by both the 
mobility and the concentration data of Debye and Con- 
well. On the other hand, the experimental data on the 
less pure sample 61 of Debye and Conwell deviates 
from the experimental curves in a way that cannot be 
attributed to the presence of acceptor impurities. 
Debye and Conwell fit a theoretical curve to this data 
by assuming a decidedly lower activation energy (0.007 
ev) than is predicted by the present theory. It seems 
clear that the present theory, at least as applied to 
germanium, underestimates the decrease in activation 
energy at high impurity concentrations. 


4’ The present calculation can be extended to band structures 
such as those of #-type Ge and Si without es difficulty. 
“P. P. Debye and E. M. Conweli, Phys. Rev. 93, 693 (1954). 
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The observations of Morin and Maita’® on n-type 
silicon deviate from the theory in a somewhat similar 
way; for instance, the behavior of their sample 126 of 
silicon doped with arsenic suggests that the impurity 
activation energy is temperature dependent and con- 
siderably lower than would be predicted by the present 
theory. (The larger value of E» and the smaller value of 
a» make the continuous dielectric model of the semi- 
conductor less reliable here than in the case of 
germanium.) 

Replacement of the scalar m* by a tensor effective 
mass would make it easier to compare the theory with 
observations on germanium and silicon. It is probable, 
however, that the most serious approximation in the 
present theory is the use of a linearized relation be- 
tween the carrier density fluctuation and the potential 
fluctuation [Eqs. (3.19) and (3.20)], and that this is 
responsible for the underestimate of the decrease in 
activation at high impurity concentrations. It appears 
that this approximation can be removed by use of the 
methods of Friedel,'* together with other simplifications 
suggested by the outcome of the present work. In 
principle, the theory can also easily be extended to ma- 
terials containing both donor and acceptor impurities— 
an extension that is certainly required if careful quan- 
titative comparison is to be made with existing experi- 
mental results. 

Morin and Maita have shown that it is often, though 
not invariably, possible to obtain impressive agreement 
between experimental data on carrier concentration 
and a theory based on the assumption of constant acti- 
vation energy, if one uses as parameters adjustable 
separately for each sample the concentration of ma- 
jority and minority impurities, the activation energy of 
the majority impurity and, independently, the effective 
mass of the carriers. However, in view of the strong 
indication given by the present theory that the effective 
activation energy is strongly temperature dependent 
when the impurity concentration is high, it seems rea- 
sonable to attribute their success in part to the multi- 
plicity of their parameters, and to doubt the physical 
significance of the exact values assigned to these 
parameters. This is in line with the doubts expressed 
by Morin and Maita as to the significance of the mass 
parameter determined by their method. It therefore 
seems to the authors that further theoretical study of 
the dependence of impurity activation energy on con- 
centration and temperature is called for. 


4 F. J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954). 
J. Friedel, Phil. Mag. (7) 43, 153 (1952); Ann. phys. 9, 158 
(1954). 
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The microwave properties of two types of manganese ferrite single crystals have been investigated by 
means of the ferromagnetic resonance phenomenon from 300°K to 4.2°K and at 24 000, 9100, 5600, and 2800 
Mc/sec. The low resistivity of one of the crystals, believed to be related to the presence ¢f divalent iron, led 
to significantly different microwave behavior. Resonance lines as narrow as 47 oe have been obtained; how- 
ever the width depends markedly on crystal direction, temperature and microwave frequency. The g-values 
are close to 2.00 under all conditions. The anisotropy, although frequency insensitive, increases rapidly at low 
temperatures. The Kramers-Kroénig relations between absorption and dispersion are satisfied, and the line 
shape is roughly Lorentzian. Double resonances have been observed, and it is speculated that this may be a 
general phenomenon in single-crystal ferrites under suitable conditions. 


I. INTRODUCTION 


HE ferromagnetic resonance phenomenon in 

ferrites can be described satisfactorily in terms 
of the solution of the equation of motion for the preces- 
sing magnetization vector. The phenomenological 
description requires use of the appropriate effective 
magnetic field acting on the magnetization and of 
relaxation parameters which determine the line width. 
The sources contributing to the effective field can be 
accounted for theoretically, but the origin of the 
relaxation is not understood at the present time. To this 
end, it would be of value to have information on the 
frequency, crystal direction, and temperature depend- 
ence of the line width, as well as dependence on ferrite 
composition. 

It is the purpose of this paper to furnish a compre- 
hensive set of data on two types of manganese ferrite 
single crystals, including magnetic anisotropy, g-value, 
line width, and their frequency and temperature 
variations, and to point out new features in the micro- 
wave behavior. Earlier a number of microwave experi- 
ments on ferrite single crystals have been reported’; 
in general the objectives and results were of more 
limited scope or different emphasis. 

In the following sections we describe methods and 
results of measurements made from room temperature 
down to 4.2°K and at frequencies from 24 000 Mc/sec to 
2800 Mc/sec. Two types of single crystals were used, 
whose essential difference depended on their respective 
resistivities. This will be shown to have an important 
consequence on the line width and its temperature 
dependence. Finally, an additional resonance, which we 
believe occurs when the magnetization vector is not 
lined up with the applied magnetic field, was observed 
at low temperatures. 


* The research reported in this document was jointly supported 
by the Army, Navy, and Air Force under contract with Massa- 
chusetts Institute of Technology 

'L. R. Bickford, Phys. Rev. 78, 449 (1950) 

* Yager, Galt, Merritt, and Woods, Phys. Rev. 80, 744 (1950). 

* D. Healy, Phys. Rev. 86, 1009 (1952). : 

‘Okamura, Kojima, and Torizuka, Science Repts. Research 
Inst. Tohoku Univ. Ser. A, 4, No. 1 (1952). 

*T. Okamura and Y. Kojima, Phys. Rev. 86, 1040 (1952). 


Il. EXPERIMENTAL APPARATUS AND TECHNIQUES 


The essential components of the basic microwave 
setup are shown in Fig. 1. Power from a frequency- 
modulated klystron is sent into a cavity which is placed 
between the poles of an electromagnet. Both the inci- 
dent and reflected signals from the cavity are monitored 
by a pair of directional couplers and crystals. The 
direct and reflected signals are alternately selected by 
an electric switch and are viewed simultaneously on an 
oscilloscope. This permits Q-measurements to be made 
by comparing incident and reflected powers from the 
cavity. Sufficient attenuation is inserted into the direct 
signal arm to balance the reflected power from the 
cavity. This attenuation is a measure of the reflection 
coefficient which, in turn, is related to the VSWR and 
Q’s of the cavity.* Standard microwave techniques were 
employed for measuring band widths of cavity res- 
onances and frequency shifts of cavity resonances due to 
ferrite dispersion. With a stabilized microwave source 
providing a heterodyning signal, frequency changes of 
0.02 Mc/sec could be detected. The power reflected 
from the cavity could also be recorded automatically. 
In this scheme the klystron is frequency-stabilized on 
the cavity, and the magnetic field is swept through its 
total range. 

All X-band measurements were made in a cavity 
oscillating in the rectangular TZ, mode, The sample 
can be rotated on a dielectric post inserted through the 
end wall of the cavity. The K-band measurements were 
taken in a cylindrical cavity oscillating in the circular 
TE,,;, mode (the degeneracy was removed by a small 
loop of wire placed over the coupling iris in the Z plane 
of the undesired mode), while the C- and S-band meas- 
urements were made with T'E,o3 rectangular cavities. 

Low-temperature measurements were carried out 
with the wave guide and cavity surrounded by a double 
Dewar system. The desired temperatures were obtained 
by filling the outer Dewar with dry ice and acetone, or 


* For details see J. O. Artman and P. E. Tannenwald, Technical 
Report No. 70, Lincoln Laboratory, Massachusetts Institute of 
Technology, 1954 (unpublished). 
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with liquid nitrogen; for the 4.2°K work the cavity and 
sample were immersed in liquid helium. 

rhe samples employed in this experiment were cut 
from single crystals of nominal manganese ferrite.” One 
crystal (Mn-Fe ferrite) contained a small (but un- 
known) amount of ferrous ion as evidenced by the resis- 
tivity of the order of 10 ohm-cm ;* the second contained 
a small quantity of zinc and had a resistivity of about 
10* ohm-cm; the third was manganese ferrite of 105 
ohm-cm resistivity. By tumbling small pieces in an air 
stream against abrasive material, spheres were ground 
which ranged in diameter from 0.2 to 0.8 mm. These 
spheres were oriented and mounted? on the sample post 
by an x-ray back reflection technique in such a way that 





1 crystal [110] axis was parallel to the axis of the post. 
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Fic. 2. Temperature variation of first-order anisotropy constant 
in two ferrites 

* Grown by G. W. Clark at Linde Air Products Company 

* J. H. Rowen, Bell Sys. 32, 1333 (1953) has demonstrated the 
extreme sensitivity of the dc conductivity to iron excess or 
deficiency from stoichiometry 

' Kindly performed by D. Tuomi and E. P. Warekois of Lincoln 
Laboratory 


With this arrangement, the dc magnetic field (which was 
always perpendicular to the rf magnetic field) could be 
pointed along all crystallographic directions in the (110) 
plane. 


Ill. RESULTS. 
Reduction of Data 


The general resonance condition for a ferromagnetic 
material subject to an effective magnetic field Hr, and 
a microwave field of frequency w is 


w= yer. 


y, the gyromagnetic ratio, is equal to g(e/2mc). Hers 
includes effects due to magnetic anisotropy and sample 
shape demagnetization and is given by 

K, K, 
Heo?=| Ho+(N.—N.)M+—f.(0)+—8.(8) 

| M 


Ky Ky 
x H,+( V,—-N.)M+ — fy (0) +—4,(0) ’ 
M M 


where H, is the externally applied field, M is the satura- 
tion magnetization, V,,, are the geometrical demag- 
netizing factors, and K,,; are the first- and second-order 
anisotropy constants; /f,, and g, , are functions of 8, the 
angle between the [100] axis and H,, calculated by 
Bickford." 

If H+; is eliminated between the two equations above, 
three unknown quantities will appear: y (or g), Ki/M, 
and K»/M. w is the fixed operating frequency, and for 
spheres .V,=.V,=N,. Experimentally, 7, necessary for 


” C. Kittel, Phys. Rev. 73, 155 (1948). 

"LL. R. Bickford, Technical Report No. 23, Laboratory for 
Insulation Research, Massachusetts Institute of Technology, 
1949 (unpublished) 
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resonance is found for different @’s in the (110) plane. 
Three pairs of experimental quantities are substituted 
for 6 and H,, and the three equations are solved simul- 
taneously. The three points chosen are the principal 
crystal axes @=0°, 55°, and 90° respectively. Experi- 
mental location of these points is facilitated because the 
applied field goes through an extremum at each. 

At low microwave frequencies, resonance would 
occur before spherical samples could be magnetized ; 
consequently at 2800 Mc/sec disk-shaped samples had 
to be employed. The arrangement in which the mag- 
netic field is parallel to the plane of the disk is unde- 
sirable for two reasons. First, slight deviations from 
parallel surfaces seriously affect the resonance condition 
and half-width. Second, the internal dc field at which 
resonance occurs may not be large enough compared to 
the anisotropy to assure that the magnetization vector 
is lined up with the applied field. 

The arrangement in which //, is perpendicular to the 
plane of the disk is more satisfactory for line-width 
measurements. Clearly this precludes determination 
of K,/M, K:/M, and g; however, values for these 
parameters may be assumed from C-band results. If 
M is not known from independent measurements, it can 


TABLE I. Ratio of first-order anisotropy constant to the saturation 
magnetization for Mn-Zn ferrite. 





Frequency 








(Mc/sec) K.i/M 
5600 —7342 
9100 —71i+1 

24 000 —69+1 








be calculated on the basis of these assumptions. Sub- 
sequently then, all quantities are known to make the 
conversion from external to effective internal magnetic 


field. 


Anisotropy 


It must be kept in mind that even if K2/M were as 
large as K,/ M, its contribution to the anisotropy energy 
would only be one-ninth that of K,/M because of the 
usual! normalization of anisotropy energy. Consequently 
we have attempted to calculate a second-order anisot- 
ropy from the data only when the anisotropy is large; 
even then K,/M is not of much significance in the man- 
ganese ferrites. However, it should be stated that no 
combination of K,/M, K»/M, and g, gave a good fit to 
the angular variation of H,. Furthermore, the frequency 
dependence of the anisotropy is very slight (or absent), 
and there is essentially no difference between Mn-Zn 
and Mn-ferrite. So if we are willing to limit ourselves to 
10% accuracy, we can make the following simple 
statement: K,/M, which is shown as a function of 
temperature for Mn-Fe ferrite and Mn-Zn ferrite in 
Fig. 2, is the same at all frequencies, and K,/M is not 
significant. 
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Fic. 3. Temperature dependence of the line width in Mn-Fe ferrite. 
No size-effect was apparent at 9150 Mc/sec. 


Table I gives an example of the small variation of 
K,/M_ with frequency. The largest second-order 
anisotropy encountered was of the order of | K,/M| 
2X10 oe. 


g-Values 


The value of g is constant at a value of 2.00 at all 
frequencies and temperatures measured in all three 
samples. Although occasional minor variations occurred, 
there was no consistent departure from 2.00. In most 
cases, g could be measured to an accuracy of +0.01. 


Line Width 


The full widths at half-maximum susceptibility (AH) 
are shown plotted in Figs. 3 and 4 for Mn-Fe ferrite and 
Mn-Zn ferrite respectively. The graphs indicate both 
the temperature and frequency dependence of the line 
widths. Furthermore, for the Mn-Fe ferrite, which had 
the low resistivity, a size effect is apparent at 23 000 
Mc/sec. However at 9150 Mc/sec the 0.30: and 0.42-mm 
spheres gave the same results. In the other samples, 
spheres ranging in diameter from 0.22 to 0.41 mm were 
used, where no size effect could be observed. 

The Mn-Zn ferrite exhibits remarkably narrow lines 
at room temperature. The frequency dependence of AH 
is such that the narrowest lines occur at 5600 Mc/sec. 





ee a FO eee 


T T T 


un ~ Zo PERMITE 











; 23,000 Mops 
— B90 Mops 7 
— _/ . 
> 9600 Megs 
a ee ee eee ee a eh 


+90 200 “x” 
TEMPERATURE (x) 


Fic. 4. Temperature dependence of the line width in Mn-Zn ferrite. 
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Fic. 5. Resonance absorption in the (110) plane 
showing variations in line width 


With decreasing temperature, AH slowly increases and 
near 4.2°K shows a rapid broadening. 

Another noteworthy feature is the directional de- 
pendence of the line width. The narrowest 4H’s occur 
in the [100] crystal directions and these are the ones 
that have been plotted in the graph. However, Fig. 5 
shows the three resonance curves measured with the 
magnetic field applied in the three principal crystal 
axes. At other temperatures and frequencies the 
relative difference in line widths is approximately the 
sare. Occasionally the [110] line width has been ob- 
served to fluctuate between the [100] and [111] ex- 
tremes, but we attribute this to experimental uncer- 
tainties. Quite generally, the Mn-Zn and Mn ferrites 
gave identical results. Furthermore, data taken on Mn 
ferrite by Geschwind"-” at the Bell Telephone Labora- 
tories give excellent agreement with the present results. 
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Fic. 6. Frequency variation of the line width in Mn-ferrite 
at different temperatures 


#S. Geschwind (private communication). 
“ Dillon, Geschwind, and Jaccarino, Phys. Rev. (to be pub- 


lished). 
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The frequency dependence of the Mn ferrite line 
width at three different temperatures is shown in Fig. 
6. The qualitative behavior of AH seems to be approxi- 
mately the same at the three temperatures. Data at 
2800 Mc/sec have not been included as yet in the fre- 
quency dependence. We have made measurements on 
an 1/8-inch disk on Mn ferrite 6 mils thick with the 
magnetic field applied both parallel and perpendicular 
to the plane of the disk. The results indicate strongly 
that the line width tends to become broader than at 
5600 Mc/sec. However, probably due to nonuniformities 
or cracks in the disk, the results are not consistent as 
yet. We hope to clarify this point by further measure- 
ments on other samples. 

The behavior of Mn-Fe ferrite is completely different, 
as can be seen in Fig. 3. The lines are broad at room 
temperature and decrease in width with decreasing 
temperature. It appears to be a general rule that when- 
ever a ferrite contains Fe**, the temperature depend- 
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Fic. 7. Comparison of line shapes 


ence of the line width is obscured, or even reversed,by 
the superposition of an additional loss mechanism." 


Line Shape 


We have tried to fit a theoretical line shape expression 
to the experimental points measured on Mn-Zn ferrite 
at 9100 Mc/sec in the [100] direction. It can be seen 
from Fig. 7 that a Gaussian curve does not fit the data. 
However, a Lorentzian line gives closer agreement. The 
Lorentzian curve was expressed through a modification 
of the Bloch-Bloembergen relations'® and gives for the 
absorptive component of the susceptibility: 


x” =4eMHH AH [(H?— He Y+H?e (AH) ). 


We have replaced the damping parameter 1/77; by 
4H/2, which is accurate to approximately 1% in 


“ Galt, Yager, and Merritt, Phys. Rev. 93, 1119 (1954) believe 
that there exist losses in ferrites near the magnetite transition 
temperature due to a relaxation in short-range order among the 
divalent and trivalent iron ions. Our data do not show a maximum 
in the temperature dependence of AH. 

4 N. Bloembergen, Phys. Rev. 78, 572 (1950). 








FERROMAGNETIC RESONANCE 


the present case. The resonance field Ho and the full 
width AH at half-maximum susceptibility were taken 
from the experimental data, namely H»p=3407 oe and 
AH = 56 oe. Furthermore, since the saturation magneti- 
zation is actually not known for this particular sample, 
the curves were also matched at their peaks. 


Kramers-Kroinig Relations 


In one particular case, at 9100 Mc/sec on the Mn-Fe 
ferrite sample, we have made a precise measurement of 
the ferrite dispersion as well as absorption. According 
to the Bloch-Bloembergen expressions, the absorptive 
and dispersive components of the susceptibility are 
related by 


x’=x" (IP — He)/ HAH. 


However, partly due to the Fe** line broadening in 
Mn-Fe ferrite, the Bloch-Bloembergen expressions do 
not describe the data accurately. Therefore we have 
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Fic. 8. Frequency shift of microwave cavity 
due to ferrite dispersion. 


made a theoretica] comparison between the absorption 
and dispersion data by way of the more general Kra- 
mers-Krénig relations.'* The solid line in Fig. 8 is 
drawn through the solid points, which were measured 
from the frequency shift of the cavity. The heavy dots 
were computed from the corresponding absorption 
data. The absolute magnitude of the points has been 
adjusted arbitrarily. The fit can be regarded as satis- 
fying the Kramers-Kronig relations. 


Double Peaks 


The behavior of all samples turned out to be rather 
remarkable at very low temperatures. At 4.2°K the 
samples of Mn-Zn ferrite and Mn ferrite showed double 
resonances in and near the hard crystal axes. In the case 


4 For a general discussion, see, ¢.g., J. H. Van Vleck, in Propa- 
gation of Short Radio Waves, edited by D. E. Kerr, Radiation 
Laboratory Series (McGraw-Hill Book Company, Inc., New York, 
1951), Massachusetts Institute of Technology Radiation Labora- 
tory Series, Vol. 13, Chap. 8. 
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Fic. 9. Absorption as a function of magnetic field a — in 


various crystal directions in the (110) plane in Mn-Zn ferrite at 
4.2°K and 9100 Mc/sec, @= 55° is the easy axis. 





of the Mn-Fe ferrite, double peaks already occurred 
somewhere below 200°K. 

Figure 9 shows the absorption as a function of mag- 
netic field applied in various crystal directions. From 
measurements at 23 900 Mc/sec, where the usual single 
resonance is observed in all crystal directions, the 
anisotropy was found to be K,/M=-—750, It has been 
pointed out previously"? that whenever the anisotropy 
becomes of the order of the applied magnetic field 
necessary for resonance, an additional resonance is 
possible in the nonaligned state of the magnetization 
vector. For spherical samples used here, the applied 
field necessary for resonance is the same as the resonance 
field in an infinite medium without anisotropy. In a 
thin disk, however, with the magnetic field applied 
along the plane of the disk, the external field need only 
be very small for gyromagnetic resonance and hence 
resonance in a nonaligned state becomes possible with 
relatively low anisotropy.'* For the case of the magnetic 
field applied perpendicular to the plane of the disk, 
the situation is somewhat different.” In the present 
case the anisotropy is not sufficiently large to account 
for the double peaks directly. However, if we admit the 
possibility that some domain walls still exist, then the 
dynamic surface charges induced on the walls” may 
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Fic. 10. Appearance of secondary peak at X-band. 








Pp. E. Tannenwald and H. I; Zeiger, ~ Rev. 98, 1562(A) 
(1955) and P. E. Tannenwald, hys. Rev. 9. 463 (1955). 

6 This is the condition under which A. F. Kip and R. D. Arnold, 
Phys. Rev. 75, 1556 (1949), observed double peaks in a sheet of 
iron single cry stal. 

” See H. Subl, Phys. Rev. 97, 555 (1955). 

* The effect of dynamic demagnetizing fields induced on 180° 
domain walls was by D. Polder and J. Smit, Revs. 
Modern Phys. 25, rh (1953) and T. Nagamiya, Progr. Theoret. 
Phys. (Japan) 10, 72 (1953). The latter used this model to explain 
Bickford’s double peaks in magnetite at low temperatures, 














1718 P. 








E. TANNENWALD 





MAGNETIC FIELD——> 


Fic. 11. Fine structure of secondary peak, showing extent to which it is reproducible upon field reversal and upon repetition. 
Sample is Mn-Fe ferrite single crystal, at 83°K, with field parallel to the [110] axis. 


cause a sufficient modification of the simple double 
resonance condition. We plan to make the appropriate 
calculations for this type of situation. 

The appearance of double peaks is somewhat different 
in Mn-Fe ferrite. Figure 10 shows the absorption at 
77°K and 4.2°K in the three principal crystal axes. The 
second peak is absent at 23 000 Mc/sec. 

Double peaks in ferromagnetic resonance absorption 
experiments have been reported as early as 1948 when 
Kip and Arnold showed that a second resonance peak 
in a sheet of iron single crystal was the result of in- 
complete alignment of the magnetization vector with 
the direction of the applied field. Bickford" observed 
rather complex absorption spectra, including double 
peaks, in magnetite at low temperatures. It appears that 
double resonances are a quite general phenomenon in 
ferrites. The evidence from the present experiment 
suggesting failure of M to line up with H, plus some 
remnant domain walls, is as follows: 

(1) Double peaks do not occur in the easy crystal 
direction. (See Figs. 9 and 10.) 

(2) Barkhausen-type jumps are observed on the ini- 
tial rise of the low-field resonance. (See Fig. 11.) 

(3) The location of the low-field peak in Mn-Fe 
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12. Location of secondary peak with temperature in the [110] 
direction at X-band in Mn-Fe ferrite 
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A. F. Kip and R. D. Amold, Technical Report No. 91, 
Research Laboratory of Electronics, Massachusetts Institute of 
Technology, 1948 (unpublished). 


ferrite varies with temperature in a similar fashion as 
the saturation magnetization. (See Fig. 12.) 


CONCLUSION 


The most remarkable and at the same time theoreti- 
cally least understood property of the single-crystal 
ferrites is the ferromagnetic line width. This investiga- 
tion shows that lines as narrow as 47 oe can be obtained 
under suitable conditions of crystal direction, tempera- 
ture, and microwave frequency in a manganese ferrite 
single crystal. Yet this is still an order of magnitude 
larger than can be explained on the basis of existing 
theories.” The line width increases at lower tempera- 
tures, in a fashion similar to Healy’s results on nickel 
ferrite. The temperature dependence of the line width 
is reversed for a low-resistivity manganese ferrite, 
presumably because of an additional loss mechanism 
involving the divalent iron impurity. This decrease in 
line width with decreasing temperature is in the same 
direction as that found by Bickford in magnetite. In 
general the line width increases with frequency, but 
there is possibly a minimum in the vicinity of 5600 
Mc/ sec. 

The g-values are close to 2.00 under all conditions. 
The anisotropy is insensitive to external magnetic field 
magnitude, but, as expected, increases sharply at lower 
temperatures. No change in sign was found in the 
first-order anisotropy constant, and the second-order 
constant is of relatively small significance. It is true on 
the other hand that a theoretical anisotropy fit to the 
experimental data using experimentally determined 
K./M, K.2, M, and gis less than satisfactory. 

The Kramers-Krénig relations between absorption 
and dispersion are satisfied, and the line shape is roughly 
Lorentzian. It is interesting to note, however, that the 
areas under the resonance curves in the three principal 
crystal directions are not equal. (See Fig. 5.) 

An increase in anisotropy as well as remnant domain 
walls are believed to be the basis of a mechanism re- 
sulting in secondary resonances, which can occur when 


*(C. Kittel and E. Abrahams, Revs. Modern Phys. 25, 233 


(1953). 
* N. Bloembergen and S. Wang, Phys. Rev. 93, 72 (1954). 
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the magnetization vector is not aligned with the applied 
magnetic field. 
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and Superconducting States*t 
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Thermal conductivity measurements have been made on three indium-thallium alloys between 0.15° and 
0.8°K. Temperature gradients were measured using carbon resistance thermometers. The alloys were of the 
type which show an increase in thermal conductivity on entering the superconducting state. At temperatures 
below 1°K the superconducting state thermal conductivity decreases rapidly with decreasing temperature, 
becoming roughly proportional to 7* and to the grain size in the specimens at the lowest temperatures. 
The data are interpreted as meaning that phonon conductivity limited by boundary scattering is important 


in this region 


I. INTRODUCTION 


HE thermal conductivity of metals can be 

separated in‘o two terms—an electron conduc- 
tivity K, and a lattice or phonon conductivity K,. 
The total conductivity K is then given by the sum of 
K, and K,. Experimental and theoretical results show 
that in the liquid helium temperature region K, may 
be represented by’ 


1/K.=po/LoT+aT’, (1) 


where po is the residual electrical resistance, Lo is the 
Lorenz number }(rk/e)*, a is a constant which depends 
on the strength of the phonon-electron interaction, and 
T is the temperature. The first term on the right-hand 
side of Eq. (2) represents the contribution to the thermal 
resistance of scattering of electrons by impurities, and 
the second term is the resistance due to scattering of 
electrons by phonons. At a given temperature the 
relative importance of the two terms depends on the 
impurity content and on the Debye temperature. For 
impure metals and alloys at low temperatures impurity 
scattering is always dominant, but for pure metals with 
a low Debye temperature phonon scattering may be 


* Based on a dissertation submitted in partial fulfillment of the 
requirements for the Ph.D. degree at the University of Chicago; 
the work was performed in the Low Temperature Laboratory 
of the Institute for the Study of Metals. 

t Supported in part by a grant from the National Science 
Foundation. 

t Present address: Department of Chemistry, University of 
California, Berkeley, California. 

‘For a review of thermal conductivities of metals at low 
temperature see: ‘- L. Olsen and H. M. Rosenberg, Advances in 
Phys. 2, 28 (1953). 


important. For pure metals, K, is the order of a few 
watt units at 1 or 2°K, but this value is reduced by the 
presence of strains or impurity atoms, and is two or 
three orders of magnitude smaller for alloys. 

In the same temperature region K, is usually limited 
by scattering of the phonons by conduction electrons 
and is proportional to 7°. At lower temperatures the 
mean free path of the phonons would be comparable to 
the crystal dimensions and presumably would be 
determined by the scattering of phonons at crystal 
boundaries. In this case K, should have the same 
temperature dependence as the lattice specific heat and 
should be given by Casimir’s formula.? A dependence 
of K, on T* has been found in superconductors below 
1°K *“ and in dielectric crystals over a wider tempera- 
ture range.* In most pure metals K, is very much smaller 
than K,, and phonon conductivity is important only 
in alloys and in metals having a very small number of 
conduction electrons. 

If the additional subscripts s and n denote the super- 
conducting and normal states, then 


K,=KutK,y, 
Kn= Kent Kos, 


(2a) 
(2b) 


where K, and K, are the total thermal conductivities 
of the same specimen in the two different states. K, 
will be determined by the same factors considered above 
*H. B. G. Casimir, Physica 5, 595 (1938). 
L. Olsen and C. A. Renton, Phil. Mag. 43, 946 (1952). 
*K. Mendelssohn and C. A. Renton, Phil. Mag. 44, 776 (1953). 
*R. Berman, Advances in Phys. 2, 103 (1953), 
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for normal metals, and the behavior of K, will depend 
on which combination of heat transport mechanism 
and scattering process is important. For pure metals, 
in which K,.>K,n, K,/K, decreases rapidly as T is 
decreased below T., the temperature of the super- 
conducting transition in zero magnetic field. The 
experimental ratios are in reasonable agreement with 
Heisenberg’s calculations for the case in which the 
electron mean free path is limited by impurity scatter- 
ing. For impure metals the ratio K,/K, does not 
decrease as rapidly with decreasing T as it does for 
pure metals, and for several alloys values of K,/K,>1 
have been reported. Mendelssohn and Olsen* have 
suggested that K,/K, may be greater than unity in 
alloys because of the presence of a circulation heat 
flow, analogous to that in liquid helium, when the alloy 
is in the superconducting state. However, Klemens’ has 
pointed out that this mechanism for heat transport 
would be present even in pure metals and would in 
any case be too small to explain the observed values of 
K,. An alternative explanation suggested by Hulm* is 
that the superconducting electrons do not interact 
with the lattice and make no contribution to scattering 
of the phonons. On the basis of this suggestion K,, 
would be greater than K,,, and when the specimen 
enters the superconducting state the increase in K, 
might more than compensate for the decrease in K,. 
This could happen only in alloys for which K,, is 
comparable in magnitude with Ken. 

Sladek® has measured K, and K, for a series of 
single-crystal indium-thallium alloys ranging in com- 
position from pure indium to 20 atom percent thallium. 
For pure indium K,/K,<1 for all temperatures; for 
the 5% thallium specimen K, falls below K, as T 
decreases from T., but at about 2°K the curve for 
K, bends toward that for K, and apparently crosses 
it at 1.3°K—the lowest temperature at which measure- 
ments were made; for the 15°% and 20% specimens, 
K,/K,, is greater than unity for all temperatures from 
T. down to 1.3°K, and there is some indication of a 
minimum in K, at about 1.4°K. 

The present paper describes thermal conductivity 
measurements at temperatures below 1°K on some of 
these alloy specimens. The experiments were undertaken 
in the hope that a study of the dependence of K, on 
temperature and crystal size would give some indication 
of the mechanism by which K, becomes greater than K,. 


Il. EXPERIMENTAL 
The Apparatus 


Figure 1 shows the essential features of the apparatus. 
Temperatures below 1°K were produced by adiabatic 


*K. Mendelssohn and J. L. Olsen, Proc. Phys. Soc. (London) 
A63, 2 (1950) 

* P. K. G. Klemens, Proc. Phys. Soc. (London) A66, 576 (1953 

* J. K. Hulm, Proc. Roy. Soc. (London) A204, 98 (1950) 

*R. J. Sladek, Phys. Rev. 97, 902 (1955). 
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demagnetization of the salt pill N from a starting 
temperature of about 1.3°K. The salt was cylindrical 
in shape, 10 cm in length, and 2.5 cm in diameter. 
Thermal contact between the salt and the thermal 
conductivity specimen was made by a method de- 
scribed by Mendoza™; the powdered salt was pressed 
onto a system of thin copper vanes under a pressure 
of about 20 tons/sq in. The tops of the vanes were 
connected through a thin copper disk M to a copper 
wire J using an alloy of copper, silver, and phosphorus 
as solder. The top of the copper wire was soldered to 
the lower end of the thermal conductivity specimen F. 
Two carbon resistance thermometers E and a resistance 
heater D were attached to the specimen as shown. The 
thermometers were prepared by painting a thin layer 
of colloidal graphite onto a Formex insulated copper 
wire, stripping the Formex from one end of the wire, and 
soldering that end to the specimen. The heater was 
similar to the thermometers except that the layer of 
carbon was replaced with a 2000-ohm coil of manganin 
wire held in place with varnish. Electrical leads to the 
heater and thermometers consisted of 20-cm lengths of 
number 40 manganin wire tinned with soft solder and 
therefore superconducting at the temperatures of 
measurement; they were taken out into the helium 
bath through Kovar seals B. The salt pill was supported 
by threads inside a fiber tube (not shown), and the 
specimen was supported from the salt by stiffening 
the copper wire J with a Plexiglas tube. The salt pill 
and specimen were contained in a glass tube R which 
was connected by the copper-glass seal C to a pumping 

















Fic. 1. The apparatus. 
































” E. M. Mendoza, Ceremonies Langevin-Perrin, Paris, 1948. 
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tube A. The pumping tube led to the usual system for 
introducing and pumping out exchange gas. The 
helium and nitrogen Dewars are shown at S and 7, and 
the magnet pole pieces at Q. A solenoid G was capable 
of producing magnetic fields of 1000 gauss in the region 
of the specimen. 

The data of Sladek on the same alloy specimens used 
in the present investigation have shown that it is 
essential not to expose the specimen to magnetic fields 
greater than the critical field H. (or 3H, if the field is 
transverse) at any time after it has become supercon- 
ducting. Otherwise, it would be left with “frozen-in flux” 
in the superconducting state and the observed thermal 
conductivity would differ from the correct value. For 
this reason a cylindrical iron shield H was placed around 
the outside of the cryostat in the neighborhood of 
the specimen. The shield reduced the fringing field of 
the magnet at the lower end of the specimen to about 
80 gauss. 

Since the salt, and also the specimen, warmed up 
during the magnetization, it was necessary to prevent 
them from warming to a temperature at which the 
transverse field of 80 gauss would exceed 4H,. The 
temperature of the lower thermometer was followed 
continuously during the magnetization of the salt, and 
the field was increased slowly, allowing the exchange 
gas to conduct away the heat of magnetization so that 
the temperature never rose above 1.4°K. The H.—T 
relation for indium-thallium alloys is approximately 
parabolic," with H.(T=0) about 280 and a zero-field 
transition temperature of about 3.3°K. Therefore, at 
1.4°K the critical field is about 230 gauss, and the 
presence of a transverse field of 80 gauss during the 
magnetization should have no effect on subsequent 
measurements of thermal conductivity. The shield was 
removed whenever magnetic measurements were made 
on the salt. 

A mutual inductance was wound on a plastic coil 
former K (Fig. 1) fastened to the outside of the glass 
vacuum container. The secondary consisted of a main 
coil P of 3000 turns connected in series-opposition with 
two compensating coils L of 1500 turns each. The 
primary was a uniform solenoid wound over the whole 
length of the coil former, but with extra turns added at 
the ends. The number of extra turns was adjusted so 
that in the absence of the salt the total mutual in- 
ductance was almost zero. This arrangement also 
provided a uniform primary field over the length of 
the salt pill. 


Calibration of the Salt 


Susceptibility measurements on the salt were made by 
observing the deflection @ in a ballistic galvanometer 
connected to the secondary coils, when a current i was 
made or broken in the primary. A fixed mutual in- 
ductance in the secondary circuit was used to check 


ut J. W. Stout and L. Guttman, Phys. Rev. 88, 703 (1952). 
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the sensitivity of the galvanometer. Below 1°K the 
magnetic temperature 7* was defined by the usual 


relation”: 
(0—69)(T*— A) = Ai, 
A=5'+c¢(49/3—n) =5'+5. (3) 


The constants A and 6 were determined by measure- 
ments of @ in the helium region, where 7* was set equal 
to the thermodynamic temperature 7; ¢ is the Curie 
constant/cm*, and m is the demagnetizing factor for | 
the salt. 8’ corrects for deviations from Curie’s law for 
a salt pill of spherical shape. 

Chromium potassium alum and copper potassium 
Tutton salt were both used as cooling agents. By 
taking for m the value it would have for an ellipsoid 
of the same length and diameter, the values of A were 
as follows: for the chromium salt 5’=0 and 6=0.022°; 
for the copper salt 6’=0.035° " and 5=0.006°. Strictly 
speaking, the above treatment is valid only for 
ellipsoids ; for cylinders, the demagnetizing field is not 
uniform and cannot be defined. However, since the 
length of the salt was four times its diameter and the 
measuring coils were well removed from the ends, the 
nonuniform demagnetizing field should not have 
introduced an error of more than a few thousandths of 
a degree. 


Calibration of the Thermometers 


Following a demagnetization to the lowest attainable 
temperature, the salt was allowed to warm with no 
power input to the heater. The residual heat leak 
produced a temperature rise of the order of 0.001 
deg/min or less. During the warm-up period successive 
measurements of the thermometer resistances and 
ballistic galvanometer deflections were made. From 
the ballistic measurements a graph of temperature 
versus time was constructed, and the temperature of the 
salt at the time corresponding to each resistance 
measurement was obtained by interpolation. On the 
assumption that the thermometers and the salt were at 
the same temperature, it was then possible to make a 
calibration curve for each thermometer. 


Thermal Conductivity Measurements 


Thermal conductivities were measured by de- 
magnetizing the salt and then making resistance 
measurements on the two thermometers with a heat 
current flowing through the specimen. Values of the 
temperature difference and mean temperature were 
read from graphs of temperature versus time and were 
combined with the heater power to give the thermal 
conductivity as a function of temperature. Whenever 
possible, the heater current was chosen to give tem- 


"N. Kurti and F. Simon, Phil. Mag. 26, 849 (1938). 
%R. J. Benzie and A. H. Cooke, Proc. Phys. Soc. (London) 63, 
213 (1950). 
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perature differences of about 10% of the absolute 
temperature. At temperatures above 0.5°K this was 
not usually practical because of the combined effect 
of the high thermal conductivity of the specimen and 
the low heat capacity of the salt. 


Errors 


The total heat leak to the salt-specimen system was 
almost constant at about 1 microwatt. Because the 
heat capacity of the salt was so much larger than that 
of the specimen, any part of the residual heat leak 
which was directed to the specimen would have to 
flow to the salt. The resulting heat current would 
produce a temperature gradient in the specimen and 
copper wire and would therefore introduce an error 
into the thermometer calibration. 

The temperature difference between the two ther- 
mometers during the calibration run can easily be 
shown to produce no error in the thermal conductivity 
measurements, if it is assumed that the distribution 
of the residual heat leak over the length of the specimen 
is the same in the thermal conductivity run as in the 
calibration run. This assumption seems to be justified 
by the fact that when the heater is turned on the 
temperature difference between the upper end of the 
specimen and the bath changes by no more than a few 
percent and the heat leak (exclusive of heater current 
is unchanged. 

The thermal resistance the ther- 
mometer and the salt was measured and was found to 
be in rough agreement with that found for salt-metal 
interfaces by Mendoza and Goodman." By assuming 
that the fraction of the residual heat leak which goes to 
the specimen is proportional to its area, the temperature 
difference between the lower thermometer and the 
salt during the calibration was estimated to be about 
0.002° at 0.15°K and to be negligible above 0.25°K. 
Even at the lowest temperatures this will not introduce 
an error of more than a few percent into the thermal 


between lower 


conductivities, because the error in both thermometers 
is in the same direction and partially cancels in 
measuring temperature differences. 

The ballistic galvanometer could be read to better 
than 1 mm, and below 1°K the primary current was 
adjusted to give a deflection of 60 to 80 cm. Equation 
(3) then shows that 7* is measured to approximately 
1 part in 1000. This aiso represents the precision of the 
thermometer calibration. Therefore, when temperature 
differences of 0.17% were used, AT* could be measured 
to about 2%, but as was pointed out above this was 
not always possible. If we neglect for the moment 
differences between 7* and T, the measured thermal 
conductivity points should be accurate to about 3% 
below 0.4°K but at higher temperatures the low 
_ resistance specimens may be as much as 10% in error. 


“ B. B. Goodman, Proc. Phys. Soc. (London) A46, 217 (1953). 
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IIL RESULTS 
Copper Specimen 


With the magnetic fields available it was not possible 
to cool chrome alum below 0.25°K, and measurements 
at lower temperatures had to be made by using copper 
potassium Tutton salt as the cooling agent. Unfortu- 
nately, the heat capacity of the copper salt was so 
small at the higher temperatures that it could not be 
used above 0.25°K. It will be seen from the results for 
indium-thallium alloys that measurements made with 
the two salts do not join smoothly at 0.25°K and that 
values of K, obtained with the chromium salt deviate 
from a straight line below 0.4 or 0.5°K. The results of 
some measurements on a copper specimen are shown 
in Fig. 2 and are introduced at this point to illustrate 
more clearly the nature of the discrepancy. The thermal 
conductivity is proportional to the temperature, at least 
at the higher temperatures, and the value of the 
proportionality constant is approximately the same as 
that found for another copper specimen by Nicol and 
Tseng.'® 

It seems clear that the difference in the results 
obtained with the two salts must be a consequence of 
different relations between 7* and 7. For copper 
potassium Tutton salt the difference between 7* and 
T is probably small above 0.1°K '*; this is in agreement 
with the observation that the values of K obtained with 
this salt fall on the same straight line through the 
origin as the points obtained above 0.5°K with chrome 
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Fic. 2. Thermal conductivity of the copper specimen. 


* James Nicol and T. P. Tseng, Phys. Rev. 92, 1062 (1953). 
“C. G. B. Garrett, Ceremonies Langevin-Perrin, Paris, 1948. 
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alum and leads to the conclusion that this line repre- 
sents K as a function of 7. The difference between 7* 
and T for chrome alum would then have to be about 
twice as great at 0.25°K as measured by Bleaney 
using the y-ray heating method." There is a consider- 
able amount of conflicting data on the low-temperature 
properties of chrome alum which is sometimes thought 
to indicate the possibility that these properties depend 
on the previous treatment of the salt, and while there 
has been no such evidence bearing directly on the 
present question it is possible that this provides an 
explanation for the unexpectedly large deviations from 
a straight line of the chrome alum points. 


Indium-Thallium Alloys 


Measurements of the thermal conductivity in the 
normal and superconducting states have been made on 
three indium-thallium alloys—a 15% thallium poly- 
crystalline specimen with a grain size of 1 or 2 mm, a 
15% single crystal, and a 20% thallium single crystal. 
The measurements of K, extend from about 0.15°K to 
about 0.8°K but X,, was measured only down to 0.25°K. 
The specimens were 6 mm in diameter and were 
originally prepared by Stout and Guttman," who have 
reported on their magnetic and electric properties. 
Sladek has made thermal conductivity measurements 
on the two single crystals above 1°K, but, since it was 
not clear from his work with higher thallium content 
polycrystals whether or not grain size had any effect 
on K, above 1°K, measurements on the 15% poly- 
crystal in the helium region are included in the work 
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Fic. 3. Thermal conductivity of the 15% thallium single and 
polycrystal specimens. The curves for the single crystal above 1°K 
are from Sladek’s measurements. 


 B. Bleaney, Proc. Roy. Soc. (London) A204, 216 (1951) 
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Fic. 4. Thermal conductivity of the 15% thallium 
specimens below 1°K. 


reported here. The measurements above 1°K were 
carried out by placing the copper wire attached to the 
specimen in thermal contact with the helium bath 
instead of with the salt. 

Figure 3 shows the smoothed values of K, and K, for 
the two 15% specimens below 1°K, Sladek’s smoothed 
curves for the 15% single crystal above 1°K, and the 
experimental points for the 15% polycrystal above 1°K. 
The experimental points for the same specimens below 
1°K are shown in Fig. 4. In all figures the curves are 
drawn to fit the low temperature points obtained using 
the copper Tutton salt as the cooling agent. Figure 5 
is a log-log plot of K, versus T for the same specimens; 
the low-temperature points obtained with chrome alum 
are omitted in the belief that they do not represent the 
cerrect temperature dependence of K,. Data for the 
20% specimen are plotted in Fig. 6. 


IV. DISCUSSION 


It is evident from Figs. 3-5 that, although the 
presence of grain boundaries has no effect on K,, it 
has a marked effect on K,. The absence of an effect on 
K, is easily understood in terms of the concept of 
thermal conductivity as a product of the heat capacity, 
velocity, and mean free path of the heat carriers. 
Sladek has analyzed the data for the 15% single 
crystal to give the separate contributions of the electrons 
and phonons to the thermal conductivity. The mean 
free paths of both phonons and electrons—estimated by 
equating Sladek’s values of K,, and K,, to the product 
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Fic. 5. Plot of logX, versus logT for the 15% thallium specimens 
showing only points obtained with copper potassium Tutton salt 
The straight lines are drawn with a slope of three 


of the heat capacity, velocity, and mean free path of the 
phonons and electrons respectively—are several orders 
of magnitude smaller than the grain size in the poly- 
crystal. Therefore, it is to be expected that the presence 
of grain influence K,. The 
difference in K, between the two 15% specimens can 


boundaries should not 


be explained if it is supposed that the mean free path 


of one of the heat carriers is much longer in the super- 
conducting state than in the normal state. Qualitatively, 
the experimental results agree with Hulm’s suggestion 
that the mean free path of phonons becomes longer in 
the superconducting state and that it is this effect 
which makes K,>X, in the neighborhood of 1°K. 

On the basis of this explanation the maximum 
observed in A, for the single crystals is similar in 
origin to the one occurring in dielectric crystals at 
temperatures in the helium region and above. On the 
high-temperature side the mean free path of the phonons 
decreases more rapidly with increasing temperature 
than their heat capacity increases (the decrease is 
caused by electron scattering in the present case and 
by Umklapp processes in the dielectric crystals). On 
the low-temperature side the mean free path is constant, 
limited only by crystal dimensions, and the temperature 
dependence of the conductivity is determined by the 
lattice heat capacity. (In the present case there is also 
the complication of a second heat transport mechanism 
being important on the high-temperature side.) 


PHILLIPS 


The above interpretation is very similar to that 
given by Laredo" in connection with his measurements 
on a series of tin specimens. He concluded that at 
temperatures well below 1°K the contribution of 
electron conductivity to K, became negligible and that 
the phonon mean free path was determined by boundary 
scattering. 

A quantitative comparison with theory is possible 
only at the lowest temperatures. No theory has been 
developed for phonon conductivity under the conditions 
that would exist in the present case near 1°K. At lower 
temperatures, however, the contribution to K, from 
electron conductivity probably decreases exponentially, 
becoming negligible at a few tenths of a degree, and if 
scattering of phonons by electrons decreases until only 
grain boundary scattering is important K, should be 
given by the theory developed by Casimir for dielectric 
crystals.? Casimir’s formula predicts a conductivity 
proportional to 7* and to the diameter of the crystal 
(for long single crystals of uniform cross section). 
Figure 5 shows that for the polycrystal K, is propor- 
tional to 7* between 0.15 and 0.25°K and that for the 
single crystal the slope of logK, versus logT increases 
with decreasing T but becomes equal to three below 
0.2°K. Furthermore, in the region in which K, is 
proportional to 7* for both 15% specimens it is greater 
for the single crystal by a factor of about five, which is 
approximately the ratio of the diameter of the single 
crystal to the grain size of the polycrystal. This suggests 
that at the lowest temperatures K, is entirely a lattice 
conductivity limited by the grain-boundary scattering 
of phonons. At temperatures above the 7* region K, 
falls below an extrapolation of the 7* curve, as would 
another scattering mechanism 


be expected when 


O45 
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Fic. 6. Thermal conductivity of the 20% thallium specimen. 
The curves above 1°K are from Sladek’s measurements. 


*S. J. Laredo, Proc. Roy. Soc. (London) A229, 473 (1955). 
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(electron scattering) becomes important. For the 20% 
single crystal the slope of a logK, versus logT plot 
(not shown) is increasing with decreasing T but is still 
only 2.5 at 0.15°K. 

Although K, becomes proportional to 7* and to grain 
size, the magnitude of the conductivity is about ten 
times smaller than the value calculated from Casimir’s 
formula using a Debye temperature of 100. Experiments 
on dielectric crystals show that Casimir’s formula gives 
values of the conductivity which are in some cases 
an order of magnitude too high (in some cases the 
agreement is good). These discrepancies are probably 
connected with the presence of some type of lattice 
imperfection and their existence shows that the lack 
of quantitative agreement need not exclude the interpre- 
tation of K, given above. In addition to the usual types 
of imperfections there is, in the indium-thallium alloys, 
the additional possibility that there were small normal- 
state regions “frozen in” when the specimen first became 
superconducting (the earth’s field was not com- 
pensated). There would undoubtedly be some normal 
regions formed at the ends of the specimen during the 
magnetization of the salt even though the field did 
not exceed $H, but it is unlikely that these extended 
into the part of the specimen between the thermometers 
to any appreciable extent. Any resistance due to these 
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effects cannot be too large or it would mask the ob- 
served dependence of X, on crystal size. However, the 
observed factor of five between the values of K, for 
the 15% specimens is not incompatible with the 
presence of a certain amount of resistance due to a 
mechanism other than boundary scattering. In this 
connection it must be remembered that the Casimir 
formula was derived for long cylinders and that in the 
present case the irregular shapes and range of sizes 
of the grains make the relation between grain size and 
conductivity very approximate. 


Vv. ACKNOWLEDGMENTS 


The writer wishes to thank the members of the low 
temperature laboratory for their interest and advice. 
In particular, Professor E. A. Long and Professor J. K. 
Hulm contributed much helpful discussion of the 
problems involved. The indium-thallium alloys were 
provided by Professor J. W. Stout and Professor L. 
Guttman; Dr. J. A. Rayne helped with many of the 
experiments. 

The E. I. du Pont de Nemours Company and the 
Union Carbide and Carbon Company have very 
generously provided fellowships during the period in 
which the experiments were carried out. 











VOLUME 


PHYSICAL REVIEW 


100, 


NUMBER 6 DECEMBER 15, 1955 


Theory of the Hyperfine Structure of the NO Molecule. II. Errata and Some 
Additional Discussion* 


Cuun C. Lin,t Haroard University, Cambridge, Massachusetts 


AND 


MASATAKA Mizusnima,} Department of Physics, Duke University, Durham, North Carolina 
(Received August 4, 1955) 


A theoretical formula for the magnetic hfs of diatomic molecules previously given by one of us (M.M.) 
is revised by including the Fermi term and correcting an error in the choice of phase. The new formula 


gives eUq= 


1.7 Mc/sec and eQq’=22 Mc/sec for the "II state of the NO molecule. It was found that 


these constants together with the values a= 23.14 Mc/sec, b= 14.056 Mc/sec, for the parameters of the 
magnetic hfs, defined in the first paper give theoretical frequencies which explain not only 1/2-+3/2 spectra 


but also the 3/2-+5/2 transitions of the *Il, state 


spectrum of the "Iq state is also given. 


NOTE ON MAGNETIC HFS 


LTHOUGH the first-order theory of the magnetic 
interaction of NO has been given by several 
authors,’* the second-order effects remain to be ex- 
amined. The Hamiltonian for NO, exclusive of nuclear 
quadrupole and A-doubling effect, can be written as* 


H=Ho+H,, 
Ho= DAS, +Bl(J,—S,)°+(J,-S, 


+2B(JS,+JS, 


H 2B(J,S.+J,S 
1 
¢ BB 3([-r)(S-r) 
' I-L s 
r r 
l6r 
{ g8n8\¥(0)/2(1-S 
3 


Here D and B represent the spin-orbit coupling constant 
and the rotational constant, respectively, of NO. The 
other symbols have a fairly standard significance. We 
the Hamiltonian matrix in a Hund’s 
where 


shall construct 


case (a) representation, i.e., a representation 
m, 2, A, J, 7, and F are diagonal. H 
! 


diagonal in this scheme and will be taken as the unper- 


is completely 


turbed Hamiltonian. If we introduce the symbols a, 6, c, 


and d as defined by Dousmanis® (also by Frosch and 


Foley'), the matrix elements of H, can be expressed as 


* This research was supported in part by the United States 
Air Force through the Office of Scientific 
nd 


Research of the Air 
Research and Development Comman 

+ duPont Company predoctors 
Present address: Department of 
homa, Norman, Oklahoma 

t Present address: Department of 
Colorado, Boulder, Colorado 

R. A. Frosch and H. M 

*M. Mizushima, Phys. Rev. 94, 569 
or I in this paper 

*G. C. Dousmanis, Phys. Rev. 97, 967 (1955 

‘J. H. Van Vieck, Revs. Modern Phys. 23, 213 (1951 
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A discussion on the theory of the magnetic resonance 


, J) As|2, 2, J 
=—4}0[eA+ (6402 1R()LJJ+1)}, (2) 


(2, 2, J} H,|2, 2, J—1)=—4}[aA+ (64+0)2] 
Xf(NL (47-1), (3) 
(2, 2, J| H,/2+1,8+1, J—1) 
=F $b[ (JFQ)(JFQ—1)}S(S+1)—2(241)}! 
XfNLT4P-)P, (4) 
(2, 2, J| A,|/2+1, 2+1, J) 
= $o[ J (J+1)—2(2+-1) #0S(S+1)—2(541))}! 
XR(ILIJ+1)}°+ Bl J+1)-—2(041)} 
X[S(S+1)—Z(Z+1)}, ( 


(J?—9)! 


wn 


tz 
~ 
~ 
™~ 
~ 
t 

- 
~ 
~ 


[J(J+1)}", (6) 


t= F},2=+}, J|A,|2=+},2=F}, J—1) 
t+df(J) J. 7) 
where 
f(J)=((F+J—1)(F+1-—J+1 
X (F+1+J+1)(J+I-—F)}}, (8) 


R(J)=J(J+1)+1(1+1)—F(F+1 


We have omitted the “high-frequency” matrix elements 
connecting A and A+1. The first-order magnetic inter- 
action energy arises from the matrix elements (2) and 
(6). To obtain the second-order correction we apply a 
Van Vleck transformation’ to remove the nondiago- 
nality in J and Q. It is then found that all the second- 
order terms are negligibly small except the one arising 
from the matrix elements of the type (5), where 
~=-—1/2, 2=1/2. This is the one which comes from 
the mixture of II, state and I, state. Although the 
effect of this mixing was already taken into account in 
the formula (36) of Part I, the Fermi-type hfs effect 
was neglected there. The following formula is the 


* See, for example, E. C. Kemble, The Fundamental Principles 
of Quantum Mechanics (McGraw-Hill Book Company, Inc., 
New York, 1937 . Pp 394 
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generalization of the formula (36) of I: 
AW, a= — (bv/8)[(2J+3) (27-1) J+) 

x [F(F+1)-I1+1)-—J(J+1)] (9) 
where 

3 cos’@—1 

b= ~ 508.3 i ) + (169/3)¢,8,8' (0) |*. 
r Ay 

This formula gives 


AP... «(J =3/2)=+0.20 Mc/sec (10) 


as a contribution to the value of P (formula (39) of 
Part I) of the /=3/2 state, instead of the former value 
+0.18 Mc/sec, and is closer to +0.23 Mc/sec required 
from the experimental result. 


ERRATA ABOUT ELECTRIC QUADRUPOLE HFS 


There was an error in the calculation published by 
one of the present authors* on the same title, and the 
formula for the electric quadrupole hfs obtained there 
was wrong. The error came from the formula (A6) of 
Part I: 

(4J/+-2 2J—1)*(KSJm 
+ (274+-3)'(K+1SJm 


C1 Jm 


In that paper the same formula for (J,m! and (J_m 
states, where /, and /_ mean states where the compo- 
nent of J 
negative, respectively, was used. The correct wave 


along the molecular axis is positive and 


function should be 


CIS .m| = (43 +2) 'C(27—1)'(K SIm 


(23+3)'(K+1,SJm|], (11a) 
and 
CI, nm (474-2 i (2J—1 1(K_ SJm| 
2J+3)\(K+1_SJm|]. (11b) 


These wave functions give the following result for 
the nuclear electric quadrupole effect : 


12(24+J)—1), 


W..@ =eOgY (F)[34 (12) 


where 


VY (F)=[3C(C+1)-—J(J+1)1(1+1)] 
x [2(2J—1)(2I+3)1 (27-1) P, 


instead of the formulas (30) of Part I. 

Formula (12) is nothing but the usual formula for a 
symmetric top molecule and the anomaly reported in I 
was fallacious. Accordingly, the formulas (42) and (43) 
in I which gave the value of the coupling constant of 
the electric hfs should be changed. The correct value 
for them will be given below. The formulas (44) and 
(46) should be revised also. 


NEW FORMULA FOR ELECTRIC QUADRUPOLE HFS 


It was emphasized in Part I that a rotational state 
of the ground electronic state is not a pure "Il, state, 
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but a small amount of “II, state is mixed because of 
the end-over-end rotation (Zeeman effect showed *B is 
also mixed to a still smaller extent*). Thus, the wave 


functions (J,m! and (J_m! should be 
(Jam! =pCIJ sm! +rClyJ sm], (13) 


where one should take upper or lower signs together. 
Each rotational state splits into two, because of the 
A-type doubling, and their wave functions are 


(cJm| =2-{ (J,m|+(J_m!)}, 


2-4{ (J,m|—(J_m!]}, 


(14a) 


(dJm| = (14b) 


where ¢ designates the lower component and d the 
higher. 

If we express the interaction between electrons and 
the nuclear electric quadrupole moment as 


H,= Q-VE, 


it is evident that Hy, is diagonal in 2 (component of 
spin along the molecular axis) since 1, does not contain 


(15) 


any spin coordinates. Thus, only 
CI J am! He)" .m), Cll gm| Hy) 71 ¢m) 


and 
(1S gm | Ho |?11y7 4m) 


are finite while all the other matrix elements are zero. 
We obtain from the formulas (14a), (14b), and (15): 


(cJm| Ho|\cIm)=A'+B', (16a) 
(dJm!|H,|dJm)=A'—B’, (16b) 
where 
A’={ CIlJ 4m! He) *0yJ.m) 
+ CIL,J_m| H.\*1yJ_m)}/2, (16c) 
B’ =v{ CI ,m| Hy |*1yJ_m) 
+ CITyJ_m | | *1yJ4m)}/2. (16d) 


We assumed |y/>>/v!, wow. 
It can be shown that (16c) reduces to the con- 


ventional formula, 


A'=eQq¥ (F)[3(4)*(27+J)"—1)~W.4, (17) 


while the B’ term will give something new. The calcu- 
lation of this term can be performed by using Racah’s 
method and the formulas obtained in I.’ The wave 
functions one should use are shown in the formulas 
(11a) and (11b) and the similar formulas for (*I1,/ ,m| 
can be obtained from the formula (A7) of I. 

The same results can be obtained by another pro 

* Mizushima, Cox, and Gordy, Phys. Rev. 98, 1034 (1955) 

7 There were some misprints in those formulas in Sec. 4 of I: in 
(15b), 7(27—1) should be //(2/—~1); in (18), the right-hand side 
should be (~—1)°*-/786{A (A +1)—(4/3)JU+1)K(K+1)---; 
in (19) the last factor in the right-hand side should be 
[4K(K+1)---} 4; im (20), the right-hand side ---K(K+1) 
(2K +3)(2K—1)}%---; in (23), the right-hand side should 
start as —}{K(K-+1)---;in (24), § should be taken off. Formula 
(A7 should be - (Tiy/ | a e°* 
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Tasie I. Observed and calculated frequencies (Mc/sec). 





J P v(obs v(calc.) 
3/2-+5/2 150 176.54 150 176.29 
1/2-+3/2 150 198.85 150 198.86 
643/2-+3/2 150 218.89 150 218.84 
1/2-+1/2 150 225.75 150 225.83 
3/2-+1/2 150 245.69 150 245.81 
1/2-+3/2 ‘ 
3/2—+1/2 150 375.48 150 375.62 
3/2-+3/2 150 439.22 150 439.19 
d/3/2-+5/2 150 546.50 150 546.34 
1/2-+1/2 150 580.70 150 580.73 
1/2-+3/2 150 644.37 150 644.40 
§/2-+7/2 250 435.60 250 435.26 
3/2-+5/2 250 439.20 250 439.19 
c41/2-+3/2 250 447.16 250 447.41 
3/2-+3/2 250 474.42 250 474.24 
5/2-+5/2 250 481.52 250 481.82 
3/2-+5/2 
§/2-+7/2 250 794.98 250 795.47 
3/2-+5/2 250 814.64 250 814.81 
d41/2-+3/2 250 816.24 250 816.02 
3/23 /2 250 752.61 250 752.45 
§/2—5/2 250 707.92 250 707.66 


cedure, namely, using Van Vieck’s method.‘ The result 
of them is 


CUS IF! Hs| "J IF) = —}eOq' (2I+1 


* F (27—1)(2I+3) (2+ IV (FP (18) 
where 
eV PV “eV 
, as 
q («. Tt 2? . é ) 
| Ox? a rdy Oy? | 
+y¥ 
set ) n. (19) 
r® odd 


The symbol ( ), oaa means the average value over the 
odd # electron and n is the effective number of such 
electrons. From the above formula, we obtain 


B! = —}veQq' (2) +1)0 (2J—1)(2J+3) }! 
X(J27+J)"Y (PF), (20) 
R= eO{ — ¢¥ vg’ (23 +1) (2J+3) (2-1) F} 
8J(J+1)7(2I—1), (21) 
where the double sign means — for c and + for d 
states, respectively. Since we know that »=—0.0247 


in the J=3/2 state, we can obtain the value of the 
coupling constants by comparing the formulas (16a), 
(16b), (18), and (21) with the value of R shown in 
Table I of I as follows: 


e0q= —1.7 Mc/sec, 


eq = 22 

eQq’ is a quantity which has never been observed for 
any molecule previously. At first sight it appears rather 
surprising that ¢’ be so large compared to g. The 
following rough theoretical estimates, however, make 
the magnitude found for ¢g’ appear reasonable. As is 


(22) 


Mc/sec. (23) 
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shown in the definition (19), only the odd pr electron 
contributes to this quantity. If we assume that there 
is exactly one odd electron which is in the pure pr- 
orbital, we can estimate g’. Using the Slater wave 
function (a*/2x)'r sinde‘*e~*”, one can easily obtain 


q’ = (8/5)ea* = 3.82 X 10"* cgs esu, (24) 


where the numerical value is obtained with a= 1.95 a.u. 
(atomic units). Somewhat more accurate value can be 
obtained by using the Hartree wave function. Dous- 
manis’ calculated ((x°+¥*)/r*), by employing the 
Hartree wave function and modifying the result. From 
his result, we obtain 


q' = 2.58X 10" cgs esu. (25) 


Using the observed value shown in (23), we obtain 
O=0.008X 10-* cm? from (24), 


26 
Q=0.012XK10- cm? from (25). (26) 


Both of these estimates agree with the value 0.01 10-* 
cm? obtained by Sheridan and Gordy,* but is smaller 
than the value 0.02X10-* cm? obtained by Townes 
and Dailey. This value, however, is based on the 
assumption that exactly one electron contributes to 
eq’, which is not necessarily true as will be shown in 
the third paper of this series."° The more detailed 
discussion on this point and accordingly a more reliable 
value of Q will be given there. 


ANALYSIS OF J=3/2-+5/2 TRANSITIONS 


Johnson and Gallagher" observed the next rotational 
transition J=3/2—J=5/2 of the NO molecule at 
*II, state. Their experimental data are cited in Table I. 

The hfs of J=5/2 state must be expressed by 
formula (39) of Part I: 


W = P(F(F+1)—1(I+1)—JU+1)} 
+R3C(C+1)—J(J+1)I(I+1)]. 


The theoretical formula with the values of the 
parameters given by formula (40) of I yields 


P.=—7.00 Mc/sec, Ps=12.29 Mc/sec. (27) 


The contribution due to the mixing of the *II, state 
is by formula (9) 


(28) 


and », the parameter which gives the extent of mixing 
of the *II, state, is calculated in the same way as was 
done in the appendix of I, to be 


v(J =5/2)=—0.0404; 


* J. Sheridan and W. Gordy, Phys. Rev. 79, 513 (1950). 

* C. H. Townes and B. P. Dailey, J. Chem. Phys. 17, 782 (1949). 

“ M. Mizushima, Phys. Rev. (to be published). 

aC. x. prone and J. J. Gallagher, post-deadline paper, 
American Physical Society meeting, Columbia University, New 


(29) 


York, New York (January, 1954). 
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thus 


AP. a=+0.23 Mc/sec. (30) 


The theoretical values of R can be calculated by the 
formulas (21), (22) and (23). The results are given in 
Table IT. 

Although in Part I one of the authors tried to adjust 
the numerical values of the parameters P and R so as 
to reproduce the observed frequencies of J=1/2— 
J=3/2 transition” as far as possible, we were not con- 
cerned about the theoretically predicted relations be- 
tween them. In this paper, we have tried to reduce 
everything into eight parameters, whose numerical 
values are shown in Table III. In Table III, the »’s are 
the frequencies which are obtained by subtracting the 
effect of hfs, while a and 6 are quantities which were 
defined in the formulas (11a) and (&lb) of Part I and 
which are related to Dousmanis’ parameters’ as follows: 


4a=a— (b+ )/2 of Dousmanis, 


(31) 


8b=d of Dousmanis. 


As the correction in P due to the mixing of *I, state, 
the theoretical values cited in (10) and (30) are used. 
The calculated frequencies agree with the observed 
values with the average deviation of 008 Mc/sec for 
the J=1/2-+3/2 transition, and 0.24 Mc/sec for the 
J=3/2-+5/2 transition. See Table I. Most of the 
deviations are within the experimental error which is 
assumed to be about 0.10 Mc/sec for J=1/2-+3/2 and 
0.25 Mc/sec for J=3/2-45/2. 


THEORY OF THE MAGNETIC RESONANCE SPECTRUM 
OF NO IN "Il, STATE 


The magnetic resonance spectrum of NO in “II, state 
has been observed by Beringer and Castle,” and a 
theoretical account has been given by Margenau and 
Henry" and also by Henry.'® Recently Beringer, 
Rawson, and Henry'® have made more accurate meas- 
urements on the spectrum. With the new data it is 
seen that the Margenau and Henry treatment, in 
which the secular equation is set up in the Hund’s case 
(b) representation, does not provide very good agree- 
ment between the calculated and experimental results. 
Since NO is a good Hund’s case (a) molecule, it should 
be more natural to solve this problem by starting from 


TABLE IL. The values of hfs aes derived by the values 
cited in Table I (Mc/sec). 








1/2 3/2 $/2 
J é d ¢ d ‘ 
P —6.66 68.37 —~863 21.37 —6.77 12.52 
R 0 0 004 0.008 


0.08 0.04 


C, A. Burrus and W. Gordy, Phys. Rev. 92, 1437 (1953). 

4 R. Beringer and J. G. Castle, Jr., Phys. Rev. 78, 581 (1950). 
4H. Margenau and A. Henry, Phys. Rev. 78, 587 (1950). 

“ A. Henry, Phys. Rev. 80, 549 (1950). 

‘* Beringer, Rawson, and Henry, Phys. Rev. 94, 343 (1954). 
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Taste III. The adjusted values of his parameters (Mc/sec). 








a= 23.14 e¢0(J = 1/2-+3/2) = 150 195.40 
b= 14.065 va.o(J = 1/2-+3/2) = 150 550.54 
eOq= —1.7 ve, 0(J =3/2-+5/2) = 250 443.13 
eg = 22 va,o(J =3/2-+5/2) = 250 797.00 








a case (a) representation and treating the Zeeman 
effect, rotational distortion terms, etc., as perturbations. 

The Hamiltonian of NO in a magnetic field exclusive 
of the interactions due to the nuclear spin, can be 
written as 


H=Hot+H', 


where 
H'=—2B(JS.+JyS,)+uo(A+25)-H (32) 


and H, is given in (1). In a representation where 2, A, 
0, J, and My, are diagonal, the matrix elements of the 
first term in (32) are well-known, and the second term 
can be expressed as 


(A+2S) = WareSat 2arySytAs'e(A+22), 
where x’, y’, 2’ and x, y, z represent coordinate axes 
systems fixed in space and in the molecule respectively, 
and the \’s are the directional cosines. The matrix 
elements of (A+25S), can therefore be calculated by 
taking the direct products of A,-, and S,, etc. We thus 
find 
(J, 2, 2, Ms| H’|J+1,Q-—1, 2-1, Mz) 

= — (J+1)"[(2J +1) (2/+3) P10 +1, My) 
X [(J—24+1)(J—24-2) YP(S,Z) ok, 
(J,2,2, Ms|H'|J,Q—1,=2—1, My) 
= BL J (J+1)—2(Q—1) }'P(S,2) 
—(7J+1) +0) (7-241) }! 
X P(S,Z)M pcR, 
(J,2,2, Ms| H’|J—1,2—1, 2-1, Mz) 
=[J?(4J*—1) PL (J +2) (J+a—1)}! 
XO(J,My)P(S,2) uo, 
(J, 2,2, Mz| H'|J+1, 2, 2, Mz) 
= (J+1)"{(2J+1)(2J+3)}! 
xC(J+2+1)(J-—2+1)}! 
XO(J+1, Mz) (A+ 22) uo, 
(J, 2,2, Ms| H’|J,Q, 2, Mz) 
=(J(J+1) }'2(A+22)M suck, 


(33) 


where 
P(S,2)=[S(S+1)—Z(Z—1)}', O(x,y)=[e*—y*}. 


To calculate the energy levels in a magnetic field, we 
apply the perturbation method to the third order. 
Taking 124.2 cm™ as the value’? of D and neglecting 
the uninteresting terms independent of M,, we obtain 


'’ M. Guillery, Z. Physik 42, 121 (1927); Jenkins, Barton, and 
Mulliken, Phys. Rev. 30, 150 (1927). 
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Tasie IV. Experimental and calculated values of the microwave frequency 





M. 


MIZUSHIMA 


for NO spectrum. 











Frequency Frequency 
calculated calculated 
(neglecting including 
Microwave Schwinger’s Schwinger's 
‘ Resonance frequency spin-moment spin-moment 
Transitions field observed anomaly anomaly) 
Line Ms, Mi Ms—1, Mz (in gauss) in Mc/sec) in Mc/sec) (in Mc/sec) 
H, 3/2, 1 1/2, 1 8398.61 9269.94 9270.5 9275.6 
A; 3/2, O— 1/2, 0 8425.71 9270.65 9270.7 9276.0 
A, 3/2,-1— 1/2,-1 8453.44 9270.65 9270.7 9275.8 
A, 1/2 i-—-—1/2, 1 8501.49 9270.65 9269.6 9274.7 
Hy, 1/2, 0~--—1/2, 0 8528.28 9270.65 9269.2 9274.3 
A, 1/2, —1-——1/2, —1 8555.34 9270.65 9269.5 9274.7 
Hy -1/2,  1-+-3/2 1 8600.97 9269.81 9267.4 9272.5 
ly -1/2, O0--—3/2, 0O 8629.71 9270.65 9268.5 9273.7 
Hy -1/2 1—+—3/2 1 8656.46 9270.65 9268.6 9274.2 








for the energy levels: 
E (in Mc/sec) 
=(0).77713M yuoK+3.917 X10 
X 10-8 M yy’? +7.221K 10 


7M PurK?— 4.4699 
IM PurK®. (34) 
The interaction arising from the nuclear spin in nitrogen 
consists of the nuclear spin-orbit, dipole-dipole, and 


Fermi |¥(0)/? couplings as given in Eq. (1) and the 


nuclear quadrupole coupling. If we denote the operator 


7 


for these interactions by Hy, it follows that 


(J 2,M My Hw\J2Q,Ms,M1 
(J (J+1) }'LaA+ (6+-0)2 OMIM, 

— Ogi J (J+1)—- 3 | 

« [47 (27—1) (27-1 
xfJJ+1 


(234+3)J(J+1 


~3M /YI(I+1)—3M?] 


The nuclear quadrupole effect is small enough that a 
The 


off-diagonal matrix elements for the magnetic inter- 


first-order perturbation treatment is sufficient. 


action terms in Hy can be calculated by the method 
for Hi, show that the 
second-order terms amount to more than 0.1 
Mc/sec are those from the cross-term between H/’ and 


Hy in 


described Calculations only 


which 


(J,2,2, My, M1| H'+Hw|J,Q—1,2—1, My, Mz) }? 
Ey.a2—Fs,0-1,2 
and 
(J,2,2, My, Mr) H’+Hw|J+1,&, 2, Ms, Mz)|? 
Ey.a2— Essi0,2 
For J=3/2 and Q=3/2, these two second-order terms 


become 


% C.K. Jen, Phys. Rev. 76, 1494 (1949 


_ 0.01206M ;M ,+-4.197 
x10 Tat+ (b+<¢ ), 21MM yok. 


The total energy including the nuclear effect is therefore 


E=0.77713M suoK+3.915X 10-7M Pur? ?— 4.4699 
X 10-8 M pu?5EC + 7.221 XK 10-8 M Fur 
+{#fa+ (6+c)/2]—0.0120b} MM, 
+4.197K10 Ta+ (b+<¢ 21MM fuk 

+ 0q(20—4M ;*)(2—3M/)/80. (35) 


If one takes the Schwinger spin moment anomaly” into 
consideration, the term yo(A+2S)-K in Eq. (32) should 
be replaced by uo(A+2.002290S)-3% and the matrix 
elements in Eqs. (33) should be modified accordingly. 
The equation corresponding to Eq. (35) in this case is 


E=0.77756M juo+3.9020X 10-7 M fue? — 4.4699 
10-8 M sue + 7.221K 10-8 M fue? 
+ {2[a+4(b+c) ]—0.0120b}MiMy 
+4.197X 10-7[a+43(b+c) |MiM Puck 
+¢0q(20—4M ,*)(2—3M/)/80. 


Table IV shows a comparison between the experi- 
mental and calculated values of the frequencies corre- 
sponding to the transitions AM,;=1 and AM;=0 at 
various magnetic field strengths. It is readily seen that 
when the Schwinger correction to the gyromagnetic 
ratio of the electronic spin is considered, all the theo- 
retical frequencies are invariably higher than the 
in the 
spin-orbit interaction constant would cause a difference 
of 2 Mc/sec in the microwave frequency, the uncertainty 
in D may be responsible for the discrepancies in 
Table IV. 

One of us (C.C.L.) wishes to thank Professor J. H. 
Van Vleck for his constant help and encouragement 
during the course of this work. 


experimental values. As an error of 1 cm™ 


I wy ‘Schwinger, Phys. Rev. 73, 416 (1947). 
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Quadrupole Spectrum of BiC1,7 
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Pure nuclear quadrupole resonance absorptions were observed for Bi®, Cl, and CF nuclei in poly- 
crystalline BiCl, at both room and liquid air temperatures. Line assignments and the evaluation of the 
electric field gradient asymmetry parameter allow the following coupling constants to be calculated: 
| eQq| ni = 318.76 Mc/sec for 7=0.555; | eQg| i= 30.196 Mc/sec, 38.310 Mc/sec. Two “forbidden” | Am'| 
=2 transitions were observed. A brief discussion of the data in connection with chemical bonding in the 


solid is given 


INTRODUCTION 


S a continuation in the study of the nuclear 

quadrupole resonance! of Bi®, solid BiCl,; was 
investigated. Both Cl and Bi resonances were observed 
in the quadrupole spectrum of this molecule. Even 
though the couplings of both constituents of the mole- 
cule are known, a description of the chemical bonding 
is made difficult because the solid state structure is 
evidently unknown. Therefore, the data presented may 
perhaps become more meaningful when the crystal 
structure is determined. 


EXPERIMENTAL 


A 30-cc polycrystalline sample of BiCl; was dried in 
vacuum and sealed in a glass tube at atmospheric 
pressure. Due to the deliquescent nature of BiCl;, a dry 
sealed sample is necessary to maintain a high Q in the 
oscillator tank circuit. 

The resonance absorption lines were observed by 
means of super-regenerative detection. At room tem- 
perature, all but the Cl*’ lines were observable by 
frequency modulating the oscillator and oscilloscopic 
display. The temperature was maintained relatively 
constant by water-cooling the copper radio-frequency 
shield surrounding the sample. During runs at liquid 
air temperature a forty-cycle off-on square-wave 
Zeeman-modulation magnetic field together with con- 
ventional narrow-band phase-sensitive detection tech- 
niques were used. 

The majority of the resonances observed were so 
broad that side-bands due to super-regenerative de- 
tection were not resolved when using the spectrometer 
with a normal high-Q tank circuit. In order to be able 
to use sufficiently high quench frequencies for side- 
band resolution, the Q of the tank circuit was lowered 
to approximately one-half its original value by shunting 
the tank with an appropriate resistor. With this modi- 
fication, observations of the relative motion of the line, 
side-bands, and marker lattice over a relatively wide 
range of quench frequencies were possible. Hence, one 

t This research was supported by The United States Air Force 
through the Office of Scientific Research of the Air Research and 


Development Command. 
1 Robinson, Dehmelt, and Gordy, Phys. Rev. 89,:1305 (1953). 


is able to eliminate errors due to guessing the center of 
an unresolved line-side-band combination. 

It was possible to apply 10-mw peak power to 
the sample without causing noticeable saturation 
broadening. 


ASSIGNMENTS 


Assignments for the Cl resonances were made by 
using the known? ratio of the quadrupele moments for 
the Cl* and Cl*’ isotopes. A Cl**? spin of 3/2. allows 
only one line per lattice site per isotope. The set of four 
lines observed may thus be interpreted as indicating 
two nonequivalent lattice sites in the unit cell. Since no 
value of the asymmetry parameter 7 was determined 
for the field gradient of the Cl nucleus, the coupling 
constant |eQg! was calculated by doubling the observed 
frequency, i.e., assuming n=0. 

The identification of the four | Am! =1 transitions 
and the calculation of the asymmetry parameter for 
the Bi® nucleus follows a method proposed by Cohen.’ 
One plots calculated frequency ratios as a function of ». 
Because a given value of 7 implies a unique set of fre- 
quency ratios, the measured frequency ratios should 
intersect the calculated ratios in a'verticle line over the 
n appropriate for a fit of the data. In addition to the 
evaluation of y, the identifications of the transitions are 





Fic. 1. Determination of » and line assignments. 
? R. Livinston, Phys. Rev. $2, 289 (1951). 
3M. H. Cohen, Phys. Rev. 96, 1278 (1954). 
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Taste L. Allowed transitions in BiCl,: measured frequencies all accurate to at least +11 kc/sec at 299°K, +20 kc/sec at 83°K. 


Lattice 


site 


determined 


panded scale; in this case, the value of 9 is determined 
to an accuracy limited by the graphical solution. 

The mag eg 
now be found by plotting the relative frequency factors 


against . This factor, r;, is defined by the equation 


where vy, 1s t 


\ 


calculated 
relative fre« 
By using t 
ri, |g 


juency factor for each 
the 


299+1° 


51.740 
37.340 
31.876 


25.131 


15.849 

12.498 

19 531 

15.387 
83° 


52.704 


Figure 1 


} 


nitude of the coupling constant 


Vi=7; et Mg 





24, 


1.269% 


1.386 


1.171 


1.268 


1.268 


1.269 


1.391 


1.124 


1.302 


shows this solution on 


Caleulated 
relative 
frequency 
factors 
ri 


3 ROR 
2.810 
2.400 


1.892 


an eCx- 


can 


he frequency of the ith transition. Using the 


value of », one can 


listed in Table I 
The energy levels used in determining the calculated 


frequency ratios in Fig 
factors in Fig. 2, 


merical 


appropriate 
Bersohn’s fourth-order formulas‘ obtained by 


solution of the 


to the 9/2 


spin of 


determine 
transition. See Fig. 2. 


Bi 


the 
) 


observed frequencies and the calculated 
is given by the above formula. Results are 


1 and the relative frequency 
were calculated by Cohen’ by nu- 
fifth-order secular equation 


nucleus 


per- 


turbation methods cannot be used for so large a value 


*R. Bersohn, J. Chem. Phys. 20, 1505 (1952). 


Fic 


trast 





Calculated 
frequency 
ratios 
n=0.555 
+0.002 
9 
1.387 
7 
1.1708 
3 
1.2685 
5 
n=l) 583 
+) UO 
9 
1.393 
7 
1.123 
3 
1.301 
g 


(3/2¢+1/2) transition for 
(9/257 


to this the 


Assignments 


cr 


Cr 


Average 


Bim 


me 
~ 
. 


Nm 
~ 
. 
ww 


eOg| > 300 M« 


e0¢ 
Mc/sec) 


38.310 


318.56 
318.92 
318.76 


318.79 
318.762-0.20 


325.34 
325.5+0.3 


of the asymmetry parameter, 0.555. In fact, with a 9/2 
spin and asymmetry greater than 0.1, the perturbation 
formulas produce a significant error in the value of the 


sec. In con- 


2) transition is relatively 


2. Determination of the relative frequency 


insensitive to the asymmetry parameter and the value 


factors, r;. 














QUADRUPOLE SPECTRUM 


of |eQq| calculated from the perturbation formula, 
| eQq| =6v(9/2<+7/2)/(1—0.08095y?—0.0043m'), 
agrees with that determined graphically. 


FORBIDDEN TRANSITIONS 


Heretofore, only allowed magnetic dipole transitions 
|Am|=1 have been reported for pure nuclear quad- 
rupole resonance.* In the case of BiCl;, as a result of 
the large asymmetry in the field gradient, the magnetic 
sub-states for which | Am’| =2 are connected providing 
an observable transition probability. The (1/2<5/2) 
and (3/2<+7/2) transitions were observed to within the 
experimental error at frequencies corresponding to the 
sum of the two appropriate |Am|=1 transitions; i.e., 
the sum of (1/2<+3/2) and (3/2«05/2)=(1/2«05/2). 
See Table IT. Although no careful measurement of the 
relative intensities of the allowed and forbidden tran- 
sitions was attempted, the order-of-magnitude agree- 
ment with Cohen’s calculations was experimentally 
confirmed. See Fig. 3 for a recording of the (1/2«+5/2) 
transition. 

The possibility of d-admixture in the orbitals of the 
Bi™ together with the 9/2 spin of this nucleus allow a 
magnetic octuple interaction. One effect of such inter- 
action should be the mixing of the |m|=3/2 levels, 
thereby removing the -+:m degeneracy. However, the 
energy difference involved here should be several orders 
of magnitude smaller than that of the electric quad- 
rupole interaction so that no observable effect should 
be noticed with the resolution attainable in this type 
of experiment. A recording of the (3/2++5/2) line with 
the spectrometer operating in the regenerative mode 
revealed no broadening attributable to the above effect. 


DISCUSSION 


The structure of BiCl, in the solid state was not found 
in the literature. Nevertheless, from the observed Cl 
resonances two nonequivalent positions in the unit cell 
may be inferred for this nucleus. In addition, the line 
widths and intensities indicate approximately equal 
numbers, 1:1 or 1:2, of Cl nuclei in each of these posi- 


Taste II. “Forbidden” transitions in BiCl, 





Observed Sum of | Am| =1 
frequency transitions 
Mc/sex Assignments Mc/sec 
(5/2¢+3/2) + (3/2¢+1/2) 
56.98 (5/2«+1/2 
57.01 
(7/2¢ 95/2) + (§/2¢43/2) 
62.49 (7/2¢+3/2) 


62.47 


* G. Lamarche and G. M. Volkoff, Can. J. Phys. 31, 1010 (1953), 
suggested the possibility of observing forbidden transitions in 
LiAl(SiO,):. R. M. Cotts and W. D. Knight, Phys. Rev. 96, 1285 
(1954), attempted without success to observe such transitions in 

P 3. 
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Fic. 3. The (1/2¢%5/2) pure quadrupole transition 
(forbidden transition) a Bi in BiCh. 


tions at both room and liquid air temperatures. Vari- 
ation in spectrometer sonativity and possible distortion 
of the line shape due to super-regenerative detection 
prevents one from making more definite conclusions. 
The low value of the Cl coupling indicates an ionic 
character of the order of 65°, for the BiCl bonds. The 
effect of asymmetry in the field gradient at the Cl 
nucleus may be seen from the formula for 3/2 spin®: 


| eQg| = 2v(3/2+1/2)/(1+4n*)). 


Thus, if 7=0, the coupling is lower, and larger amounts 
of hybridization and/or ionic character are necessary 
than indicated above. However, for an asymmetry of 
0.6 the coupling is reduced only by 5 percent from that 
for zero asymmetry so that effects of the asymmetry 
on the coupling may be neglected in this approximate 
treatment. 

In discussing crystal structure in connection with the 
coupling, it must be remembered that the principle 
contributor to the field gradient will be p-electrons 
the direct contribution of d-electrons will be negligible. 
However, d-electrons will play a significant role in 
determining the crystal structure. This also applies to 
p-d hybridized orbitals which contain at least one 
electron. Therefore, for heavy atoms in which d- 
hybridization is likely, s-p hybridization alone may not 
be sufficient to describe the resulting bond angles and 
coupling. In cases where s-p hybridization alone is 
thought to be sufficient, one can relate the percent 
s-character, a, to the bond angle B-A-B, 7, in AB, 
molecules by the formula 


a= —cosy/(1—cosy), 0<7<}. 


This formula was derived by the assumption that bonds 
are formed according to the principle of maximum 
overlap. Thus one can calculate’ the molecular coupling 
(CQq2)4 as a function of the bond angle, the percent 


ionic character 8 of each bond, and (eQgo)4 which is » 


the coupling due to a single p-electron in the magnetic 
substate m,;=0: 
— 3 cosy 
( On ~=— 
(1—cosy) 


(14-28) (eQgqo)a. 


*R. V. Pound, Phys. Rev. 79, 685 (1950). 
7 Compare Gordy, Smith, and Trambarulo, Microwave S pec- 
troscopy (John Wiley and Sons, Inc., New York, 1953), p. 281. 


* 
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This assumes a positive charge on A resulting from the 
ionic character of the bond. An alternate expression® 
using the coupling (e0q’), along the bond direction due 
to one electron in the hybridized bonding orbital is 


(€0d:2)4 = — 3 cosy(1+28)(e0q’)a. 


Making the simplifying assumption that the AB; 
structure applies for crystalline BiCl;, 3% s-character 
in the Bi bonding orbital or a Cl-Bi-Cl angle of 91.2° 
is given by the formulas for a and (eQgq,.)4. A value! of 
1500 Mc/sec was used for (eQgo)n; in this calculation. 
An s-character of zero would indicate pure orbitals of 
Bi, i.e., a Cl-Bi-Cl angle of 90°, and the coupling due 
to p-electrons would vanish. 

If one assumes that individual BiCl; molecules exist 
in the solid, Gordy’s formulas’ may be applied. These 
are: 


where p,= | molecular e0g/2Xatomic eQgq!| for halogen, 
8,.=ionic character of the « component of the bond, 
Ye= character of the bond, x=electronegativity, 
n=number of electrons in the unfilled shell of the 
neutral atom, c= positive charge in electron units on 
the atom, =3(8,—v7,) for AB; molecule, and r=co- 
Solving the above equations simul- 
taneously, with xc:= 3.0, p,=35.1/109.74 
r= 1.46, we have 8, 0.29. 
Gordy has demonstrated the applicability of the 
above formulas to several molecules in the solid state 
where each molecule essentially retains its identity. 
That so large a value of x character is indicated by the 
formulas may be taken as evidence that a significant 
amount of cross-bonding occurs in the solid BiCl,;. Only 
9% «x character is found for SnCl, and only 14% for 
GeCl,. If one assumes 14° normal x bonding in the 


valent radius. 
0.32, n= 5, 


0.53 and y= 


* This expression, with a change in sign, has been given by 
S. Kojima ef al., J. Phys. Soc. Japan 9, 805 (1954) 


* Walter Gordy, Discussions Faraday Soc. (to be published). 


ROBINSON 


BiCl bonds, there would be roughly 15% cross bonding. 
Such cross bonding should be expected for polar mole- 
cules in the solid state. The tetrahedral structure ob- 
served for gaseous” BiCl; would require an asymmetry 
parameter of zero; the large value of 7 observed is an 
indication of distortion from the C;, symmetry and 
again points to cross bonding. The cross bonding would 
probably involve p-d hybridized orbitals as in I. | 

The effects of change in temperature may also jindi- 
cate cross-bonding. That » decreases with increasing 
temperature is consistent with the view that inter- 
molecular bonds are weakened with rising temperature. 
However, one might expect that such loosening of the 
intermolecular bonds would cause the field gradient 
ez to increase with temperature. This effect is in oppo- 
sition to the averaging of g,, due to the thermal motion 
of the crystal lattice which results in a negative tem- 
perature coefficient for g,.. If one corrects for the change 
‘in frequency at liquid air temperature due to the change 
in », there remains a difference in frequency compared 


. with room temperature which implies for (g,.)ni a net 


negative temperature coefficient whose magnitude 
agrees with that expected for such an averaging 
process" ; i.e., a temperature coefficient of ~ —10-*/°C. 

A structure of the Bil, type, in which the Bi is sur- 
rounded octahedrally by six I, can be rejected for BiCl; 
on the basis that a perfect octahedral surrounding the 
Bi would produce a zero field gradient. Even if the 
octahedra were distorted, if Cs, symmetry remained, 
there would result zero symmetry. 

A dimeric molecular ‘structure, BiyCle, similar to that 
of Al,Cl. is evidently not possible because an unshared 
pair of electrons occupies an orbital in the plane con- 
taining the bonds which would be supposed to resonate. 
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Experiments are reported on the microwave spectra of the free 
OH radical. The radicals are produced by an electric discharge 
in concentrations 10% at pressures of approximately 
0.1 mm Hg. The spectra are detected by Zeeman modulation. 
They are due to direct transitions between the A-doublet levels of 
each rotational state in the ground vibrational level of the mole- 
cule. Spectra due to O'*H, O"*H, and O'*D in Ty and [ly states 
have been observed in the 7.7 to 37 kMc/sec region. Intensity 
of the lines ranges from about 5X 10~* cm™ to 5X 1078 cm™. 

Van Vleck’s theory of molecular energies in *II and *Z states is 
extended to include terms of order (Eyo. or Ey,)*/ Ee:*. The experi 
mental results are in agreement with theoretical expectations to 
about one part in 2000 which is the order of accuracy of the 
to one part in 3500) is obtained 
if one allows a small variation (one part in 1400) of the electronic 
wave function from one 


near 


theory. An improved agreement 


rotational state to the next. The values 
of the molecular constants determined from the A-type doubling 
data are 


4 2 1)(M|AL,+2BL,|=)(2|BL,|\n)/(Ez:—En 
y-states 


~ 2361.37+2.95 Mc/sec in O*“8H 


and —1548.994+2.10 Mc/sec in O'*D; 


1. INTRODUCTION 
REE radicals are 


fragments which usually 


instable molecules or molecular 


possess one or more 
unpaired electrons. They are chemically very reactive 
substances with short lifetimes in most cases much less 


than one second. Many have been detected, or postu- 
lated to be present, in electrical discharges, flames, 
detonations, and in the gas of comets. 

The ground electronic state of many free radicals, in 
contrast to the vast majority of stable molecules, is not 
a 'Y state. In addition to the rotational terms, their 
energy levels show prominent fine structure and effects 
of coupling between rotation and electronic motion such 

| 


as A-type doubling, p-type doubling etc. 


Study of free radicals by microwave spectroscopy 
should yield detailed information on their energy level 
structure and, in addition, one might use the microwave 
spectrum to obtain information on their lifetimes, and 
the kinetics of chemical processes. 

Unstable molecules have been produ ed in a variety 
of ways, e.g., by electric discharges, photolysis, and 
pyrolysis. In the experiments to be described, electri 
discharges were used, largely because this seemed the 
simplest method for our purposes. 

Since the plasma of an electric discharge will atten- 
uate microwaves strongly, the radicals must be exam- 

* Work supported jointly by the Department of the Army 
(Signal Corps), the Department of the Navy (Office of Naval 
Research), and the Department of the Air Force (Air Research 
and Development Command 

* RCA Fellow, now at Physics Department, 


University of 
Minnesota, Minneapolis, Minnesota 


4 ZY (—1)*|(0|BL,!2)|?/(Ey— Eq) = 576.1821.64 Mc/sec 


in OWH and 161.9441.61 Mc/sec in OD; 


A/B= —7444+0.017 in OH and —13.954+0.032 in OD. The 
spectra include magnetic hyperfine structure from which the 
following values are obtained for parameters that describe the 
unpaired electron distribution in the molecule: 


(1/r?) m= (0.754-0.25) X 10" cm~* 
and 


sin®*y /r*) y= (0.494-0.01) K 10" cm™" 


The hyperfine structure, the molecular magnetic moment and 
the line intensities are strongly dependent on the extent of inter 
mediate coupling in agreement with theoretical expectations. The 
microwave spectrum can be used in studying chemical properties 
of the radical and 


the effects of certain substances on radical concentration were 


Its lifetime was determined to be near 4 sec, 


examined 


ined either in a different location or at a different time 
from that at which they are produced. In either case 
the radicals must, of course, not be permitted to recom- 
bine before they are observed. The choice of materials 
for the surfaces with which radicals come in contact, 
in view of their high degree of reactivity, is of paramount 
importance. In addition, charged particles produced in 
the discharge should not be present to any large extent 


wl 


yen the gas is examined by microwaves. In the present 
experiments, the discharge tube and the absorption 
cell were separated in space, the radicals flowing into 
the absorption cell through a glass tube. The alternative 
method of examining the radicals in the place they are 
produced but at a slightly later time could be par- 
ticularly useful in the study of very short-lived sub- 
stances. This advantage however would probably be 
accompanied by considerable complication of the 
apparatus. 

For the detection of the spectra a rather conventional 
modulation spectrometer! with associated narrow-band 
amplifier and phase sensitive detector was constructed. 
However, advantage was taken of the large magneti 
moment exhibited by many free radicals. Modulation 
was accomplished by radio-frequency variation of a 
magnetic field rather than the usual electric field. Such 
a modulation scheme simplifies the searching problem 
since the spectra of stable molecules, which may be used 
as the source of radicals, are not detectable with the 
Zeeman spectrometer. The method makes it 
unnecessary to obstruct the wave guide with a metal 


also 


1A. H. Sharbaugh, Rev. Sci. Instr. 21, 120 (1950) 
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septum which would reduce the pumping speed and 
produce a disastrous amount of recombination of 
radicals. 

Precise information on free radicals, obtained from 
optical or near-optical spectroscopic work, is very 
scarce. One is therefore confronted with a searching 
problem, since in most cases the microwave spectra 
cannot be predicted with much accuracy. Although 
the situation is much worse than in the case of stable 
molecules, this searching problem is certainly not as 
formidable as the ones connected with their instability. 

The OH radical was selected for study because it had 
been the subject of a considerable amount of quanti- 
tative work. The lifetime of the radical was known to 
be relatively long* and the absorption frequencies to be 
expected’ in the microwave region, could be predicted 
with sufficient accuracy to render the search problem 
not too prohibitive. It was further believed possible to 
establish the presence of the radicals by other than 
spectroscopic means.** This last would provide a check 
on the operation of the production and transport phase 
of the experiment. 

The ground electronic state of OH is a *II. The par- 
ticular lines that have been observed in this work are 
due to transitions between the two members of the 
A-type doublet into which each J level is split. Spectra 
have been observed in both the II, and Il, states of the 
ground vibrational level. The OH radical is so light 
that its rotational spectrum lies in the far infrared. It 
is only because the electronic angular momenta are not 
zero that transitions appear in the microwave region. 


2. EXPERIMENTAL TECHNIQUES 
(a) Production of OH-Vacuum System 
The OH is produced by a discharge through water 


vapor. The all-glass vacuum system (Fig. 1) consists 
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Fic. 1. Vacuum system and absorption cell 


#0. Oldenberg, J. Chem. Phys. 3, 266 (1935 

*G. H. Dicke and R. M. Crosswhite, Bumblebee Report No 
87, Johns Hopkins University, November, 1948 (unpublished); 
Hicks, Ossofsky and Jones, Technical Note No. 130, Ballistic 
Research Laboratories, Aberdeen Proving Ground, Maryland, 
November, 1949 (unpublished) 

*W. H. Rodebush and M. H. Wahi, J. Chem. Phys. 1, 696 
(1933); R. W. Campbell and W. H. Rodebush, J. Chem. Phys. 4, 
293 (1936) 

*H. S. Taylor and G. I. Lavin, J. Am. Chem. Soc. 52, 1910 
(1930). W. V. Smith, J. Chem. Phys. 11, 110 (1943) 
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of a water source, a discharge tube of 28 mm Pyrex, the 
absorption cell, a pair of connecting tubes of 18 mm 
Pyrex and a liquid nitrogen trap located near the output 
end of the absorption cell. The cell itself consists of a 
Corning 707 glass tube, 150 cm long and 30 mm in 
diameter. Type 707 glass was used because of its low 
dielectric loss at microwave frequencies. In the early 
part of this work® a much shorter (75 cm) absorption 
cell was in use. The glass tube in the absorption cell is 
sealed at both ends and these ends are blown to mini- 
mum thickness (to facilitate microwave transmission) 
consistent with adequate strength. The system is 
pumped by a Welch type 1397B mechanical pump and, 
if needed, a DPI MB-100 oil diffusion pump. In the 
experiments described here use of the diffusion pump 
was not necessary. 

Under the operating conditions of continuous flow 
about 3 g of water leave the source per hour. The water 
vapor enters the discharge tube and the discharge 
products flow into the absorption cell and from there 
to the liquid nitrogen trap and pumps. A thermocouple 
gauge located at point X (Fig. 1) indicates a pressure 
near 0.1 mm Hg. This figure must be taken with some 
reservations since (1) recombination of radicals occurs 
on the thermocouple wires, giving rise to spurious tem- 
perature readings; (2) the gauge reading is dependent 
on the composition of the gas which is not known and 
which varies with discharge conditions. 

The discharge is maintained either with a de supply 
and aluminum electrodes, or as shown in Fig. 1, with 
external aluminum foil electrodes and power supplied 
by a 300-watt oscillator operating in the vicinity of two 
megacycles. The high-pressure limit on the stable 
operation of the discharge is set by its tendency, at 
high pressures, to pass from one electrode into the ab- 
sorption cell rather than between the two electrodes. 
This tendency of the discharge to “jump” inside the 
absorption cell can be appreciably reduced by a 
horseshoe magnet placed around the glass tube con- 
necting the discharge tube with the absorption cell. 

The abundance of radicals in the absorption cell, as 
measured by the intensity of the microwave lines, is 
strongly dependent on pressure and discharge current.’ 
In the present apparatus it is not simple to distinguish 
between changes in the rate of production of the 
radicals and in the rate of their subsequent disap- 
pearance through recombination. It may be noted that 
maximum intensity is produced with only moderate 
excitation. Under conditions of optimum line intensity, 
the dc power input to the oscillator is in the neighbor- 
hood of 100 watts. To obtain comparable radical 
abundance with the dc discharge, more than 500 watts 
must be supplied. The discharge is normally powered 
by the two-megacycle oscillator. 


* Sanders, Schawlow, Dousmanis, and Townes, Phys. Rev. 89, 
1158 (1953); G. C. Dousmanis, Phys. Rev. 94, 789 (A) (1954) 

Sanders, Schawlow, Dousmanis, and Townes, J. Chem. Phys 
22, 245 (1954) 
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(b) Microwave Spectrometer 


We confine the description of the microwave spec- 
trometer to the wave guide enclosing the absorption 
cell and the apparatus for Zeeman: modulation. The 
other components and detection circuits are those of a 
conventional Stark modulation spectrometer' and need 
not be described here. 

A brass pipe, split in half (Fig. 1) and with holes for 
input and output tubes is mounted around the glass 
tubing. It operates as a cylindrical wave guide in the 
dominant (7E,,) mode. Microwave power enters and 
leaves the absorption cell through tapered sections 
which establish connection with standard sizes of rec- 
tangular wave guide. The microwave properties of this 
system are inferior to those of a Stark modulation cell. 
The presence of the glass cell inside the wave-guide 
results in an attenuation of the transmitted power by a 
factor of about 30. In addition, as the microwave 
frequency is varied the transmission varies as a result 
of reflections due to the glass, the tapered sections and 
the large holes cut in the wave guide. Despite these 
shortcomings sufficient power can be transmitted 
through the system for spectroscopic work in the region 
from 7000 to about 45 000 Mc/sec. 

Magnetic fields of a few gauss are produced by a 
close-wound single layer coil of No. 14 wire wound over 
the wave guide. Since this magnetic field is axial, and 
the wave guide is operated in a TE mode only AM=+1 
Zeeman components of electric dipole transitions are 
observed. During the greater part of these experiments 
a modulation frequency near 227 kc/sec was used. 
Modulation at a frequency of 100 kc/sec, which was 
used in the earlier part of this work,® is equally effective. 

The best sensitivity with such a system may be 
obtained by use of a square current wave form. How- 
ever, production of this type of wave in the coil (whose 
self-resonance frequency is approximately one mega- 
cycle) appeared so formidable a problem that a sine 
wave plus an appropriate amount of dc bias were used 
instead. 

The sentivity of the instrument was determined by 
comparison with a Stark spectrometer of known sensi- 
tivity. Microwave absorption lines of NO, and ClO, 
were examined with both instruments, and the sensi- 
tivity (minimum detectable absorption) was found to 
be near 10-§ cm~!. A somewhat low sensitivity is to be 
expected, because of the inefficient modulation system. 


(c) Intensity Considerations 


The intensity to be expected for one A-type doubling 
transition in OH could not be calculated accurately 
before any made, because of 
several uncertainties. First, the abundance of radicals 
which may be expected to be present in the absorption 
cell was not known. Second, the permanent electric 
dipole moment of OH is unknown. Third, one could 


measurements were 
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not predict with precision the width of the OH lines at 
any particular pressure. 

An expression for the peak absorption coefficient of 
a microwave line is*” 


8a? N f | wis|** 
a (1) 
3ckT Av 


where \/ is the number of molecules per cm’ in the 
lower state of transition, [#;;\*=square of matrix 
element of the dipole moment (electric in our case) for 
the transition, y= frequency of transition, and Ay=half- 
width of the line at one half maximum intensity. 
Assuming thermal equilibrium, the fraction of OH 
molecules in any state may be evaluated, since the 
energy level structure is well known. The form of the 
dipole moment matrix element is well known’ in the 
approximation of pure Hund’s case (6) coupling: 


| wes |2== y2A2/(J+1)(2I-+1). (2) 


[The effect of intermediate coupling on the matrix 
element will be discussed in Sec. 4(f).] 

Inserting numerical values in (1) for the J=9/2 
A-type doubling transition in the [ly state of OH at 
v~23 800 Mc/sec, one obtains for a single hyperfine 
component 

Y max = 2% 107* (Byu?/ Av) cm=, 


where @ is the percentage of all molecules which are OH 
radicals. « is the dipole moment in Debye units and Av 
the line breadth parameter in (Mc/sec) per mm, In- 
serting the tentative values! w=1.5 and Av=5, we 
obtain 

Y max = 0.98 10 cm=. 


Two previous determinations of the abundance of 
OH radicals were available. The first, obtained from 
measurements on the ultraviolet spectrum of OH 
produced by thermal dissociation of water, and in dc 
discharges yields an abundance in the latter case!" 
of about 0.1%. With abundance of this order we would 
have in the present work Ymax~9X 10~* cm™, which is 
detectable, but with some difficulty. 

The second method is less direct, and consists in 
inferring the radical abundance in the vapor from the 
concentration of H,O, in the condensate produced on 
the liquid nitrogen trap exposed to this vapor.‘ This 
method rests on a belief that the mechanism responsible 
for the production of H,O, is OH+-OH+M-—+H,Oz.,"* 


*J. H. Van Vleck and V. Weisskoff, Revs. Modern Phys. 17, 
228 (1945) 

*C. H. Townes and A. L. Schawlow, Microwave Spectroscopy 
(McGraw-Hill Book Company, Inc., New York, 1955). 

RK. P. Madden and W. S. Benedict, J. Chem. Phys. 23, 408 
(1955) 

" A.A. Frost and O. Oldenberg, J. Chem. Phys. 4, 642 (1936) 

*(. Oldenberg and F. F. Rieke, J. Chem. Phys. 6, 439 (1938); 
7, 485 (1939) 

4 R. J. Dwyer and O. Oldenberg, J. Chem. Phys. 12, 351 (1944) 

4 See K. H. Geib, J. Chem. Phys. 4, 391 (1938) for objections 
to such a mechanism of F-O, production. 
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OBSERVED SPECTRUM 


FREQUENCY (Mc /sec) 23 B00 23,840 


Fic. 2. Diagram indicating the A-type doubling and hyperfine 
structure in one rotational level of the [ly state of O'*H. The 
spectrum shown is that of the J =9/2 level. 


where M is a third body in or on the trap walls. HO, 
concentrations as high as 50% have been obtained both 
by the original experimenters and the present workers, 
leading to the conclusion that the dissociation of HO 
is nearly complete. From the above expression, 8 = 50% 
ZiVES Ymax™=4.5X10-* cm’, or a signal-to-noise ratio 
of about 4000 or more. However, these tests for OH 
were found to need re-evaluation when the microwave 
spectrum was detected, 


3. OBSERVED SPECTRA OF OH AND OD 


Each rotational level of OH, in both the Il, and the 
Il, states, is split into a A-type doublet. Each component 
of the doublet is further split by magnetic hyperfine 
structure, due to hydrogen or deuterium, into com- 
ponents characterized by the total angular momentum 
F(=J+I). F, of course, takes on the values J+} and 
J—4 in OH, and J+1, J and J—1 in OD. Figure 2 
shows the energy level arrangement for J=9/2 in the 
Il, state of OH. 

From the selection rule AF=0, +1, every A-type 
doubling transition is expected to be split into four 
hyperfine components in OH and seven in OD. In 
transitions of the type A/ =0, the hyperfine lines arising 
from the AF =0 transitions will be the strongest. There 
are two such components in OH and three in OD. The 
AF=+1 transitions (“‘satellite” lines) are much 
weaker" than the main (AF=0) lines. These satellites 
have been observed in the strongest of the A-doubling 
transitions (J=9%/2 IT, state) in OH that are reported 
here. 

Transitions due to several rotational states of O'*H, 
O"*H, and O"*D, in both the I, and Il, states have been 


Relative intensities for the hyperfine components are given 
in reference 9 and elsewhere. 
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observed. The observed signal to noise ratio ranges 
from 10/1 (Il, state, J=11/2 of OD) to about 1000/1 
(II, state, J=9/2 of OH). The O'8H spectrum was 
obtained with a water sample enriched to 1.4% in O"*. 
A representative value of the line half-width at one-half 
maximum intensity is about 800 kc/sec. This rather 
large width is due to a somewhat higher (0.1 mm Hg) 
pressure than is usual for microwave spectroscopy and 
to the sine wave modulation. 

The measured frequencies and their quantum assign- 
ments are given in Table I. The quantum number V 
designates the sum of the electron orbital (A) and the 
rotational angular momentum. J is N+S and equals 
N+4 in the Il, state and V—} in the I, state. It is 


Taste I. Frequencies of the observed A-type doubling transitions 
in OH and OD. 

















Elec- Experimental 
Mole- tronk frequency 
cule state N J Hyperfine transition (Mc/sec) 
OH MW 2 3/2 F=1—-F=1 7 760.36+0.15 
F=2—F=2 7 819.92+0.10 
3 5/2 P=2—+F=2 8 135.51+0.15 
F=3--F =3 8 188.94+-0.10 
hy 3 7/2 F=3-+F =3 13 434.62+4.0.05 
F=4+F=4 13 441.36+0.05 
4 9/2 F=5—F=4 23 806.5 +0.5 
F=4+F=4 23 818.18+-0.05 
F=5—-+F=5 23 826.90+0.05 
F=4F=5 23 837.8 +0.3 
> he F=5F=5 36 983.47+0.15 
F=6F =6 36 994.434+0.15 
OH I, 4 9/2 F=4—+-F=4 23 469.5 +0.5 
F=5—F=§ 23 479.1 +0.5 
o=:D i 3 5/2 F=3/2--F =3/2 8 110.20+0.10 
F=5/2--F=5/2 8 117.69+0.10 
F=7/2—-F =7/2 8 127.64+0.15 
4 7/2 P=5$/2-+F =5/2 9 578.51+0.15 
FP=7/2-+F =7/2 9 586.03+0.10 
F=9/2—F =9/2 9 595.26+0.10 
5 9/2 F=7/2-—+F =7/2 10 191.64+0.10 
F=9/2-+F =9/2 10 199.10+0.10 
FP=11/2—F=11/2 10 208.14+0.10 
6 11/2 F=9/2—F =9/2 9 914.39+0.10 
F=11/2-F =11/2 9 921.5340.10 
F = 13/2-+-F = 13/2 9 929. 88+0.10 
OD HM S 11/2 F=9/2-—-F =9/2 
F=11/2-F=11/2+ 8 672.36+0.10 
F =13/2-+F =13/2 
6 13/2 Fe11/2—-F=11/2) 
FP=13/2-F=13/2> 12918.01+0.10 
FP =15/2—+F =15/2} 
7 15/2 Fw13/2-—-F=13/2 
FP =15/2--F =15,/2, 18009.60+0.10 
F=17/2--F =17/2} 
8 17/2 Fe15/2--F=15/2) 


P=17/2--F=17/2) 23907.1240.10 
F =19/2—-F =19/2) 
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noted that the quantum number .V is well defined only 
for the higher rotational states. 

The initial assignment* V,J for the Il, state of OH 
was based on ultraviolet data.* However, these quantum 
numbers can be assigned from the fact that the fre- 
quencies of any two of the observed transitions of OD 
or of the II; state of OH allow, with the proper assign- 
ment, accurate prediction of all the other frequencies. 
The assignment is furthermore confirmed by relative 
intensity measurements and the observed hfs patterns. 

Assignment of the quantum number F is based on 
the observed relative strongest 
(AF=0) hyperfine components for a given J, which 
should be approximately proportional to the respective 


intensities of the 


values of F. 

One might be surprised that transitions due to the I, 
state have been detected with a magnetic spectrometer. 
The magnetic moment in this state, in a pure Hund’s 
case (a) quantization would be expected to be close to 
zero as a result of cancellation of the contributions from 
the electron orbital motion and the electron spin. 
However, the rotational energy will gradually decouple 
angular momentum [inter- 


} 


the spin from the orbital 
mediate coupling between Hund’s cases (a) and (6) | 
This spin uncoupling effect introduces a substantial 
magnetic moment into the I]; state even for as low a 
value of J as }, and makes possible the Zeeman modu- 
lation of the spectra by magnetic fields of about 5 gauss. 
A more detailed discussion of the molecular magneti 
moment appears in Sec. 4(d 


4. THEORY 


a) The Hamiltonian, Wave Functions in the 
Intermediate Coupling State, and 
Approximate Energies 


ular Hamiltonian involves (a) the rota- 
tional and the fine structure interaction L-S 
(designated hereafter as H,), (6) magnetic hyperfine 
structure (/7.), and (c) the interaction with an external 
ld (H;). The interaction due to the quad- 
rupole moment of the deuteron is expected to be small 


and will not be discussed since the observed hyperfine 


The mole 


terms 
magnetic fiel 


structure in OD can be accounted for within the present 


experimental error by the magnetic hyperfine inter- 
action alone. 


Ata is then taken as H,;+-H,.+H;, where 


H,= BL (J,—S,—L.)°+ J,—-S,-L, 


1L.S,+A(L,S,+L,S, 


BUI (J4+1)—A*]+ BS(S+1)+AL,S,—2B)-S (3 
+ B(L2+L,2)+ (2B+A)(L,S,+L,S, 
2B(I Lat+JyLy) 


The z direction is along the internuclear axis. As 
usual, A and B designate the fine structure interaction 
and rotational constants respectively, L and § the 
electron orbital and spin angular momenta, and J the 
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total molecular angular momentum exclusive of nuclear 
spin. A is the quantum number associated with J,. 
Definitions of the various symbols used and values of 
the constants in OH and OD are given in Appendix I. 

The first two lines in (3) give rise to the rotational 
and spin-orbit interaction energies; these terms are 
diagonal in A. The term B(L?+L,*) is diagonal in A 
and, to a high order of approximation, independent of J, 
Hence it adds to the energy a constant that will be ig- 
nored for the moment. The terms (2B+-A)(L,S,+-L,S,) 
and —2B(J,L,+J/,1,) are off-diagonal in A and give 
rise to the A-type doubling. Note that A and B are the 
fine structure and rotational constants with their usual 
meaning only in those terms of (3) that are diagonal 
in A. 

The magnetic hyperfine and Zeeman parts of the 
Hamiltonian (#7, and H;) are discussed in Secs. 4(c) and 
4(d), respectively. In the present section the eigenvalues 
arising from #7, will be given and wave functions con- 
structed for *II states in the general coupling scheme, 
intermediate between Hund’s cases (a) and (6). These 
wave functions are necessary for the calculation of the 
molecular magnetic moment, the hyperfine structure 
and the electric dipole moment matrix element, since 
the experimental data indicate a strong dependence of 
these quantities on the extent of intermediate coupling. 

The matrix elements of H, have been given by Van 
Vieck'* on the basis of wave functions that correspond 
to a Hund’s case (a) coupling scheme. In this repre- 
sentation both the electron orbital and spin angular 
momenta are quantized along the internuclear axis 
with and &, respectively. The total 
angular momentum along the axis is designated by 


eigenvalues A 


Q(=A+2Z). The angular momentum due to the end 
over end rotation of the nuclei is added to 2 to form J. 

There are six states to be considered: II,, II_;, My, 
IT_,, Zy, 


form a six-by-six determinant which can be factored'*® 


Y_,. The interactions between all pairs of states 


into two cubics by introducing wave functions of the 
symmetric and antisymmetric type rather than those 
that represent angular momentum of constant sign 
about the internuclear axis. In terms of the previous 
set (II,, I1_y, etc.) the new wave functions are 


[¥(A,2,Q)+y(—A, —Z, —2))/v2. (4) 


Vs m, ant 


One of the two 3-by-3 determinants into which the 
secular equation factors is 


2 “oh 


Zy\n—) 7 n 
ly} w* BA ei. (5) 


,| n* a 


along 
with the phase conventions to be observed, are repro- 
duced in Appendix II. In (5), «=a+é6 and u=6+¢, 


The matrix elements, as given by Van Vleck,'* 
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where 
a= Ey—Ent+B,(J+4), 6=(—1)*B,(/+}), 
6=(11/AL,4+2BL,|Z) 
and 


t= (—1)*2(11| BL,|Z)(J+4). 


The other cubic determinant is identical with (5) except 
that x=a—é6 and p=6—f€. 
Our procedure in this paper is to diagonalize (5) to 


successively higher orders of approximation. The 
energies can be written (order of magnitude) as 
E~((14+A/B+(B or A)/ Etec 

+((B or A)/Eeec)? +--+: JB. (6) 
The expansion parameters, then are (Erotational 
Ectectronic), 20 (Efine structure! Ectectronic)-'” Extec= Ez— En. 


With the constants'* A = — 139.7 cm™, B=18.52 cm“, 
and E= 32 682.5 cm™', the numerical values of the ex- 
pansion parameters in OH are (B/E)=1/1765 and 
(A/E)=1/234. (In other molecules the values are of 
the same general order of magnitude and in all cases 
the expansion converges rather rapidly.) A_repre- 
sentative figure for our experimental accuracy is one 
part in 150000. Hence the expansion should include 
terms of at least second order in the expansion param- 
eters. Even the third order term [(B or A)*/E,;° JB is 
actually somewhat larger than the experimental error. 
There are, however, several other small effects of the 
same order of magnitude (see Sec. 5a) that are ne- 
glected; hence inclusion of this term alone would not 
be justified. The terms of (6) will be corrected, to the 
appropriate order, for effects of coupling of rotation to 
vibrational motion, i.e., B is to be taken as 3,[=B, 
—(v+4)a,], where a, is the vibration-rotation inter- 
action constant and also is to be corrected for cen- 
trifugal distortion. 

The two II states are only 140 cm™ apart, whereas 
the = state lies 32 683 cm™' above them. Hence the 
rotational and spin-orbit energies [zero-order term in 
(6) ] can be obtained by diagonalizing the submatrix 


i: € ) 
” y—A 


= }(8+y)+4[(8—v)*+4!«!*]! 
= 4(8+y¥ \+4B,X, 


) 
The result is'® 


(8) 
where 


X =+[4(J+4)+AA—4)}, A=A/B, (9) 


The diagonalization of (7) yields in addition the 
needed wave functions: 


One may note that in expansion (6) the terms (B/E)° 
(B/E), (B/E> correspond to terms (m/M)', (m/M), (m/M), in 
Born Oppenheimer approximation 

“ G. Herzberg, Molecular Spectra and Molecular Structure. (D. 
Van Nostrand Company, Inc., New York, 1950), vol. 1 
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X—2+A X+ 2— A 
tan. = (—— ) vauy=(— —*) vans, 


X—2+)\3 X+2- 
tan. 2=4(———) vey +( = 
2X 2X 


(10) 
A\! 
) ¥(I)). 





¥(II,) and ¥(Il,) represent pure Hund’s case (a) wave 
functions. In the double signs of (10) the upper ones 
apply to regular fine structure doublets (A positive) and 
the lower to inverted doublets (\ negative). By letting 
h—>-4- © one sees from (10) that Wine. 1 and Wine, 2 denote 
those wave functions in the intermediate state that 
represent the pure II, and I], states respectively in the 
limit of Hund’s case (a) of regular doublets. For in- 
verted doublets this connection is reversed, i.e., for 
negative values of X, 


ig ‘ zs Vint 1— ¥(IT;), Vin: 2—> p(II;). 


In the limit, Hund’s case (b) (2BJ >| A|), the wave 
functions (10) will represent the two components of the 
spin doublet. In particular Pint. 1 and Wine. 2 go over 
to the states with J= V+} and J= V—} respectively. 
Expression (10) applies also to the lowest rotational 
level and properly expresses the fact that this state 
(|J|=4) is a pure ¥(I],) level. For J=4 Wine. 1 and 
Vint. 2 equal ¥(II,) for \ positive and negative respec- 
tively. As mentioned above, wave functions (10) will 
be used in evaluating the magnetic moment, hfs and 
line intensities. The effect of the = state which has 
been neglected in constructing (10) can be taken into 
account, when required in the calculation of these 
quantities, by second-order perturbation theory. 


(b) Molecular Energies to Order [ (EF... or Ex)/ 
E., ?. A-Doubling in *M and 9-Doubling 
in *= States 


The terms in first and second order in the expansion 
parameters that are to be considered arise from the 
interactions between the *II and *2 states. The most 
important effects of these interactions are the A-type 
doubling in the *II states and the p-type doubling in 
the *2 state. 

These higher order terms are derived as follows: The 
determinant (5) is expanded and written in the form 


xB-y+pen*+qu*e* — Bnm* — yuu* — xee* 


— (x8+ «y+ By — ce* —uyu*—n*)A+ (x +8+7)N—\M 


= (A—A1) (A~Az) (A—Az), (11) 
where 
Ay=AyO+A, é=1. 2, 3. (12) 
In (12) A, A2™, As™ are the zero-order solutions of 
(5): 
Ay w) == K, Az 3" = 4 (8+7+B,X). (13) 


If the A, from (12) are introduced into (11) and terms 
higher than first-order in A,“ or 1/E are omitted, three 
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linear equations for the unknowns A," are obtained. 
Ai? = (up*+m*)/E, 
a 


? 


(up* +1") 1 
2F EB,X 


+pen*+ | (14) 


The energies to this order had already been given’ in 
terms of these matrix elements. 

We carry out this procedure once more to obtain the 
next order terms. The derivation will be only briefly 
outlined here since it is rather straightforward, although 
tedious and lengthy. We write 

As=AyO+A,Y-+A,, 
A,@+A,™ is the sum of the zero and first order terms 
given by (13) and (14). Inserting (15) in (11) and 
equating coefficients of the same powers of A on both 
sides, one obtains three cubics in the new unknowns 
\,®. These become the following three linear equations 
when terms in powers of \; higher than the first and 
those in 1/E higher than the second are omitted. 


i=1,2,3 (15) 


1 
Ai? = —[uy*8-+m*y +uen*+ny** 
| ed 
— (nn* +-pp*) (a’+6) ], (16) 
+1 | (8+7)°-B EX? 
Ag a?) = — | up* tm) ) 
EBX 4 


B+y+B,X 
— (up*8-+-mm*y+pyen* tmute’)( ee 
— (a’ +6) (8nn*+yun* —yen*—u*e*n) 
B+yt =) 


? 


+ (a’+5) mt +uu)( 


+———| (8—7)*up*m* + e€* (u?u*?+-0°9™) 


— 2pp*nm*ee* — (8 —y) (up*—1m"*) 


X (uen* +au*)]} (17) 


In Eqs. (13)-(17) where double signs occur the upper 
ones are to be taken for the II, state and the lower for 
the I], state in inverted doublets. In regular doublets 
the upper signs apply to the II, state and the lower to 
the II, state. 
The energies then, to second order, are the sum 
Ag+ AMA. 


The \, given above represents only one component of 
the A-type doublet in each II state and given J. The 
energy of the other is given by the same expressions 
except that 6 is replaced by —é6 and ¢ by —f. 

The energy expressions involve the molecular con- 
stants E(=E:— En), B,, B,, \(=A/B,) and the fol- 


SPECTRA OF FREE RADICALS 


OH AND OD 1741 
lowing two products of specific matrix elements con- 
necting the *II with the 22 state: 
(I1| AL,+2BL,|2)(2| BL,| 1) 
and 
| {I1| BL,|=)|?. 
One considers the quantities 


(| AL, +2BL,|2)(2| BL,| 1) 


ap=4 >> (-1)* . 
L-states Ey Ey 
(18) 
: | BL,|= 
B,=4 > (-1)° 
Z-states | ee — En 


as additional molecular parameters that measure the 
effects of *S states on the “II state. The summation 
over > states in (18) is to indicate that the interactions 
of all = states with the “II are taken into account. 

The interaction with the *Y state produces a shift in 
the energy of each J level in the “II states and in 
addition splits it into the A-type doublet. We write then 
for the energy of a level with given J: 


W=Wi+4W,, (19) 


Explicit expressions for W in terms of J and the 
molecular constants can be obtained from Eqs. (13), 
(14), and (17) using the matrix elements listed in 
Appendix IT. They are 


where W, represents the splitting of the A-type doublet. 


W.=B,'(J—4)(J+9)4——-+C, 
? 


“- 


Mie B, 
=n —nu+n( + - (J—4)(J+4) 


B, 2 -X B, 
oan) (2Jrorn 
E 27E£ 


B, B, ie 
; | e-w(1 +—(J-~-4})(J+))- u+y)) 
2X E E 
B,X* 4B, 
+ JI (I+1)—-—(J HU-D+D] 
E E 


ay’ /2—d B, B, 
F ( )[i+ (J-4) (J+4)-- u+4y| 
88,\ X E E 


(J-})J+9) 2—-d\? 
+t |o"(( ) +I (I4 +4) 
B,X? 2 


+8,7(J +4) (2—d)*+1 ]—2a,8,(2—d) 
a,‘ ee) 
8 48, 
6,(B,—B,) 


KL (J+1)+3)+ 


J*(J+1)?, (20) 
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where ‘ (One may add to C; the term B,(L,.?+L,) that was 
F B, ay B,—B, neglected earlier.) Denoting the first- and second-order 
B, = B,—8,\ | ~a,\ 14 ’ contributions to W, as v4“ and v4@ one obtains 
s I 48, 2f 


B,” =B,{ 1 We=vg +r, (21) 
83,,E 
; a,’ ,; AB, B, B, S & & et 48, 
Sh oe od m= aS +i) ——_— JF Ub 
{ \B, B,—B.\ a,B, 
8,4 14 ’ : 
° 21 8} 2I x (J+4)(J+9), (22) 
J+) FX 
EX . 2 
(J++4) 
IB ((I+4)* (J4+1)—7/444/2)— J—-9) J4+9)) I Bf (2(J-43)(J+9)+X) 








I+) a, C2 J-3 JI+4)(J+}) 
B,(\—24X)¥- . —— . Ca 
EX 48, B,X* 
where addition, contribute directly to the p-type doubling as 
will be discussed below. 
Cy= — ayBy(N—4X+6)+ (Sry? +489") (2-2) —aty!/ By. We will discuss here the A-type doubling in some 


Oe I te te aa ‘ag nis i. ; 
— : dethil. The energy expressions given above apply in the 
In (20), (22), and (23) the upper signs apply to the I], g 5. I P app! 


: : e* general coupling scheme intermediate between Hund’s 
states of regular doublets and the I, states of inverted , 


‘ . ; cases (a) and (6). Simplified forms of the first order 
ones. The lower signs are to be taken for the I], state Kane of : ases ( b) can be obtai 
, ; | doubl term v4? for the pure cases (a) or (b) can be obtained. 
“or 1e€ state of inverted doublets - . : 
sas — and the Ij ons aa oo = OF However, if one uses the second order term v4;°, the 
molecules close to Hund’s,case (b) the upper and lower general formula (22) should be used for v4“? rather 
: nn) ~~ with © J1 and i . ; ae . : Seah Jar tt 
signs apply to states with V=J+} and V=J—}, re- than any limiting case form since the effects of inter- 
spectively mediate coupling are almost always larger than the 
The terms in first and second order in expansion correction »4® 
parameters appear above in a somewhat disguised form On the other hand, along with the general formula 


First order terms are directly proportional toa,, 8, or (22) for v4“? one can use, for molecules extremely close 


a,’/8,, whereas the ones in second order have de- to pure coupling s heme, simplified forms of v4®’. From 

nominators E or 8, X*. 23), letting A+ ©, one derives for pure Hund’s case 
The energy expressions given above do not contain (¢ {| >>2BJ/) for Tl, states: 

terms due to the interaction between the electron mag- 

netic moment and magnetic fields generated directly CT hen ~ 28; B,(ay— 285) 143 on 

by the rotation of the nuclei. Such terms have the form - >} ) 3 ae ae 

yN-S. These small effects are not easily separated from 

the ones due to the "II—*D interaction. The yN-S and for I, states 

interaction may be explicitly introduced in the Hamil- 

tonian. One then should add the constant term —y/2 to : a,p—2B8, ' 

the energies of II, and II, states and replace in the a= 7 1} )(J+3) (25) 

intermediate coupling formulas \ by A-+7/B, and X a 

approximately by In (24) and (25) the upper and lower signs apply to 
X’ =f 4(J+4)°(1—7/2B,)?+A(A—4) + 2ry/B, }}! inverted and regular doublets respectively. In deriving 


hese formulas terms of the form AB*/E* and B/E 


y is of order (m/M)A, and hence much smaller than have been neglected as small compared to A*B/E£’. 
either A or B. In the *E state this interaction will, in For the limiting case (6) (2BJ >|A!) from (23) 
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letting A0 


i 


2(B,—B,) 
———8,[ J?(J+1)P+J(J+1)(2I+1) 


yy” =+ 


B,+B 


+4 (J+1)4+]+ "8,[2J(J+1) +441]. (26) 


The upper and lower signs apply to states with V=J+4 
and .\=J—} respectively. Again in deriving (26) only 
terms of the form B*/ E* have been retained, the terms 
A*B/ FE and AB*,/ FE? being neglected. Hence (26) and 
also (24), (25) should hold only for cases very close to 
the pure coupling schemes. For cases such as the OH 


where |_A'~2BJ the general formula (23) has to be 
applied. 
In the 7X state for each rotational level with rota- 


tional angular momentum quantum number JV there 
are two states that correspond to the two orientations 
of § relative to N. The energies are the sum A,+A," 
+A,” given by (13), (14), and (16). Corresponding to 
J = N #3}, one takes in these expressions x=a-+ (—1)%8 
and 4=0+ (—1)*¢. Thus for levels of the same V: 


\B, 
Ws= Crt B/N(W+1)+|a,( 1- ) 
3 2E 


B,\ a2B, 
—28,(1- ~ V+}) 
( =I 7h ; 


B,—B, 
+ (a,~23,)( )vovenav+y) 





E 
B,—B, 
+23,( yr V+1)?, (27) 
E 
where 
Os 4—\\B,] 8.B, 
Cy= E- 1+( ) |+ (3—A) 
2L 2 E 2E 
a,’ 1—A\B, 
hag rd = 
48, 2 FE 
and 


B, B,—B, 
B,’= B.+23,(1- )-af ) 
E 2E 


a’ /B,+B, 
48, E 
The constants a,, 8, are defined as 
| AL,+2BL,\2)(z| BL, | M1) 
a,=4 > (-1) ; 
Il -states E:- En 
(28) 
1 ll BL, = 
8,=4 Da (—1)* . 
Il-states E:- En 
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and differ from a, and 8, only in that the summation 
is over all II instead of over all = states. If only one II 
State interacts with one = state then a,=a,, §,=(,. 
The upper and lower signs in (27) apply to the states 
with J/= V—} and J=.\V +4 respectively. 

The energy difference between these two states gives 
the p-type doubling: 


AB, B,\ a2B, 
n= aa(1- )-23.(1- )-- Jorep 
: 2E 2E 48,E 
B,~B, 
+ (a, ~28,)( )vov+nan+1), (29) 
E 


One sees from (29) that when the magnetic interaction 
constant A is zero, a,= 28, and both first- and second- 
order contributions to », vanish. Hence in this case the 
interaction with the "II state (Z-uncoupling) does not 
remove the degeneracy of the levels with J= V+} in 
*y state. The degeneracy however can be removed 
directly by magnetic fields generated by the rotation 
of the nuclei themselves rather than the transfer of 
rotational angular momentum to the electrons. The 
direct interaction (N-S) produces a splitting 


v,’=const(.V+4), 


which is of the same form as the first term of (29). 

Certain points concerning the form of the energy 
expressions for the “II and *2 states should be noted. 
The inclusion of effects in second order does not intro- 
duce any new parameters. ay, 3, and the similar 
quantities a, and @, suffice to describe the *Il—*2 
interactions to both first and second order in expansion 
parameters.” Part, but not all, of the first and second 
order terms (aside from the ones that contribute to 
doubling) have the J or .V dependence of the usual 
rotational energy terms. The effect of these terms 
appears as a contribution to that due to the “bona fide”’ 
moment of inertia. However, only a part of the higher 
order terms can be accounted for by expressions like 
Bettective/ (J +1). There are also terms of the form 
JP?(J+1) or N*(N+1)* which will add to the usual 
centrifugal distortion term. 

The relative order of magnitude of the first and 
second order terms can be readily established by com- 
paring, for instance, the two contributions v4“? and 
va” to the A-type doubling. Inserting approximate 
numerical values in (22) and (23) above for OH, one 
sees that 

va?’ ~ (1/350) 4", 


which is of the order to be expected from the values 
(1/234) and (1/1726) of our expansion parameters. 
From this result one might surmise that the energy 


” Note added in proof.—The constants a’, @ that appear in 
some of the second-order terms are strictly the squares of the 
first-order constants a and § only in the approximation of one II 
state interacting with one or several closely spaced J states 
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expressions given above should account for the *II—7Z 
interactions to about one part in 100 000 which is com- 
parable to the experimental! accuracy. There are, how- 
ever, substantial corrections to be applied to these 
formulas. The most important one, which also can be 
readily taken into account, is the effect of centrifugal 
moment of inertia. In addition to B 


affect \ and 


distortion on the 


this would 41SO Gy, Dy, As, Ds 


4 1 1 
The rotational constant may be 


D 
B B 1 \ or J 


where D Ss tne entrifugal distortion onstan 

1B In 72 states and also in the limiting 
Hund ise (4) for *II states V) is V(N+1). We 
A ec here a ore elaborate form, derived in Se t{ 
\ pple oO erme ile Oo p gy States A the 
is tne Io 


Expression (30 the separation of B from the 


iImpiues 


rest of the matrix element (pure precession | ypou esis 


only approximately correct ), but only for the centrifuga! 


orrection on B. For the main contribution to the 


energies the constants to be determined from the data, 


defined in (18) and (28) above, are quite independent 
of this restriction 


Strives ior ltl 


When 
i 


parable to that of the dé 


one eoretica accuracy om 


ita, the question arises w ether 
the constants a.. 8 a 6, are independent of sma 


changes in internuciear distance aside from the direct 


effect on 8) that result 


small change of the wave 


centrifugal stretching. A 


irom 


function from one rotationa 


state to the next, affecting the matrix (II L,|2 


7 


inexpected in extremely light molecules such as the 


OH. Such a variation is indicated by the experimenta 


data and is discussed, along with some other small con 


tributions to the energies, in Sec. 5(a 


c) Magnetic Hyperfine Structure 


The magne hyperfine structure may be considered 
to arise trom (¢@) the interaction l L of the nuclear 
magnetic moment with the orbital motion of the 


unpaired electron or electrons (6 the dipole-dipole 
interaction I-§/F—3(1-r)(S-r)/r* and the rela 
tivistic part of the spin-spin interaction that is charac 
teristic of atomic s-states 

The theory of magnetic hyperfine structure in dia 


SANDERS, 


AND TOWNES 


tomjc molecules has been given by Frosch and Foley,” 
who derived the Hamiltonian from the Dirac equation 
for the electron. An alternative and simplified deriva- 
tion of the hyperfine interaction, along the lines 
indicated in the preceding paragraph, has also been 
given.” This recent re-examination of the theory has 
revealed that two constants (denoted below by d and e) 
in the Hamiltonian of Frosch and Foley need be cor- 
rected by numerical factors of two. Aside from this the 
Hamiltonian is that of Frosch and Foley. Thus 





H.=al-L+ (b+< 1,S,+36(°S-+I-S* 
+4d(e'*[-S- +e *'"] + $+ 
+ef e' (S-J.4+-J-S.)+e-'#(S*].4-J°S.)], (31) 


vnere 
[+=],+ i] ] I / et 
uy 
2u lr ry 
l 
mn lox wy 
h vi 3 cos*y 1 f” |e ub v {)) 
3 I 
uy 
Su | 3 cos*x 1 r A 
I 
Su sin*x rT") aw 
I 
é Su SINX COSX TT") a 


? 


uo is the Bohr magneton (taken as positive) and yw; and 
I are the nuclear magnetic moment and spin respec- 
tor from the nucleus to 


the interacting electron and y the angle between r and 


tively. r denotes the radius vec 
he internuclear axis. The angle ¢ is defined through 
the re r sinx Cosy, y=r sitix sing, hence the 
is ett, ¥(0) is 


the probability density of electron spin at the nucleus 


ations 2x 


¢ dependence of the wave functivi 


whose hyperfine interaction is being considered. 


Che averages are to be taken only over the electron 
or electrons that contribute to the hyperfine interaction. 
the constant a 


In particular, the average involved in 


is to be taken over the electron(s) possessing unpaired 


orbital angular momentum, whereas the constants 8, c, 
1, and e are associated wit! carrying un- 
The terms a/J,L, and (6+<c)/,S, in (31 


natrix elements diagonal in A and = and give the 


eiectron(s 
paired spins 
have 
same energy contributions to each member of the A-type 
} hier 


double The operator 


d(ée'91-S-+e°**9[*S*)/2 


»™ R. A. Frosch and H. M. Foley, Phys. Rev. 88, 1347 (1952) 
*'G. C. Dousmanis, Phys. Rev. 97, 967 (1955) 
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has matrix elements of the form AA=+2 and for 
specific values of A and = gives equal and opposite 
contributions to each member of the A doublet. 

The matrix elements of H» are written down in a 
pure Hund’s case (a) representation, using the relation®; 


aJ \Tia’J a]! Je’ J)T-J/I(I+1) 
F . for matrix elements diagonal in J 
Thus 
I1,! He| 1y)=$La—4$(b+c) JI-J/J(J+1) 
rs . 
thd(J+3)I1-J J(J+1), 
32) 
I,| H2| Ty)=$La+4(6+c) ]I-J/J(J+1), 
(11y| H2| My)= — 400 (J —4$) (J +§) I-J/J (J +1). 
The hyperfine energies are evaluated from these matrix 
elements and the wave functions given in (10) above. 
For the general coupling case intermediate between (a) 
and (b 
1 
Ww 2a(+2X+2— 
+4 
+b(4(J—$)(J+9)4+X+4—2h) 
I.J 
+e(+X+4—2h) 
J(I+1 
1 f+X—2+%X (J+4)1-J 
33) 
2 +2X J(J+1) 
rhe double signs in (33) need elaborate explanation 
The positive sign in front of XY applies to states that 
go over to the pure II; state of Hund’s case (a) for 
regular fine structure doublets or the I]; state in 
inverted doublets. For states close to case (6), the 
positive sign applies to that state that goes over to the 
J=N+4 member of the spin doublet. The negative 
2 I 
: . sign in front of X is to be taken with states that are 
connected in case (a) with the II, state for regular 
doublets or the II; state for inverted ones, and in 
‘ . Hund’s case (b) with the state J/=V—} 


The terms of (33) proportional to a, 6 and ¢ give 
identical hyperfine structure for each member of the 
\ doublet. Superimposed on this structure appears the 
“hyperfine doubling” term in d which gives equal and 
opposite contributions to each member of the A doublet. 
rhe positive sign in front of d applies to the upper and 
the negative to the lower A-doublet level in II, states 


in case (a) and the state with J=.V+} case (6). The 
signs are the reverse in case (6) for the state J/= .V—}. 


The term in d vanishes for IT; states in case (a) 


2 For a detailed description of this “ 
reference 9 

%E. U. Condon and G. H The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1953), p. 61 


hyperfine doubling” see 
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Simplified expressions for Wy, that apply in the 
limiting cases can be derived from (33) by letting 
\—+ © or \—>0). These special formulas have been given 
elsewhere.® 

Certain second-order effects have been neglected in 
deriving (33). These are due to cross terms between 
molecular (H;) and hyperfine operators (H;) with 
matrix elements of the form AA= +1, which connect *II 


and *E states. These effects are very similar to the CI-J 


interactions in 'S molecules. Their approximate mag- 
nitude is 
{ BJ 
‘Whats or Woes 
E:—En ty Ln 
or for OH about 0.4 Mc/sec. These effects then would 


give contributions somewhat larger than our experi- 
mental error, but not substantial enough to warrant 
quantitative determination from the present data. 
Terms of the form W pte’ (Ey En), Ht hfe (Eny— Eny) 
and W4"/ Ero are smaller than the experimental error 
by an order of magnitude 


d) Molecular Magnetic Moment and Zeeman 
Effect 


he effects of intermediate coupling manifest them- 
selves rather prominently in the molecular magnetic 
moment. In a Hund’s case (a) coupling scheme both L 
and § are quantized along the internuclear axis. The 
magnetic moment in the IT, state would be rather large 
(about two Bohr magnetons) whereas it would be 
close to zero in the II; state. An increasing amount of 
end-over-end rotation of the nuclei gradually decouples 
the spin from the axis and the I], state gains thereby 
magnetic moment at the expense of the II, state. The 
extent of spin uncoupling for given J depends exclu- 


sively on the relative values of the spin-orbit coupling 
A and the rotational constant B. 
Quantitatively, the operator 
uo)(L+2S) is evaluated in the appropriate inter- 
mediate coupling eigenstate represented by the wave 
functions (10) above. We assume that the applied 


constant 


magnetic moment 


magnetic fields are too small (as is our case) to influence 


the molecular coupling. The matrix elements are 


Ny! us| Ty) =0, 

114! uy | 1y)= —3u0/fJ(J+1) }, 

Ty! ws | 1%y)= pol I-39) S+))/JI+1)}! 
a2 


From above and (10) the magnetic moment is obtained 


as 
Me 3 2(J—4)(J+4$)—fA+3 
My . J( + : 34) 
F(J+1)}N2 [4(J4+4)?+AA—4))}! 


In the double sign of (34), the positive one applies to 
I], states of regular and Tl, states of inverted doublets 
in Hund’s case (a) and to the state with J= V+4 in 
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ign applies to a ouner cases 


so be obtained 


general for- 


Che effect of the *2 state are neglected To this 


approximat or hot! members of ne A-tvpe doublet 


have identical magnetic moments given by (34). A more 


det 


tiled aiculation sho take into account the 


anomalous momet id the influence of 


the *2 state. Both of these effects are of the same order 
of magnitude (~0.001u ind much smaller than the 
ontributions from intermediate coupling, except for the 
lowest rotational level J/=4 in II, states where the 
ntermediate coupling effect vanishes. In pure case (a), 
for II, states 34) becomes 
$y 
MJ 35 
I+ 


u / l 
alg (33 1+4)4 ): 36) 
ry(J+1)}) 27+1 


extremely high rotational 


one would 


and for 
expect, since A Is 
in OH (A 7.44) as a fur 


is shown tn Fig. 3. The rise 


parallel or antiparalle 
The behavior of uw, 
of J } 


as given DY 34 
magnetic n 


tion 
of the 
and a value 
phat aock 


substantial 


oment with J in the II, state 


demonstrates 
2 


already of 0.3uo for J 


Zeeman splittings can be obtained with fields of only a 


few which allows convenient detection of the 


gauss 
spectra by Zeeman modulation 
At low fields that do not disturb the coupling scheme, 
and if nuclear spin is neglected for the moment, the 
“FEL. Hill, Phys. Rev. 4 
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SANDERS, 


AND TOWNES 





Zeeman energies are 


Wa=—p-H=gsuoH My. 


(37) 


The molecular g-factor g, is given by dividing the 
expressions for wz by (—yo)[ J(J+1) }}. 

When the hyperfine structure is much larger than the 
Zeeman energy, Zeeman effects in the presence of 
hyperfine structure can easily be calculated. Approxi- 
mate numerical comparison of (33) with (37) (H~5 
gauss) shows that this is the case in the II, state of both 
OH and OD and the II, state of OH. In these states 


Ws! = gruoll VU rp, 
F(F+1)+J(J+1)—1(I+1) 


‘ 8) 
2F(F+1) 


cr 87 


The small term p,-H is neglected in (38). For the Tl, 
state in OD, (33) and (37) show that the hyperfine 
structure and the Zeeman effect are of the same order. 
This case requires more detailed treatment.’ In the 
present work the Zeeman effect 
for detection purposes and precise measurements of it 
were not attempted. 


was used exclusively 


(e) Matrix Element for A-Type Doubling 
Transitions in Intermediate Coupling 


We are interested in the matrix element for electric 
dipole transitions of the type AJ=0 between the two 


members of the A doublet. 


eval 


Che quantity that need be 


1ated is 
aJ | pk! a’J), 


where a and a’ stand for the two states of the symmetric 
and antisymmetric type given by (4) above, u is the 
electric dipole moment and k a unit vector along the 
internuclear axis. 

In pure case (a) the matrix element is® 


wij) =wQ/T(J+1)(2J+1) }. 


We use wave functions (10) to evaluate this in inter- 
mediate coupling. Since the electric dipole moment 
operator has no matrix elements connecting the II, and 
Il, states, u;; is simply the sum of the contributions 
from the two pure components in each of the wave 
functions (10). Hence 
Va 
wij)? 2; 


(J+1)(2J+1)4X7 


+ X¥—2+4)? 


+2.7(+ X¥+2—A)?+20,2,(X?— (2—A)*)]. (39) 


With 2,=4 and Q,= in (39), the upper signs in front 
of X are to be taken for the state J =.V-+4 in case (6) 
or in case (a) for the II, state when A is positive and for 
the II, state when X is negative. The lower signs apply 


to the state which gives J = .V—4 in case (6), or to the 
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II, or Il, state in case (a) if is positive or negative 
respectively. 

In the limit of pure case (b), we can neglect (2—d) 
compared to X and (39) becomes 


ye Q:4+22\? 
a = ( ) ¢ 
(J+1)(2J+1) 2 


This expression applies to both components of the spin 
doublet, and is identical with the one for /-type doublet 
transitions in linear triatomic molecules. 

The main feature of the intermediate coupling for- 
mula (39) is that y;; * in case (a) is 9 times stronger 
(for the same J) for the I], state than for the Il, state. 
During the transition from case (a) to (6) the ratio 
ui;\? in I], to that in I, state gradually decreases until 
it becomes unity in case (8). 

Expression (39) is the appropriate one to be sub- 
for the calculation of line intensities. 


(J+1)(27+1) 
(40) 


stituted into (1) 


(f) Centrifugal Distortion in Intermediate 
Coupling 


Effects of centrifugal distortion for a light molecule 
such as the OH represent substantial corrections that 
have to be applied to all expressions involving the rota- 
tional constant B. One uses 


Do 
B=B (: ), (41) 
By 


where Dy is the centrifugal constant and f has the form 
N(N+1) in pure case b 

We need the form of f that applies in the intermediate 
coupling state. One can see that the distortion will 
depend on the extent of intermediate coupling from 
the following simple consideration. In pure case (5) the 
distortion depends exclusively on .V, which fails to be 
a good quantum number when the perturbation AL-S, 
with matrix elements A.V = +1, introduces intermediate 
coupling 

One can calculate f in the general case starting with 
basic wave functions of case (a) [ (10) above] or case 
(b). It is probably more appropriate to use for this 
correction basic wave functions of Hund’s case (6), 
since in OH the value of Dy has been obtained from 
involving higher rotational 
form V(N+1). We will then 
calculate this distortion starting with the case (6) 
representation, where the fine structure rather than the 


ultraviolet measurements* 


states and using the 


rotational energy is considered as a perturbation. To 
obtain the required intermediate wave functions the 
matrix 


REE R 
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need to be diagonalized. The matrix elements are® 


Ay= BU(J+4"+J—3)—A (2/+1), 
Ho= BE (P2—43)—1]+A4/(2+1), 
Hy.= AL (J+3P—1)¥/ (2J+1). 


(42) of course yields the same energies (8) that were 
obtained on the basis of the case (a) representation. 
The intermediate wave functions, in terms now of those 
in pure case (b), that are derived from the diagonaliza- 
tion of (42) are 


+X+2(J+})—d\/(J+4)\! 
Vint w= ( : )va=s- 
+2X 


-X+2(J+4)—d/(J+4)\! 
-( )va J+}). (43) 
F2X 


rhe upper signs apply to the states V=J—} in pure 
and to the II; and II, state in case (a) for » 
positive and negative respectively. The lower signs 
apply to states that connect with V=J+4 in case (6), 
and to II; and Il; states in case (a) for positive and 
negative values of \ respectively 

In the pure state V=J—}, f 
and in state V=J+4, f= 


case (0b), 


f=N(N+1)=P—} 
V(V+1)= (J+1)*—}. Since 
this correction term for B has the form .V? and no 
matrix elements of the type A.V = +1, for intermediate 
coupling 


a’*)(J+1)—4 


line a*J*+- (1 i: 


Here a and (1—a*)! are the amplitudes of the pure case 
(6) states in the intermediate wave function as given 
by (43). This becomes, if the constant term is neglected. 


-X+2(J+4)—d/ (J 4-4) 
fine. r= J*4 ( yu +4), 
-Y 
(44) 


The states to which the upper or lower signs apply are 
as explained for (43). Expression (44) reduces to the 
appropriate forms V(.V+1)+cnost for both members 
of the spin doublet in case (6) and to J(J+-1)+const 
for II, and Il, states in case (a). 

In all formulas where B appears, including A and 
II) BL, |), it will be corrected according to (44). 


5. INTERPRETATION OF EXPERIMENTAL RESULTS 
COMPARISON WITH THEORY 


(a) A-Type Doubling Variation of the Matrix 
(11| L,| XZ) with Rotation 


One obtains the separations of the two A-type doublet 
levels (v4) by subtracting the hyperfine structure (using 


* E. Hill and J. H. Van Vieck, Phys. Rev. 32, 250 (1928) 


1748 DOUSMANIS, 


SANDERS, 


AND TOWNES 


Tasie Il. Comparison of experimental and calculated values of the A-type doubling separations (v4) in OH and OD. The experi 
mental values are obtained by subtracting the hyperfine structure from the data of Table I. Calculation A shows a fit with the theory 


that includes terms in both first and second order in [ (F 


rot OF Egg) /E,: }. In calculatien B, in addition, a small variation of | (M1! L,|Z)|* 


~ one part in 1400) from one rotational state to the next is allowed. Centrifugal distortion has been taken into account in A and B 


see text 


Electronic 

Molecule state N 
OH 1 2 3/2 
3 5/2 
Ty 3 7/2 
4 92 
5 11/2 
OH ly { 9/2 
OD ly 5 5/2 
4 7/2 
¢ 9g 2 
6 11/2 
Il, 5 11/2 
6 13/2 
7 15/2 
a) 17/2 


the Interval Rule) from the measured frequencies listed 
in Table I. 

These undisplaced frequencies are compared with the 
theory that includes both first and second order terms 
in expansion parameters as given by (22) and (23 
above. Centrifugal distortion is taken into account ac- 
cording to (44) which is applied te B, A and (II! BL, |Z). 
Of the seven molecular constants (A, ay, 8», By, Bs, Do, 
E= E:— En) that enter the theoretical expressions the 
ones that appear in the main term [v,4“? ], aside from 
Do, are X, ay, and f, 
determined from the present data. The others, including 


or in the 


These three constants will be 


Do, appear only in the second order term 4° 
and known 


sufficient for 


small centrifugal correction to v4“ are 
[ accuracy 


whict 


earlier work’'*® to an 


purposes. The values 


from 
present were used are 
listed in Appendix I 

There are hence three parameters to be evaluated from 
the data for each molecule. For OH these three must 
satisfy five equations, and the three constants for OD 
must fit eight equations. One such fit that can be con- 
sidered as best is compared with the experimental 
results in Table II (Column A). The 
constants are, in OH: A 7.410, a, 
Mc/sec, 8,= 572.99 Mc/sec; and in OD: A 
a» 1545.99 Me ‘sec, 8, 160.72 Mc/se« 
ations appear as systematic functions of J. The average 
deviation is about 13 Mc ‘sec in OH and 9.6 Mc/sec 
in OD or about one part in 2000, One can fit the experi- 
deviation of about 15 
are 


values of the 
— 2358.95 
~ 13.890. 
The devi- 


mental data with an average 
Mc/ sec 
neglected. Such fits, however, and the constants thereby 
determined, do not have much meaning since the term 


even when terms in second order (v4 


va” is as large as 120 Mc sec 


For the above calculation (results in Table II, 
Column A) the matrix (II L,'=) involved in the 


constants a,, 8, is assumed to be independent of J. We 





vA Experimental A B 
Mc/sex va(cal.) —v4(ex va (cal.)ra(exp.) 

7 797.59+0.15 —1,29 +1.35 
8 166.08+0.15 + 3.86 —2.81 
13 438.41+.0.05 ~15.14 ~ 6.65 
23 822.98+-0.05 ~11.19 —6.54 
36 989.41+0.15 +33.11 +11.40 
23 474.8 +05 -~13.8 ~9.7 
& 120.37+0.15 -7.56 +2.46 
9 587.93+0.15 -7.64 -1.49 
10 200.7140.10 —0.25 —3.02 
9 922.78+-0.10 +12.39 -4.17 
8 672.3640.10 ~11.00 ~1.62 
12 918.01+0.10 1.16 —1.59 
18 009.60+0.10 —2.24 +1.54 
23 907.12+0.10 +2429 +12.79 





may allow for some variation in the electronic wave 
function with the change of internuclear distance that 
results from centrifugal stretching. The order of mag- 
nitude of such a variation can be established from the 
following consideration. A change of the internuclear 
distance by 100%, for example, would produce a change 
roughly of the same order in the molecular wave function 
(and the A-type doubling). Hence for infinitesimal dis- 
placements 


Ay /y~Ar/r= — DwN(N+1)/2B, 


where Dy is the centrifuga! distortion constant. We 
write then approximately 


(Ly! | L,|2)!*)of1-—CN(N+1)], (45) 


2) y= ( 


where C is of order Dy/ Bo, and one may use the inter- 
mediate coupling formula (44) instead of V(.V +1). 

Introducing this variation in the parameters a, and 
3, and using again (22), (23), and (44) we obtain the 
fit shown in Column B of Table II. The agreement 
between calculated and experimental values is con- 
siderably better here than above when no variation in 
the wave function was allowed. The average deviation 
is reduced to 5.8 Mc/sec in OH and 3.6 Mc/sec in OD 
or about one part in 3500. The better agreement with 
theory, in all cases, of the OD data is not surprising in 
view of the faster convergence of the energy expansion 
(6) in this molecule [B(OD)/E~4}B(OH), E }. The value 
of the parameters obtained from this calculation, which 
we take as the values of the molecular constants are for 
OH as follows: 


N= —7.444+ 0.017, 
a,’= — 2361.3742.95 Mc/sec, 
8,°= 576.18+1.64 Mc/sec, 

C in (45)= (1.2+0.5)Do/ Bo; 


Il 
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and for OD: 

= — 13.954+0.032. 

ap * 1548.99+ 2.10 Mc ‘sec, 


8,"=161.94+0.61 Mc 
C= (1.2+0.5)Do/ Bo. 


sec, 


The superscript 0 indicates that these values apply to 
the lowest vibrational and rotational levels. For higher 
rotational states the parameters are to be evaluated 
from the values given above and (44), (45). With the 
above value for C, expression (45) represents a variation 
of about one part in 1400 in the electronic wave function 
from one rotational state to the next. 

The uncertainties quoted in the molecular constants 
are mostly due to neglected effects in the theory rather 
than the experimental error. These are 

(a) The interaction yN-S, where y is of order 
(m/M)A. The A-type doubling will be affected to the 
extent that this interaction will influence the inter- 
mediate coupling as discussed above. The order of 
magnitude of the effect is (m/M)v,“ or about 2.5 
Mc/sec for the J/=13/2 state of O'*D. Inclusion of this 
effect would bring the calculated frequencies in some- 
what better agreement with the experimental results. 

(b) The effect of the *2 state in third order in expan- 
sion parameters, contributing terms of the form 


A or BJ 3 
( ) Va ! e 
Ey—Ey 
This would be about 0.3 Mc/sec for J=13/2 in O'*D, 
(c) The influence of the *A state. The A-type doubling 


in the 7A state is'® 
48B*(J—1)J(J+1)(J+2) 
(Ex _ Ey )*( E:- Es) 


The corresponding terms in *II states would be of order 


A or BJ BJ 
(sam) hzaape” 
E:- En Es— Ey, 


The value of Ey— 4 is not known. If one assumes it 
to be comparable to Ezy— En, this contribution would 
be of the same magnitude as the one due to the 72 state 
in third order [ (6) above ]}. 

(d) Centrifugal distortion to order (B/wy,,)*. The 
rotational constant B has been corrected to order 
(B/win)® by (44). The next correction term in the 
rotational energy has the form HJ*(J+1)*, where 

2B? 
H=— 


3a in’ 


(2B? —agevin). 
The effect on the A-type doubling is 
2H 
—J?(J +1), 
B 


or about 0.1 Mc/sec in J=13/2 of O**D. 


FREE 
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Taste III. Effects that contribute to or affect the A-type 
doubling. The numerical values apply to the J=13/2 state in 
the Il; level of OD. By taking into account (1)-(4) and using 
the experimentally determined constants one calculates a fre- 
quency v,=12 916.42 Mc’sec. The observed value is 1.59+0.10 
Mc ‘sec higher. One sees that the estimated contribution from the 
neglected effects (5), (6), (7), and (8) is comparable to 1.59 Mc, 


sec 


Numerical 


value 
Descripti Order of magnitude Mc. sec) 
(1) Effect of *E state 1 or BJ 
to first order in ~ PBJ wy," 12 957.00 
expansion param- E:—En 
eters 
(2) Centrifugal distor SB? 
tion on B to order va" —71.49 
Bw) @vin® 
(3) Effects of * state A or BJ 
state to second va" +66.73 
order Ey—En 
(4) Variation of elec- 4Bey? 
tronic wave func —y,) ~35.82 
tion with rotation @vib® 
(5) Effect of the inter m 
action yN-S va" ~2.5 
W 
(6) Effect of *2 state to A or BJ \? 
third order va’ ~).3 
Ey—Ey 
7) Effect of *A state {or BJ BJ 
- - Fog? ~).3 
Ex:—En Exy~Eg 
(8) Centrifugal distor- 
tion on B to order AA 


4B2J* /12B 
ae Pog 
(B/w)* Sevir® Lovin 


The numerical estimates of the contributions (a), 
(b), (c) and (d), based on the above approximate ex- 
pressions, are comparable with the deviations between 
calculated and experimental frequencies (see Table II). 
We note also that the deviations are seen from Table II 
to be monotonic functions of J, which is the behavior 
to be expected from the higher order terms. One may 
then ascribe the discrepancies (about one part in 3500) 
to the negiected effects (a), (6), (c), and (d). A small 
part of the deviations may also be due to use of the 
pure precession hypothesis in calculating centrifugal 
effects on B. From what follows, the hypothesis would 
appear to be somewhat inadequate for evaluating the 
centrifugal effects with accuracy commensurate to that 
of the data. The various contributions to the A-type 
doubling, with numerical values for a particular value 
of J, are summarized in Table ITI. 

We compare the present values for the molecular 
constants in O'*H with those previously obtairied from 
ultraviolet work. Our value for \ (—7.444+0.017) is 
1.3% lower than the previous value of Dicke and 
Crosswhite, who reported? —7.547. Inspection of their 
data indicates that the uncertainty may be as large as 
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q 


and values calculated from the pure precession hypothesis 


a, and §, are in Mc/sec. 


ent u 


distortion, 


one 


the earlier work. Considera- 
effect tually bring 


present one 


A-doub 
Mece/ se 


rood 


in OD 


WOrk 


flerent isotopi 
! 


proportional to B whereas 


onstan 


stru 


is 1.8761+0.0030 compared 
And (, 


3.5204 for the 1 


ratio 


585+-0.0035 


wave Tunction y l 
The electron wave function is assumed in ompari- 


son to be identical in OH and OD, and Fy gn in OD is 
*R S. Mulliken and A. Chri rh 
7 M. Ishaq, Proc. Roy. Soc. (London 


tional references are given in reference 18 





Experimental 

— 13.954+0.032 

1548.99+2.10 
161.94+0.61 


Calculated 


11.558+0.025 


taken to be identical with that in OH (32682.5 cm“). 
The result above indicates that a value reported**'’ 
for Ey— Eq in OD, about 10 percent different from that 
in OH, must be in error. It is also implicitly assumed 
in the above comparison that the inverse moment of 
inertia B can be taken as a constant multiplying the 
matrix (II| L,|2) in a, and 8,. This is part of the pure 
precession hypothesis." 

rhe pure precession hypothesis makes the assumption 

at the orbital electronic angular momentum is of 
constant magnitude and precesses at a constant rate 
about the internuclear axis. Under these conditions the 


constant a, becomes 


24+4B)B 


rhe values of the constants so obtained are compared 
in Table IV with the experimental results. One sees 
that the agreement is only to within 35%. Despite this, 
the pure precession hypothesis is quite useful since one 
these higher 


in estimate from it the magnitude of 


order effects in the absence of precise experimental 


work 


b) Relative Line Intensities 


[he observed relative line intensities confirm the 
prediction of the intermediate coupling formula (39) as 
to the behavior of the electric dipole matrix element in 
the transition from Hund’s case (a) to (6). The ob- 
served intensities in the IT, lines relative to those in II 
state are larger than one would predict from Hund’s 


case (a) quantization [or smaller than predicted from 


case (6) ] and appear to vary from one rotational state 


to next in accordance with (39 


c) Magnetic Hyperfine Structure and Coupling 
Constants 


Ihe magnetic hyperfine structure results are fitted 
33) above. The hyperfine doubling term in d is 

a measure of the difference in the hyperfine structures 
of the two A-doublet levels, which equals the frequency 
difference of the two main (AF =0) lines in OH or the 
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difference between the two extreme members of the 
main hyperfine triplet in OD (see Fig. 2). Denoting this 
frequency difference by Av, we have from (33), in OH: 


+X—2+d) (J+4) 
an=a(- ) 


~ ———, (46) 
+2X J(J+1) 


and in OD: 


+X—2+A\2(J+4)* 

an=d( — ) . (47) 
+2X /J(J+1) 

where the upper and lower signs apply to the II, and MU, 
states respectively. The hyperfine results (Table I) for 
the main lines are fitted with the single parameters d 
in each of the two isotopic species. The values obtained 
are, in Mc/sec, 


d(OH)=57.0+1.5 and d(OD)=8.69+0.16. 


The calculated and experimental values of Avy, are 
compared in Table V. The agreement is to about 2% 
and quite satisfactory in view of the approximations 
used in deriving (33). 

The hyperfine structure in O'SH should according to 
theory be equal, within the present experimental error, 
to that in O'*H. Our measured value for A»; in O'8H 
for J=9/2 is 9.6+0.5 Mc/sec compared to 8.72+0.10 
in O'*H. The indicated discrepancy is so marginal that 
more precise measurements are required to establish 
any real difference in the hfs oi the two species. Such a 
difference would be rather surprising 

The other experimental information, besides the 
hyperfine doubling, is the frequency separation of the 
two satellite lines (AF = +1). This frequency separation 
is equal to the sum of the hyperfine structures in the 
two A-doublet levels (see Fig. 2). From (33) we have, 
in OH 


Av, =A(vpis44— YF J ;) 
2J+1 


=- [2a(+2X+2—d) 
+4) (J+1)X 


+4b(J —4)(J+3)+ (b+c)(4X+4—2d)], (48) 
where the upper and lower signs in front of X apply to 
the II, and Il, states respectively. Because of their low 
intensity, we have been able to observe these satellites 
only in the strong J=9/2 spectrum of O"*H in the Tl, 
state. In this state Avy,=31.340.8 Mc/sec. From this 
information alone the three constants a, b, and c 
involved in (48) cannot be determined. If one assumes 
that the electron with the orbital angular momentum 
is also the one that carries the free spin, then the relation 
c=3(a—d) holds and one is left in (48) with the two 
constants a and b. In a pure p state ¥°(0)=0 and the 
constant 6 is from (31) simply —c/3. However, a small 
admixture of s state (about 2.5%) has been found in 
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Taste V. M ic hyperfine structure in OH and OD. Ar: 
designates the frequency difference between the two main 
(AF =0) lines in OH or the difference between the two extreme 
members of the main hyperfine triplet in OD. Av, denotes the 
frequency separation between the two satellite (AF = +1) lines 
in OH (see Fig. 2). All values are in Mc/sec. 


Mole Electronic 


cule state \ J Ari exp Av: cak 


OH Tl; 


59 5640.25 
53 4340.25 


6.74+0.10 
8.7240.10 
19.96+0.30 


mm rh 


O"H Il 9.640.5 


Nm 


OD ih 17.36 
16.77 
16.25 
15.78 


17.4440.25 
16.75+0.25 
16.50+-0.20 
15.49+-0.20 


Ww hw Nh 


<21 1.70 
<3.9 2.14 
<3.0 2.53 
<3. 2.90 


he th bo bt 


te 


Av, =31.340.8 Av, = 31.31 


the similar cases of the O'0"" and NO molecules™** 
to contribute to the hyperfine structure an amount 
comparable to the classical dipole-dipole part of the 
interaction. Calculations based on atomic orbital ap- 
proximations and on the NO results” indicate that only 
a crude value of a (accurate to about 40 percent) can 
be obtained if one assumes ¥°(0)=0 and solves (48) 
for a using the experimental result for Av,. The value 
so derived is 


a= 58+ 20 Mc/sec, 


where the correct value is probably closer to the lower 
rather than the upper limit. Measurements of these 
satellites are needed in additional rotational states to 
determine the constants 6 and ¢ and reduce the uncer- 
tainty in a. This would require a spectrometer of some- 
what higher sensitivity. 

Expression (33) predicts that the satellites must be 
symmetrically spaced with respect to the main lines. 
The observed satellite frequencies in the Ij state 
(Table I) are, within experimental error, in agreement 
with this requirement. It is interesting to note that the 
theory, with the values for the constants given above, 
indicates that in the I], state the satellites should be 
inside the main lines rather than outside as observed in 
Il, state. This is due to the preponderance of the 
hyperfine doubling term over the rest of the hyperfine 
structure in the II, state, which inverts the hyperfine 
components in the lower A-doublet level. Such be- 
havior has been observed in the spectrum of NO.” 


* Miller, Townes, and Kotani, Phys. Rev. 90, 452 (1953). 
™C. A. Burrus and W. Gordy, Phys. Rev. 92, 1437 (1953). 
* Gallagher, Bedard, and Johnson, Phys. Rev. 93, 729 (1954). 
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d) Molecular Electronic Structure 


Parameters that depend on the electronic wave 


functions are involved in the present results on the 
A-type doubling and the hyperfine structure and can 
be used as tests of proposed schemes for the electronic 
structure of the molecule 


The most ire for OH ted to 


I e ad 


important struct IS Exper 


lsa)*(2s0 Lpa)\2pr 


In A doubling, the experimentally determined param- 
and 8, depend on 


11! L,!)*? 


for OH with the pure precession hypothesis gives values 


eters a, the electronic wave Tunction 


through the quantity The above structure 


for the A-type doubling which agree, at least quali 


tatively, with the experimental results (Sec. 5a above 

More defin 
inpaired electron orbital 
the 


parameters a and d. From 


te information on the distribution of the 
ind spin angular momenta in 
ile is provided by the hyperfine structure 
+} 


mole 
e experimetal values of 
these quantities and using the definitions (31), one 


derives, in OH 
1/2*) 0.75+0.25)®% 10" 


sin’y 9) = (0.490+0.013) K 10" 


kor OD 
0.486+ 0.009) x 10F* cm 


The un 


for OH 


e€ assumption 


in excelient agreement with the value 
certainty in the value of (1 r),ai to tl 
correct vaiue 


that ¥'(0 0. Asa ready ment 1, the 


may be closer to the lower limit than to the upper limit 


and NO 


tron 


Sumilar experimental results in the O'"O 
1 iy 


molecules have been used in studying the ele 


structure ‘In these cases one finds the appropriate 


combination of atomic wave functions (which is taken 
as tl lectronic structure) that vields the observed 


€ ¢ 
values of the 


} 


hyperfine parameters. Effects of overlap- 
ping can be negiected since lor atom ike N 


and O 
the parts of the elect ontribute 
substantially to the | ne interaction are, by com- 
parison Vv ul I inte ] ar dl juite close to 
the nuclei 

In OH tl served 


| 


magnitude ? would 


nts are ol » order of 


One 


consta 


expect Irom sus h a scheme 


cannot, however, use a similar simple analysis to deter- 


mine the electronic structure since in this case the 


e 2p electron orbit of 


fhaion th 


oxygen nuc leus is well WILDITN tL 
would hence be 


orbital 


the hydrogen and a 2p atomi 
a very poor approximation. The experimental results, 
given also in Table VI, can be used as definite tests of 
molecular wave functions that may be constructed, but 
rather careful calculations must be made to evaluate 
the expected hypertine structure from the chosen wave 
functions 


* Townes, Dousmanis, White, and Schwarz, Trans. Faraday 


Soc. (to be published 
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Tasie VI. Parameters, derived from the magnetic hyperfine 
structure data, that describe the unpaired electron distribution in 
OH and OD. The vector r is the radius vector from the proton or 
deuteron to the unpaired electron and x the angle between r and 
the internuclear axis. These values are in units of 10% cm™. 


Experimental value 
OWH OND 
0.75+0.25 


0.490+0.013 


\ 1 T° le 
sin*y /7? ny 


0.486+0.009 


The present results yield information on the unpaired 
electron distribution about the proton or deuteron. 
Experimental results on O'7H would be interesting since 
they would involve the hyperfine interaction of O'” 
and hence would measure the electron distribution 
about the oxygen. For 0", simple calculations could 
give approximate values of the hyperfine constants to 
be expected from a given electronic structure. 


6. LINE INTENSITIES AND RADICAL ABUNDANCE 
SURFACE TESTS AND THE LIFE TIME 
OF OH IN GLASS 


The strongest of the observed OH spectra is that due 
to the J=9/2 state in the II, level. Under the best 
conditions these lines were detected by the spectrometer 
with a signa] to noise ratio of approximately 1000: 1. 
The signal to noise ratio was about 10:1 for the J=11/2 
spectrum of O'*D in the I, state, which is the weakest 
of the observed A-type doubling transitions. From 
these values, using the figure of 0.5X10-* cm for the 
minimum detectable absorption with this instrument, 
one sees that the intensity of the observed lines of OH 
and OD ranges approximately from 5X10~* cm“ to 
5X10-* cm™. From the line intensity, combined with 
the line breadth (~1 Mc/sec) one may derive an 
approximate value for the radical abundance in the 
absorption cell. The following conditions however must 
be noted: 


1) It is necessary to assume that the radicals are in 
thermal equilibrium with the walls. This assumption is 
on rather safe ground since a radical makes approxi- 
mately 10° collisions between the time it leaves the 
discharge tube and enters the absorption cell. 

(2) One has to assume a reasonable line breadth at 
the operating total pressures. 

(3) The electric dipole moment of the molecule is not 
well known. We have used the tentative value" of 1.5 
Debye units. 

The value obtained for the maximum percentage of 
radicals present in the gas is between 3% and 30%. 
The large uncertainty quoted comes from estimates 
of the errors which may be produced by the un- 
certainties listed above. A previous spectroscopic 
measurement of OH radical abundance in the products 
of a water discharge is available.” In this method the 
intensities of ultraviolet absorption due to OH produced 
by thermally dissociated water and by discharge were 








MICROWAVE SPECTRA OF FREE RADICALS OH 


compared. A partial pressure of OH of approximately 
1X 10-* mm Hg was found at a total pressure near 1 mm 
Hg. The present work indicates the presence of very 
much higher radical concentrations. 

Since different conditions were used in the two 
measurements, the two values are not necessarily incon- 
sistent. In the earlier work a pulsed de discharge was 
used with a total current of 180 ma and a current den- 
sity of 9.5 ma/cm*. In the present apparatus measure- 
ments on a dc discharge indicate that at 0.1 mm Hg 
optimum intensity is produced with a total current of 
400 ma and a density of 80 ma/cm*. Maximum line 
intensity is produced by higher discharge currents as 
the pressure is increased and one would expect that 
higher currents are needed at 1 mm Hg. In addition, the 
radical abundance may be expected to be lowered by 
the use of a pulsed discharge. 

No quantitative explanation of the variation of the 
line intensity with discharge current and pressure will 
be attempted here. In the present experiments the 
effects of changing radical production and of varying 
recombination are not easily separated. It seems 
qualitatively that at different pressures the discharge 
conditions producing a relative maximum in line 
intensity all correspond to approximately the same 
average electron energies in the discharge tube. That 
the absolute maximum occurs at the high-pressure end 
of the available range suggests that wall rather than 
volume recombination is the dominant effect in re- 
moving the radicals. 

In order to determine the effect of recombination on 
destroying the radicals during their transit through the 
absorption cell, measurements of radical abundance at 
different points in the cell were made. By passing the 
modulating current through only a portion of the 
solenoid one may detect absorption due to radicals in 
the corresponding part of the cell. Measurements were 
made by applying the modulation to two 10 cm lengths 
of the coil one at each end of the cell, which in this case 
was 75 cm long. The measured intensity difference was 
approximately 10%. The actual difference in radical 
abundance at the two ends is somewhat greater because 
of the finite length of the test intervals including the 
effect of fringing fields. From this figure we infer that 
the radical lifetime is approximately equal to the time 
required by a molecule to traverse the cell. This 
figure is approximately } sec and is in good agreement 
with spectroscopic measurements in the ultraviolet 
region.” 

In addition to spectroscopic techniques, two other 
methods for detecting OH and studying its properties 
have been reported in previous literature. These involve 
(a) measurements of the temperature rise of a probe 
coated with KCI on which the OH radicals are pre- 
sumed to recombine,® and (6) the H,O, concentration 
measurement‘ described in Sec. 2b above. These tests 
were used in the earlier part of this work to make sure 
that OH radicals were in the absorption cell. Once the 
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microwave spectrum was found, however, it became 
apparent that these tests (at least to the extent that 
we have been able to reproduce and apply them) give 
results that are not correlated with the OH concen- 
tration as measured by the intensity of the microwave — 
lines. The evidence for this has already been published 
elsewhere.’ 

Some tests have been made to determine whether 
the presence of certain surfaces in the path of gas flow 
would affect the concentration of the OH radicals. The 
OH concentration would decrease if a particular sub- 
stance either directly. combines with OH or simply 
provides a convenient surface for radical recombination. 

A side tube was blown in the tube connecting the 
discharge to the absorption cell. In this side tube a 
glass rod was introduced, bearing on one end the sub- 
stance to be tested and on the other a magnetic core 
(glass-covered) so that the rod could be moved from 
outside with a small magnet. Thus line intensities could 
be measured with the sample in and out of the path of 
radical flow, all other conditions being the same. The 
following surfaces decreased greatly the OH concen- 
tration: Copper, graphite, nickel, and kovar. Sub- 
stances that do not appreciably affect the OH are 
apiezon wax, Teflon, glyptal, potassium chloride, and 
aluminum. Mica is found to decrease the OH but not 
as effectively as members of the first group. 

These results, especially the ones that indicate that 
a substance does not affect the OH, are to be taken wittt 
some reservations. These are (a) the surface exposed to 
the discharge products is rather limited in size (~} cm’, 
tube cross section ~1 cm’); (6) the time of exposure 
also was rather short. We have carried out more elab- 
orate tests with extended aluminum surfaces which 
indicate that, despite the result of the test described 
above, the OH does not live long in aluminum environ- 
ment. Thus if an aluminum tube is substituted for a 
large (5 inches) section of the glass tube that connects 
the discharge to the absorption cell the line intensity 
decreases steadily to zero in a matter of a few min- 
utes. This indicates an alteration of the aluminum oxide 
surface which increases its ability to destroy OH. 


7. CONCLUSION 


The experiments on the microwave spectrum of the 
free OH radical provide detailed information on finer 
effects in the energy level structure such as the A-type 
doubling and magnetic hyperfine structure. The experi- 
mental accuracy for effects of the former kind is for the 
first time high enough to provide an adequate check on 
the theory. The results are in agreement with theory to 
the expected accuracy of the latter. The magnetic 
hyperfine structure yields parameters that describe the 
distribution of electronic angular momentum in the 
molecule and are directly connected to the electronic 
structure. In addition, the microwave spectrum can be 
used in determining the lifetime of the radical and in 
studying its reactivity with various substances. Results 
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obtained so far give rise to substantial hope that 
microwave techniques can be quite useful in this direc- 


tion for other radicals as well as for OH 
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APPENDIX IL. NOTATION 
S,LL(A) Ele 


electronix 


tron spin nuciéar spin 

orbital angular momentum 

N Angular momentum of molecule exclusive 
of electron and 1 ear spin 

J Angula ymentum exclusive of nuclear 
spl 

k lotal angular moment 

A. Z, 2 (Quant be associated L,, 5 
J 

{ Fine structure interaction constant (energy 

iL-S 

B, Rotationa mstant in “II state 18.515 
em! in OH, 9.868 cm OD 

B, Rotational constant in *Z state (16.961 
m~' in OH, 9.03 cm n OD 

\ 1 / 

\ 4(J+4)?+A(\—4 

D Centrifugal distortion constant (0.00187 

in OH, 0.00052 em™ in OD 

/ } I 32 682.5 cm™'! in OH, we use the 

same value in OD 
1) AL,+2BL,\=Xz| BL, | ll 

. 3 1 
. se Es— En 
$5 (—1)°\( BL,!2)|2/(E2—F 


SANDERS, 


AND TOWNES 





as, Bs same aS a,, 8, except that the summation 


is over all II rather than © states. 


The values of the constants B, Do, and E are from 

references 3, 18. The values of Dy and E for OD quoted 

in 18 must be in error (see text). The value for Do given 

above has been calculated from B and wy. Presently 

determined values for A, a,, and 8, are given in Table 

IV. 

APPENDIX IE. MATRIX ELEMENTS OF H, 
(AFTER VAN VLECK'*) 

(2; H, 2,)= (zy j Ay z_,) 

=BIJ(J+1)+3)]+2£=E+a'=a, 


(11,| Hy) Ty) = (014! Ay! Ty) 
= BJ (J+1)+4]-}A=8, 


(11! Hy! 1,) = (114! Hy | 14) 
= BJ (J+1)—7/4]+}4=7, 


(S| H,|B_4)= (24 Hs |2y)= B,J +4) = (-1)%, 
(Il, Hi, I,) = (i j Hy, II )=B,[J—})J+4) }=e, 


(11, | H|2_4)= (—1)*(1L4| A |2)) 


= 2(I1| BL,|=)(J+4)=(—1)*f, 


Il, Hy, , (—1)*(II j H,\z }) 
= 2(11| BL, |=) (J—4) J+) =n, 
(II, H, 2 (—1)*(II ; H,\= ) 


(I1| AL,+2BL,|2)=8. 
The following phase conventions are observed : 


+ iD) S,'5+1)=(2|S,|S+1)=$[S(S+1)—T(S+1) }, 


z\S,/2)=z2, (Q)J,;\Q)=Q, 
+i(2) J,|9+1)= —(Q) Jy; N41 


= 4 J (J+1)—2(Q+1) }. 


Because of the cylindrical symmetry of the molecular 


field about the internuclear axis (z-direction): 


ti(A'L, A+] A| L,|A+1). 
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Ionization by Alpha Particles in Mixtures of Gases* 
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The presence of minute impurities greatly increase the ionization produced by Po alpha particles in 
helium. Systematic studies of this effect show an increase in ionization up to 40 percent for approximately 
0.1 percent of argon. Similar results have been obtained with CO:, Kr, Xe, Hy, Ns, and C3H, as the con- 
taminant. Preliminary experiments with mercury vapor in helium confirm the large effect already reported 
by others. A similar increase in ionization in pure argon is obtained by the addition of C:H, or C,H,. These 
increases in ionization seem to be caused by the production of ions, when metastable atoms in the 
parent gas undergo collisions with molecules of the impurity. In mixtures of Hy, N2, or A with helium, the 
excess in ionization is observed to decrease by a few percent as the pressure of the gas mixture is increased 
from 48 to 110 cm of mercury. For no other contaminant gases tested thus far in helium is such a pressure 


change in ionization observed. 


IR some time experiments have been in progress 

in this laboratory to study the rather striking 
changes in alpha-particle ionization in the noble gases 
produced by the introduction of minute quantities of 
other gases. Although a complete explanation of all the 
effects observed cannot be given at the moment, it 
seems worthwhile at this time to give a more extended 
description of the phenomena observed than has as yet 
been published.'* 


APPARATUS AND METHOD 


Two methods were employed to measure the ioniza- 
tion produced by alpha particles in gaseous mixtures. 
In the first method'* the ionization produced by single 
polonium alpha particles was measured by collimating 
these alpha particles along the axis of a long brass 
cylindrical ionization chamber (Fig. 1). The effective 
path was about 20 cm. The ions produced by each alpha 
particle were collected and fed into a vibrating-reed 
electrometer connected to a Brown strip chart recorder. 
The length of jump on the chart produced by each alpha 
particle was measured and the total of a large number 
of these averaged. With a knowledge of the voltage 
sensitivity and electrical capacity of the system one 
can determine the average number of ion pairs produced 
per polonium alpha particle. A very small correction 
for the ions lost within the collimating system was made. 

In later determinations of the effect of the pressure 
of the gas mixture upon the ionization, a more robust 
chamber was used, in which the energy of alpha particles 
from Am*' was reduced to about 1 Mev by passage 
through a thin sheet of mica as they entered the 
chamber. A diagram of the arrangement used has 
already been given as Fig. 3 in a previous paper.* In 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission 

‘W. P. Jesse and J. Sadauskis, Phy. Rev. 88, 417 (1952); 
Phy. Rev. 94, 764(A) (1954). 

2 W. P. Jesse, Argonne National Laboratory Report No. 4944, 
1952 (unpublished). 

4 Jesse, Forstat, and Sadauskis, Phy. Rev. 77, 782 (1950). 

*W. P. Jesse and J. Sadauskis, Phy. Rev. 97, 1668 (1955). 
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this arrangement the total integrated current was 
measured. 

Both types of measurement could be compared for 
any given gas mixture by computing the ratio of the 
ionization observed for any given impurity concentra- 
tion to that observed in pure helium. 

Elaborate precautions were taken to insure the 
purity of the gases used. The chamber shown in Fig. 1 
was constructed with quartz insulators, to permit 
baking and pumping for a period of twelve hours at a 
temperature above 200°C. The gases used were taken 
from breaker-flasks and were known to be of very high 
purity. However, variable results in ionization were 
always obtained with helium and neon unless these 
gases were further purified by continuous circulation 
through a purification system consisting of a cocoanut 
charcoal tube immersed in liquid nitrogen. Such a 
positive continuous circulation was obtained through 
the use of a simple metal bellows pump. 

When the chamber was filled with presumably pure 
helium and the circulation started over the purification 
system, a marked decrease in alpha-particle ionization 
was always observed within a few minutes after the 
pump was started. The ionization continued to de- 
crease until a minimum value was reached, beyond 
which further circulation of the gas produced no effect. 
This minimum ionization was taken to be character- 
istic of pure helium, and the attainment of such a 
minimum was indeed used as a practical measure of 
the purity of the helium before contaminants were 
introduced. 
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Fic. 1. Schematic diagram of ionization chamber used. 
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Fic. 2. Relative ionization measured as a function 


of tie impurity concentration in helium 

It may of course be that more effective methods of 
purification could be devised which would produce a 
minimum ionization that observed here. The 
minimum observed, however, seemed very stable under 
a wide variety of experimental conditions, and every 
effort to diminish it by such methods as prolonged gas 
circulation and periodic rebaking of the charcoal tube 
proved unavailing. The use of hot calcium as a puri- 
fying agent did not seem as effective as the charcoal 


below 


tube 

rhe gaseous impurities were introduced into the pure 
noble gases in accurately measured quantities by means 
of a system resembling an inverse McLeod gauge. 
rhe impurity gas, in general from a breaker flask, was 
introduced into a small calibrated volume between two 
stopcocks and its pressure measured. It was then 
expanded into the accurately calibrated volume as- 
sociated with the ion chamber and there mixed with a 
known volume of the noble gas. The composition of the 
mixture could thus be determined with an error of less 


than one percent 


EXPERIMENTAL RESULTS 


Some of the data on alpha-particle ionization in 
helium mixtures are shown in Fig. 2. As abscissas are 
plotted the concentrations of the various impurity 
gases in parts per 10000 by volume. As ordinates are 
plotted the ionization values observed for each im- 
purity concentration relative to the ionization values 
observed for pure helium. The plotted points include 
measurements both for polonium and reduced Am*™* 
alpha particles without distinction, since these were 
found in excellent agreement. 

In Fig. 2 the ionization relative to that in pure helium 
increases rapidly at first with increasing impurity con- 
centration, and then more slowly, apparently approach- 
ing finally a saturation value. This final saturation 
value does not seem to be exactly the same for each 
of the impurities in helium. 
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The effect of the various impurities can be seen with 
more exactness from the data in Table I. Here for 
convenience the ionization data are tabulated as a 
function of the concentration of the impurity and of the 
total pressure of the gaseous mixture. Where no pres- 
sures are indicated in Table I the ionization values 
have been shown to be independent of pressure, and 
those recorded represent a composite of readings taken 
at several pressures. 

The effect of contaminants on the ionization observed 
in helium is not confined solely to the ionization 
produced by alpha particles of 5.3 and 1 Mev. Similar 
experiments for argon in helium mixtures, subjected 
to radiation from gamma rays from a radium source 
and also to beta particles from a Ni® source, gave 
curves very similar to those shown in Fig. 2. 

In order to observe the role of the pressure of the gas 
mixture, extensive measurements were made with the 
alpha particles of reduced ranges already mentioned. 
With hydrogen, nitrogen, and argon as contaminants 
in helium, a change in the ionization relative to that 
for pure helium was observed as the pressure of the gas 
mixture was altered between the limits of 45 and 110 cm 
of mercury. Typical results may be seen in the plotted 
curves for nitrogen in helium (Fig. 3) at the two 
pressures indicated, as well as in Table I. At lower 
pressures the relative ionization was found to be 
always higher than at the higher pressures. At lower 
impurity concentrations this change with pressure 
seems larger and diminishes with increasing concentra- 
tion until, within the limits of accuracy of measure- 
ment, it seems to disappear at the highest concentrations 
used. Extensive measurements for argon in helium for 
pressures intermediate between 45 and 100cm of 
mercury show an almost linear relation between the 
change in ionization and pressure. From the discussion 
which follows, it would seem that this could possibly 
be represented by an hyperbola of very small curvature, 
which deviates but little from a straight line within 
the small range of pressures investigated. 

This change in relative ionization with pressure was 
observed only for the gases hydrogen, argon, and 
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Fic. 3. Ionization curves for N; in He, showing the 
effect of pressure of the gas mixture. 
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Taste I. Experimenta! results for relative ionization as a function of impurity concentration. 











Gas Gas press. Impurity concentration in parts per 10 000 by volume 

mixture cm 0.25 0.50 1,00 1.50 2.0 3.0 4.0 5.0 6.0 8.0 10.0 12.0 14.0 16.0 18.0 23.0 wa 
A in He 87.5 1.068 1.122 1.195 1.246 1.280 1.323 1.353 1.374 1.390 1414 1429 1.435 1.439 1.440 
Kr in He ove 1.169 1.226 1.296 1.337 1.365 1.401 1.422 1.439 1.451 1466 1473 1.480 1.484 1.484 
CO: in He see 1.414 1.190 1.277 1.320 1.347 1.379 1.398 1408 1.414 1418 1.418 1.418 1,419 1.419 
Xe in He +* 1.170 1.252 1.331 1.369 1.398 1.436 1.455 1.468 1.477 1488 1.495 1.502 1,503 1.504 
N:in He 48 1.080 1.13 1.206 1.246 1.273 1.317 1.347 1.357 1.360 1.370 1.380 1.390 1.400 1.402 
N:in He 110 1.049 1.097 1.166 1.207 1.236 1.283 1.316 1.330 1.338 1.350 1.304 1.375 1.390 1.400 
CsH, in He see 1.105 1.173 1.250 1.302 1.330 1.357 1.360 1.366 1.370 1.376 1.380 1.382 1.385 1.388 1.391 
H: in He 87.5 1.036 1.066 1.110 1.141 1.162 1.208 1.237 1.254 1.268 1.2900 1.316 1.342 1.370 1.390 1.593 1.420 
Hsin Ne 87.5 1.035 1.065 1.109 1.143 1.167 1.201 1.223 1.234 1.243 1.258 1.274 1.200 1.306 1.322 1.338 1.355 
A in Ne 87.5 1.040 1.073 1.130 1.173 1.207 1.266 1.308 1.339 1.362 1.389 1402 1416 1.429 
Xe in Ne 87.5 1.170 1.240 1.303 1.343 1.371 1.407 1430 1.444 1.453 1.460 1460 1.460 1.461 1,462 
CeH: in A 22.0 1.023 1.047 1.086 1.118 1.143 1.181 1.205 1.221 1.232 1.2 1.242 1.247 1.251 1.254 1.258 
CsHain A 22.0 1.012 1.023 1.041 1.055 1.067 1.084 1.093 1.099 1.102 1.1 1.110 : 
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nitrogen as contaminants in helium. For no other gases 
was this change with pressure found, although similar 
measurements were made with COs, Kr, Xe, and C,H. 
For the last four gases the ionization change between 
the limits of pressure indicated, if it exists at all, 
cannot be more than ten percent of that found for 
hydrogen, nitrogen, and argon. This represents the 
estimated limit of accuracy of the measurements. 


COLLISION CROSS SECTIONS FOR METASTABLE 
ATOMS 


A plausible explanation of the increase in alpha- 
particle ionization described in the last section is that 
this increase results from a transfer of energy from the 
metastable states in helium,® when an excited atom of 
helium encounters an impurity atom—let us say an 
argon atom. In the process the argon is ionized and a 
pair of ions collected in the chamber. Thus for argon 
in helium we have 


He*+A—He+At+e~. (1) 
Any additional energy imparted by the metastable 
helium atom He* to the argon atom A above that energy 
to produce an ion pair is carried off as kinetic energy 
in the ejected electron «. The above reaction has 
already been studied under quite different experimental 
conditions in connection with metastable atoms.*7 

According to this explanation the two metastable 
states, 2S and 2°S occurring in helium, of energy re- 
spectively 20.6 and 19.8 ev, should be able to ionize 
any impurity gas whose ionization potential is lower 
than these energies. However, neon, whose ionization 
potential is 21.6 ev, should not be ionized when added 
as an impurity. This is in accord with experiment, 
where no significant increase in ionization is observed 
when neon is added to helium. 4 

With argon it is not easy to find a contaminant 
ionizable by its metastable states, since the energy 
available is low—about 11.6 ev. However, benzene 
vapor (ionization potential 9.2 ev) was found to give 
* The writers are indebted to Dr. Roland Meyerott who first 
suggested to them this explanation of the above phenomena. 

* M. A. Biondi, Phy. Rev. 88, 660 (1952). 

7A. V. Phelps and J. P. Molnar, Phy. Rev. 89, 1202 (1953). 


a marked effect. Similar effects were found for acetylene 
and ethylene as impurities in argon (Table I). The 
ionization potentials of these two gases are 11.4 and 
10.5 ev, respectively. 

The maximum increase in ionization produced by the 
various contaminants seemed to vary much more in 
the case where argon was the parent gas than for 
either helium or neon, Thus, the increase in ionization 
produced by acetylene in argon is almost double that 
produced by ethylene, Table I. Furthermore, an in- 
crease in ionization of about one percent was found 
when five percent of CO, or CH, were added to pure 
argon. Such an effect has already been noted.*” Since 
the ionization potentials of both these gases are well 
above the energy available in the metastable states of 
argon, it would seem possible that the discharge of 
higher excited states in argon accounts for this ioniza- 
tion increase. Thus, in general, our own results confirm 
those already cited® to indicate that in argon mixtures 
the metastable states may not play as dominant a role 
in ionizing the impurity atoms as do the metastable 
states in helium and neon. 


Methods of Calculation of Cross Sections 


It is possible from the experimental results given 
in Fig. 1 and Table I to make an estimate of the relative 
cross sections for the reactions of metastable helium 
atoms with the various impurity atoms, as indicated by 
Eq. (1). In very pure helium this reaction does not take 
place at all, whereas for high impurity concentrations, 
we shall assume that almost all of the metastable 
helium atoms are destroyed by this process. 

It is evident that in addition to the process above, 
where metastable helium atoms are destroyed with 
the production of ions, there must also be another 
process of destruction of metastable atoms without the 
production of ions, where the energy is lost perhaps 
by radiative processes. Such a process would be the 
dominant one in pure helium and would continue 
to compete with the ionization process in the presence 
of an impurity, In the present experiment these two 


* J. Sharpe, Proc. Phys. Soc. (London) A65, 859 (1952). 
* Melton, Hurst, and Bortner, Phy. Rev. 96, 643 (1954). 
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Taste IT. Calculation of cross sections for metastable atoms. 











Direct method K./Ke-reciprocal Ki/Ka Mean 
Gas conc of last column Stern-Volmer Ki/Ka oi/ea «cm? 
A in He 1.23X 10 8.1K 16 5.7X10 6.9X 16 93X10 Biondi 
(9.7% 107") 
H; in He 34X10 2.9K 10 3.0K 16 3.0 16 24X10 2.5 10-" 
N; in He 6.5X 10 6.5X 10° 8.6X 16 9x10" 
CO; in He 0.58X 10~* 17.2K16 13.0K 10° 15.1X 10° 20.4 10° 21.3xK10-" 
Kr in He 0.0010" 16.7K 16 17.1K10 16.9X 16 23.3X10 244X10-" 
Xe in He 0.30X 10" 20X 16 20.9 16 20.5X 106° 28.5X 10° 29.7X10-" 
C,H, in He 0.63% 10 15.9 10 12.2K 10 14.0X 16 18.5 10° 19.410" 
Hg in He 0.015 10™* 670X 10 670X 10° 950X 16 1x10-“ 
A in Ne 2.3K 10° 44X10 40X10 4.2X 16 48x10 Biondi 
(2.6% 10-*) 
Xe in Ne 04510 22.2% 10 23.7X 16 23.0% 10° SAX 1 16.4 10-** 
44X10 46X10 45X10 1.9X 16 1.0 10-* 


H; in Ne 2.3xK10™ 


competing processes would be the major sources of 
destruction of metastable helium atoms. The discharge 
of such atoms by diffusion to the walls of the chamber, 
while very important in small chambers at a few 
millimeters gas pressure, is negligible for the large 
chamber volume and gas pressures used here. Likewise 
the interaction of one metastable atom upon another 
with the production of an ion pair and a neutral atom 
must be assumed negligible here because of the rela- 
tively low density of metastable atoms. 

In the two competing processes we may assume that 
the probability of a collision producing an ion pair is 
given by o,NV,V; and the probability of a collision 
producing the destruction of a metastable atom without 
ion formation by ¢¢ Nu. Va. Here Ny. and N;, are the 
number of atoms per cc of helium and of the impurity 
gas respectively, and o, and o, are the cross sections for 
the two reactions. V, and V4 are the relative velocities 
of approach of the particles in the two cases. 

At the impurity concentration where the probabilities 
of the two reactions are equal, we have the relation 

oV; Ki Nae 1 
aaa Ka N; Cc 
where C is the concentration of the impurity in helium 
for this particular set of conditions. For convenience 
we shall henceforth represent the product terms o; V; 
and o4 V4 by the symbols K, and Ka. 

The impurity concentration corresponding to equal 
probabilities for the two methods of destruction of 
metastable atoms is easily determined from the corre- 
sponding plot of Fig. 1. At zero impurity concentration, 
that is, for pure helium, no metastables produce ions, 
while at the estimated maximum of the curve all the 
metastables produce ion pairs. The difference in these 
two ordinate values is proportional to the total number 
of metastables produced and one half the difference 
represents the case where half the metastables produce 
ions. The corresponding impurity concentration may 
easily be read from the curve for this particular set of 
conditions. 








Thus for argon in helium the maximum ordinate of 
the curve is estimated to be 1.44, and the value for 
pure helium is unity by definition. The concentration 
corresponding to the mean of the two values is read on 
the curve to be 1.23X10~*. Hence, K;/Ka=1/C=8100. 
The K;, value for collisions producing ionization is 
hence some 8100 times larger than the K4 value for de- 
excitation without ionization. The ratios K,/Kg thus 
determined are shown in column 3 of Table IT. 

It should be pointed out that in this somewhat naive 
method of determining K;/K.4, no attempt has been 
made to correct the results for the ionization produced 
by “subexcitation electrons,” which have been postu- 
lated by Platzman” to account for the differences in 
maximum value attained by the curves for the various 
impurity gases in helium. According to such a postulate, 
from each of these maximum values there should be 
subtracted a correction corresponding to the ionization 
produced by subexcitation electrons, and this adjusted 
maximum should be used in the calculations above. 
Since no precise estimates of the corrections involved 
are at present available, no such correction has been 
made here. 

A more precise mathematical method for the com- 
putation of the ratio Ki/Kz may be employed.” It 
follows in general a relation first formulated by Stern 
and Volmer” in experiments dealing with the decay 
of fluorescent radiation. 

Here virtually the same assumptions are made as 
were made above. Thus the metastable helium atom 
may be destroyed either by impact with an impurity 
atom resulting in an ion pair or by impact with one or 
more helium atoms resulting in de-excitation with 
ionization. 

A simple mathematical derivation’? results in the 


equation 
1 Reiyt 1 
AAI naa Oh 
Ny—No N\Ki aos C a 


“WR. L. Platzman, Radiation Research 2, 1 (1955). 
“ The authors are indebted to Professor Robert Platzman who 
first called this useful method of representation of the data to 


their attention. 
0. Stern and M. Volmer, Physik Z. 20, 183 (1919). 
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Here No is the total number of ion pairs collected per 
alpha particle in pure helium, and N, is the total 
number of ion pairs collected in helium in the presence 
of an impurity at a partial pressure /. ao is the initial 
number of metastable helium atoms produced by one 
alpha particle. This equals the maximum value of 
(N,— No) for high-impurity concentrations, if we ignore 
the correction for subexcitation electrons; C is the 
concentration of the impurity in helium; K; and Ky 
are the constants as previously defined. 

If, following the equation above, one plots on the 
ordinate axis the variable 1/(N’,— No) from the experi- 
mental data against 1/C on the abscissa axis, one 
should get a linear relation. The slope of the resulting 
straight line is equal to (K4/K,)(1/ao) and the in- 
tercept on the ordinate axis is equal to 1/ao, the 
reciprocal of the initial number of metastable atoms 
produced per alpha particle. 

The Stern-Volmer plots derived from the data of 
Table I are shown in Fig. 4. For the data for H, and A 
as impurities, where some variation of ionization with 
the pressure of the gas mixture has been found, the 
data corresponding to a pressure of 87.5 cm of mercury 
were used in the plots. The implications of the variation 
with pressure will be discussed later. 

It will be seen in Fig. 4 that the plotted points 
derived from the He data of Table I lie reasonably well 
on straight lines as is predicted by the Stern-Volmer 
equation. The heavier gas impurities have smaller 
slopes for their straight lines, corresponding to smaller 
values of (Ku/K,)(1/ao), and hydrogen has a much 
larger value for the slope. All the lines, with the possible 
exception of that for Hz, seem to meet at a common 
ordinate intercept indicating a constant value of 1/ao. 
This is what would be expected if the effect of ionization 
by subexcitation electrons is assumed negligible, i.e., 
that the maximum ordinate of all the curves in Fig. 1 is 


1 / (Np - No) 
\ 


3 10% 
\/ Concentration of impurity 


Fic. 4. Stern-Volmer plots for contaminants in helium. 
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the same. The data in Table I, however, show small but 
definite differences in these values at high-impurity 
concentrations. These small differences are apparently 
not readily distinguishable in the relatively small value 
of the reciprocal 1/ae. Perhaps, on the whole, the chief 
deficiency of the Stern-Volmer relation is the difficulty 
in determining from the plots an accurate value of the 
ordinate intercept 1/ao, since this intercept value is at 
times very sensitive to the exact manner in which the 
straight line is drawn through the plotted points—as 
in the plot for Hy above. 

Since the slopes of the Stern-Volmer lines are equal 
to (K4/K,)(1/ae), one can determine values of the 
cross-section ratios K;/K4 from values of the slopes and 
intercepts 1/ao in Fig. 4. These values are given in 
column 4 of Table II for comparison with the ratios 
obtained by the simpler method. The agreement 
between the two methods is satisfactory. 


EFFECT OF PRESSURE OF THE GASEOUS 
MIXTURE 


In order to interpret the observed change in ioniza- 
tion with the pressure of the gas mixture in the cases of 
Ho, No, and A, it is necessary to consider the mechanism 
by which a metastable atom may be de-excited in pure 
helium (see references 6 and 11). Such a de-excitation 
may occur through the following mechanisms: 


(1) A two-body collision with a neutral helium atom. 
The possibility of raising by collision the electron from 
the metastable state to a higher state from which it can 
radiate would seem ruled out in helium because of the 
large energy required. It is possible, however, by a sus- 
pension of the selection rules for the electron to fall 
to a lower state during the collision and thus radiate 
energy. The probability for collision in any such two- 
body problem would increase directly with the number 
of helium atoms per unit volume and hence with the 
pressure of the mixture. 

(2) A second possibility of de-excitation is a three- 
body collision of the metastable atom with two neutral 
helium atoms. An excited helium molecule is formed, 
which radiates energy and then immediately dissociates. 
Such a possibility has already been suggested by 
Burhop" from a consideration of preliminary data from 
our experiment. Thus 


He*+He+ He—He,”""*" + He 
—He,"""™ + He+ hy—He+ He+He-+ Av. 


The probability of such a three-body collision, being a 
compound probability, would be proportional to the 
square of the gas pressure. Thus, 

Collision probability = Kp’= (Kp) p. 


For convenience the collision cross section may be 
considered to be (Kp), which is itself a function of 
pressure, and this quantity identified with the K, 
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Fic. 5. Dependence‘of K4/K,; upon pressure 
for H., N-, and A in He. 


above, with the understanding that K4 is now itself a 
function of pressure wherever this three-body collision 
is involved. 

In Fig. 5 we have plotted for H», Nz, and A mixtures 
the values of K4/K;, the reciprocal of the quantity 
previously computed, against the corresponding pres- 
sure of the gas mixture. The plotted values of K4/K; 
are obtained by the following process. From a series of 
measurements at different impurity concentrations the 
approximate straight line relation between relative 
ionization and pressure is established for each value of 
impurity concentration. Ionization values for a series 
of interpolated pressures are then read from each plot. 
A Stern-Volmer plot for each interpolated pressure may 
then be constructed, relating the reciprocals of ioniza- 
tion values to those of impurity concentrations. From 
these straight lines the values of K4/K; may be com- 
puted by the method above. These values are plotted 
in Fig. 5 against the corresponding interpolated pres- 
sures. In the case of hydrogen, values of K4/K;,, taken 
directly from three curves similar to those of Fig. 3, 
at 87.5, 108, and 48 cm pressure, were used in the plot. 

All three plots in Fig. 5 for mixtures of helium with 
A, N», and Hy, show a linear increase of K4/K, with 
pressure, but each line has a definite intercept on the 
ordinate axis instead of passing through the origin. The 
latter might be expected if the three-body interaction is 
the only reaction involved. It would thus seem that 
K,4/K,=Kp+constant, indicating a section 
directly proportional to pressure combined with a cross 
section which is independent of pressure—the latter 
probably a two-body interaction. For each of the mix- 
tures the two component cross sections become equal 
when the pressure is approximately 80 to 90cm of 
mercury. 

{f the hypothesis of Burhop is correct, the variation 
of K4/K, with pressure is caused by a variation in K, 
rather than the alternative variation in K,; with 
pressure. In this case, since the variation in Kg, is 
common to the three mixtures, the three plots in 
Fig. 5 should be identical except for the ordinate scale. 

In Fig. 5 the dotted lines represent the plots for N, 
and H; after they are normalized to agree in intercept 
value with the argon value. This is done by multiplying 
each ordinate value by an appropriate constant. The 
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normalized line for N; falls just below the argon line. 
The normalized Hz, line falls almost exactly on the 
argon plot—so close in fact that no additional line has 
been drawn. It should be noted, however, that the 
almost exact agreement between A and H; is somewhat 
subject to question, since the three experimental points 
in the original H, plot do not uniquely determine any 
straight line drawn through them. 

The reasonably good agreement found here would 
seem to indicate the general correctness of the hy- 
pothesis of Burhop, that de-excitation of the metastable 
helium atoms takes place at least in part by a process 
of formation of excited molecules. There is, however, in 
addition another process of de-excitation of the meta- 
stable helium atoms the cross section for which is inde- 
pendent of pressure, probably representing an additional 
two-body interaction. 

Perhaps the most puzzling part of the present experi- 
ment is the fact that for mixtures of helium with Ho», No, 
and A the pressure effect described above is observed, 
while mixtures with Xe, Kr, COs, and C:H, give no 
detectable pressure change. A clue to the situation, 
however, seems to be furnished by a grouping of these 
gases in the order of their ionization potentials as in 
Table III. Here it seems that the pressure effect is 
observed with gaseous impurities whose ionization 
potential exceeds about 15 ev, while it is not observed 
in gases whose ionization potential falls below this 
approximate value. The widely diverse physical and 
chemical properties of the gases comprised in each 
group would serve to argue against any other criterion 
for classification than the value of the ionization 
potential. 

No entirely satisfactory explanation of these facts 
is at once apparent. Perhaps the most plausible is that 
which assumes that the net energy available for transfer 
in the excited state of the helium molecule is about 
15 ev. This net energy is the energy in the first vibra- 
tional level of the excited molecular state minus the 
energy of repulsion of two normal helium atoms at the 
same internuclear separation. 

To explain the presence or absence of pressure 
effects let us first consider an idealized case, where the 
helium metastable atoms in pure helium are assumed 
to be de-excited solely by two-body collisions. When 
an impurity is added, one has then a competition be- 


Taste III. The presence or absence of a pressure effect in 
helium as it depends upon the gaseous contaminant. 


lonization potential 


Pressure of contaminant 

Contaminant effect gas (ev 

A + 15.76 

N, 7 15.51 

H; + 15.43 

Kr 0 14.0 

CO; 0 13.73 

Xe 0 12.127 

CH, 0 10.5 
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tween two processes the cross section of each of which is 
independent of pressure. Hence, K4/K; is not pressure- 
dependent. 

Now let us assume that in the mixture helium meta- 
stable atoms may also in part be de-excited by the 
formation of helium molecules as described above. 
Provided the ionization potential of the impurity mole- 
cules is above the energy available in the excited 
molecule, a helium excited molecule cannot produce 
ions directly and must lose its energy only by radiative 
processes. Thus the competitive balance between the 
two processes is altered and K4/K,, following the law 
of formation of helium molecules, becomes pressure- 
dependent. 

If, on the other hand, the ionization potential of the 
impurity molecules is below the energy available in the 
helium molecule, it might be expected that a direct 
energy transfer would take place on collision, resulting 
in the production of an ion pair. Thus the competition 
between the processes of radiation and direct ionization 
is again restored and the pressure effect would tend 
to be diminished. 

In favor of the tentative hypothesis advanced above 
is the fact that independent measurements would seem 
to give a value for the available energy in the excited 
helium molecule in the neighborhood of 15 ev. 
Meyerott,'* from optical spectra measurements, has 
argued for a potential energy curve for the helium 
molecule somewhat above that of Slater, and has 
established two points on the new curve. In Fig. 1 of 
Meyerott’s paper the energy difference from the extreme 
limit of vibrational energy to his potential energy curve, 
somewhat extrapolated, is consistent with the value of 
15 ev indicated by the results above. 

Perhaps at present the most serious objection to the 
above hypothesis rests in the fact that we make the 
tacit assumption that for impurities of lower ionization 
potential the excited molecule may either produce 
directly a pair of ions on collision with an impurity, 
or radiate its energy on collision with a neutral helium 
atom. This assumes essentially that the excited helium 
molecule is in a metastable state. 

Platzman has made calculations'* to show that for 
the ionization by alpha particles in the present experi- 
ment more than 90 percent of the helium metastable 
atoms formed are in the singlet rather than the triplet 
state. Such singlet metastable atoms produce singlet 
helium molecules, while triplet metastable atoms pro- 
duce triplet helium molecules. Only the latter molecules 
are metastable. The singlet molecules are in excited 
states and radiate with a comparatively short half-life. 
If the hypothesis above really depends on the assump- 
tion that the reacting helium molecules are metastable, 
it is difficult to see how one can obtain them in sufficient 
quantity by alpha-particle ionization processes which 

“R. Meyerott, Phy. Rev. 70, 671 (1946). 

'* The authors are indebted to Professor Platzman for a private 
communication giving them the results of such calculations. 
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result, according to Platzman, mainly in singlet meta- 
stable atoms. 


COMPARISON WITH OTHER EXPERIMENTS 


Any valid comparison of the above results with the 
work of others is extremely difficult in that in the above 
work one determines only a ratio of cross sections 
o,/o4. Any absolute determination of either depends 
upon an assumed absolute value of the other. To obtain 
such an absolute value from the work of others is again 
difficult, since it is not at all certain that the same cross 
sections are being measured in the various experiments. 

Absolute measurements of o4 and o; for pure helium 
and for argon in helium have been made both by Biondi® 
and by Phelps and Molnar.’ The former used a micro- 
wave technique to measure the ionization produced by 
metastable atoms in the afterglow of a pulsed discharge, 
while the latter made similar measurements using an 
optical absorption method. The measurements of both 
were made at gas pressures of a few millimeters of 
mercury. It seems apparent'® that both of the above 
experiments dealt with interactions of metastable 
helium atoms mainly in the triplet state, while in our 
own case, according to the calculations of Platzman, 
the singlet state greatly predominated. Thus the ex- 
pected cross sections in our own experiment should 
differ somewhat from the other two. 

Although no exact agreement can be expected, it is 
possible to compare the three experiments solely as 
to order of magnitude of the results. If, so far as order 
of magnitude is concerned, Biondi’s absolute measured 
value of 9.7X10~' cm’ for o; for argon in helium is 
identified with our own o;, then from our corrected 
ratio one can solve and obtain a value of oy=9.8 
X10-" cm*, which is in excellent agreement with 
Biondi’s direct measurement of 9.6X10-" cm*. The 
exact agreement is somewhat illusory, since at least 
part of our cross section 4 is a variable with pressure. 
Since the total cross section at 87.5cm pressure is 
made up of almost equal parts of pressure dependent 
and pressure independent quantities, to correspond 
with the pressures of a few millimeters used by Biondi 
our own a4 value should be reduced to about half the 
above value, or 4.9% 10~"! cm’. 

Phelps and Molnar have found for the interaction 
of triplet state metastable atoms with neutral helium 
atoms a variation of the cross section o4 with pressure 
according to the relation og=0.3K10-"p cm’. Here p 
is the pressure in millimeters of mercury in experiments 
ranging from 20 to 100 millimeters. They apparently 
found no pressure independent cross section term as in 
the present experiment. For a pressure of 875 mm, 
corresponding to our own experiment, the Phelps and 
Molnar relation gives an extrapolated value for o,4 of 
26X 10-" cm’. This should correspond to the variable 
portion of our own cross section of ¢4, which at 875 mm 


“A. V. Phelps, Phy. Rev. 91, 436(A) (1953). 
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is about half the total of 9.8 10-* cm? or 4.9 10" cm?. 
This is about five times smaller than that computed 
from the Phelps and Molnar relation. 

While it may be possible that the fivefold discrepancy 
in cross section results from a difference in behavior 
between triplet and singlet metastable atoms, this 
divergence would seem somewhat excessive. It may 
also be that the large extrapolation with pressure in the 
calculation from the Phelps and Molnar relation is not 
justified 

For the sake of completeness, estimated values of o; 


for the various impurity gases are assembled in the 


last column of Table II. It should be pointed out again 
that at best these can only indicate order of magnitude. 
The values of o; were obtained by the following 
pro edure 

n column 


The values of the cross section ratios o;/a4 


6 were obtained from the K,/K4 ratios in the preceding 


orrecting for the relative velocities of 


column by 


approach of the particles in he two cases. This involves 


multiplying by 


| 1 | 1 ; 
ydveel (+) / (ats) 
m mt VU m 


Here Vz and V; represent, respectively, the relative 

velocities of approat h for the interaction of a helium 

metastable atom with a neutral helium atom and for a 

helium metastable atom in its interaction with an im 

The quantities M and m represent the 
+} 


mass numbers for the impurity atom and the 


purity atom 
helium 


atom re spective ly 


two-body inter- 


The relative velocity correction for a 


has been used here throughout, although for 


action 
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great accuracy the more complicated relation for a 
three-body interaction should in part probably be used. 
The final accuracy of the results, however, would 
hardly seem to warrant this added refinement. 

The values of a; listed in the last column of Table IT 
are: obtained by again assuming o;, for argon in He to be 
equal in order of magnitude to the Biondi value of 
9.7X10-" cm*. The values of o; for the other gaseous 
impurities are computed on this basis from the relative 
ratios of o;/o4 in the preceding column. This essentially 
assumes the constancy of ¢4 in column 6. Similarly for 
the values where neon is the parent fas, the Biondi 
value of 2.6 10~-'* cm* was adopted aid other values 
calculated from this. 

The values of o; in the last column are, as might be 
expected, of the same order of molecular cross sections 
as are computed by kinetic theory considerations. The 
variation in collision cross section does not seem very 
large with the exception of that for mercury, which is of 
the order of a hundred times greater than the others. 
This is in agreement with the findings of Biondi 
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Fluorescent x-ray radiation from 100 mg of KTc”O, was analyzed with a Cauchois-type curved-crysta] 
spectrometer and four K-series x-ray lines of Tc were recorded. The wavelengths accurate to within 0.1 xu 
are: Kaz, 677.90; Kay, 673.57; K8;,, 600.20; KB, 4, 588.99; all wavelengths in xu. 





ECHNETIUM, element 43, was first isolated in 


milligram quantities from uranium fission by 
Parker, Reed, and Ruch.' Convincing evidence of its 
existence and isolation was obtained through the re- 
cording of its K x-ray spectrum by Burkhart, Peed, 
and Saunders.’ Using a 25-cm Bragg spectrometer, they 
observed four K-series lines. Later, Marmier, Blaser, 
Preiswerk, and Scherrer,* using a Cauchois curved- 
crystal spectrometer, observed three K-series Tc lines 
resulting from the radioactive decay of a Tc isomer. 
We have remeasured the K x-ray spectrum of Tc for 
the purpose of establishing the wavelength values with 
higher accuracy. One-hundred milligrams of KTc®O, 
were irradiated using a tungsten-target x-ray tube 
operating at 48 kv and 20 ma, the high voltage and 
tube current both being regulated. The fluorescent 
radiation from the KTc”O, was analyzed with a 5.73- 
inch Cauchois-type curved-crystal spectrometer em- 
ploying the (331) planes of mica and a detector slit 
of 0.01° resolving width. The dispersion of the instru- 
ment at the Tc settings is close to 2.55xu/0.1°. X-ray 
intensities were detected with a Kr-filled proportional 
counter. The goniometer had an accuracy of 0.002°.and 
was calibrated using the Ka lines from Sr through Ag. 
The wavelength values given by Inglestam‘ were 
assumed. 


TABLE I. Measured wavelengths of Tc K x-ray lines, in xu 





Values of Values of 
Burkhardt t 
et al.* New values 
Ic Kay 677.8 677.9 677.90 
Tc Kay 673.5 673.4 673.57 
Tc KB, 601.4 O00 600.20 
Tce KBa« 589.9 


588.99 





* Permanent address: Department of Physics, Florida State 
University, Tallahassee, Florida 

! Parker, Reed, and Ruch, U. S. Atomic Energy Commission 
Report AECD~2043, 1948 (unpublished 

? Burkhart, Peed, and Saunders, Phys. Rev. 73, 347 (1948) 


* Marmier, Blaser, Preiswerk, and Scherrer, Helv. Phys. Acta 
22, 155 (1949) 


‘ E. Inglestam, Nova. Acta. Regiae Soc. Sci. Upsaliensis 4, No. 5 


1763 


The x-ray lines were recorded by manual setting, in 
steps of 0.005° through the main part of the line and 
0.01° at the sides of the line. Counts for a one-minute 
time interval were recorded. Numerous rup3 were taken 
for each line. The Tc wavelengths given here are ac- 
curate to within 0.1 xu. Comparison with the previous 
measurements** shows agreement on the Ka lines, but 
disagreement on the weaker A@§ lines. Table I gives 
the wavelength values previously reported and those 
obtained here. Figures 1 and 2 the 


2 show recorded 
spectrum. 
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Nuclear Magnetic Dipole and Electric Quadrupole Energy Relations* 
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+} 
in 


Caiculations based on existing 
provide general expressions in closed form relating ], uHo, @Qg, 7, 8, and @ to experimentally determined 
frequencies »,;. The angles @ and @ determine the orientation of Hy in the principal axis system of VE 


eory cf nuclear magnetic dipole and electric quadrupole transitions 
] 


Methods of applying the expressions in specific situations are discussed. Application of the procedure to 


the asymmetric ator, is pointed out 


air systems. such as 


I. INTRODUCTION Il. PROCEDURE 


HE original work of Pound! on the quadrupolar It is convenient to express the F; in units of frequency 
splitting of nuclear magnetic resonances and of and to fix the reference level from which they are 
Dehmelt and Kruger* on pure quadrupole transitions measured by requiring that the sum of the energies 
has been followed by a number of papers?" in which _ be zero, i.e 
the calculation of theoretical expressions for the TF. <0. 23. OF4+1. (1) 
dipolar-quadrupolar energy levels has been treated pes 
Except for certain restricted cases in which exact It is necessary in this procedure to have sufficient 
expressions are available, the usual procedure is to experimental frequency data to construct an energy 
apply perturbation methods to obtain approximate level diagram and to « ompute the term values with the 
expressions for the energy levels. The rapidity with help of Eq. (1). In the system under consideration this 
lich these expressions converge depends, of cours¢ requirement is not particularly demanding. For 
e magnitude of the perturbation energy as example, with J=5/2, »,=F;,,—F;, and F,, F:, 


\ 
compared with the zero-order energy. In those cases F labeled in order of increasing (or decreasing) magni- 
where convergence is slow, either higher orders of tude, the expressions 
perturbation approximations are introduced or numer 

ical approximations to the roots of the secular deter 

minant are sought. In either case the calculations tend 

to become cumbersome and time consuming 


rhe experimentally determined frequencies can also 


be compared with theoretical expressions in another 
way which permits the development of general relations 
in closed form. This *thod consists of expanding 
the theoretical secular determinant into a polynomia satisfv both 
whose coefficients are then compared with the coe 
cients of an identical polynomial derived from experi 

“nmtal letermined freon > he rw ] 
mentally determined frequencies. These polynomials 


ot} 


and 


If the Sign ol each fF, is changed and the order of 


labeling is reversed, i.e., if the energy diagram is 


must be identical since their roots F; (the energy levels : . 
, inverte he relations in E: }) are still satisfie 
are to he identical inverted, the relation 1 Eq satisfied, 
thus the absolute signs of the F; are ambiguous unless 
* This work was supported in part by a contract between the additional information is available regarding the signs 


f th ir Resear h and Development of pHs and 20g. 
nmar re, Maryland, and The Ohio State University , ”" 
Resnensh Th In the case of pure quadruy ansitions the above 
K. V. Pound, Proc. Phys. Soc. (London) 61, 576 (1948); example reduces to 
Phys. Rev. 73, 1247 (1948): 76, 1410 (1949). 79, 685 (1950 
*H. G. Dehmelt and H. Kruger, Naturwiss. 37, 111 (1950); 37 F.=F; 
398 (1950); Z. Physik 129, 401 (1950 
er, Z. Physik 130, 371 (1951 F =F 
J. Chem. Phys. 20, 1505 (1952 
Kikuchi, Phys. Rev. 78, 470 (1950 
and Smethie, Car J Phys. 30, 270 (1952 
an. J. Phys. 31, 820 (1953 since ¥; 
hem. Phys. (to be pub d 
a 5 v2 and » 
dissertation, Harvard niversity, 1952 a . , 
[here are situations in which transitions between 


illiams, Phys. Rev. 95, 1110 (1954 adjacent levels are not directly observable; however, 

. , in many of these cases transitions between nonadjacent 
dissertation, The Ohi ‘ ; F 

levels are present and provide the necessary data for 
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constructing the energy diagram. In any case the 
problem of correctly assigning labels to the observed 
frequencies is of fundamental importance. 

With the F; determined from experimental data, 
the secular polynomial can be formed as follows: 


(F—F,)(F—F,)(F—F;)---(F—F,)=90, (3) 
where n=2/+1 is the multiplicity. Equation (5) can 
be written as 


F™+a,F" 


en -> FF =90, 


wh i<j, 


ee 


=—-LiD DFP i, i<j<k 


Cet) hee * 


1+ qj" 2+ q.)’" ~— -+>+¢g,=(, (0) 
with 


from Eq. (3), 


] 


etc. 


The a, are the well-known symmetric functions of the 
roots of a polynomial equation. The restrictions i<j, 
etc., are introduced to avoid duplications in the sums. 
It is more convenient to work with sums of powers of 


the roots which become (with a,;=0), 


3S; > F; a,=0, 
S2=> (Fi? = —2a2, 
S;=>_,(F,)* 


—— 


? 
= 323. 


Terms involving higher powers of the /; are omitted 


from this discussion since the experimental quantities 
S;, S:, and S; provide sufficient information in most 
situations 

The Hamiltonian for the system can be written as 


9=—y:-H.—}0-VE+H (9) 


where p is the magnetic dipole moment of the nucleus 
in question, Hp is the external magnetic field, Q is the 
nuclear electric quadrupole moment tensor, and VE 
is the electric field gradient tensor (dyadic form). 
’ represents involving higher order 
moments (if present) and neighboring systems. This 
term is considered to be sufficiently small to be omitted 
in the present work. 


interactions 


In the xyz coordinate system which diagonalizes 
— (VE),;= Pij; 


' 


such that 


bez! S [by] <|ou (10) 


Eq. (9) with the omission of / can be written in 
units of frequency as 

W = — vo(sin# cos@/ ,+ sind sing] ,+cos6l ,)/h 
6)[372—2+9(1 2-17) //r’, 


] (11) 


+- (¢; 


where /,, /,, /,, and /* are angular momentum operators, 
/ is the nuclear spin, 


(12) 
(13) 
(14) 


W=/h, 
vo= uHo/Th, 


61= 300b22/21 (21 —1)h= —4(1—a)cs, 
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(15) 
(16) 
(17) 


62=3e0o,,/21 (21 — I)h= —4(1+n)es, 


c3= 3eQ¢,,/21 (21 — 1h = 3eQq/21 (21 — 1)h, 


= (Dez —Pyy) ou (Ci Cg) 3, 


and the angles @ and @ are the polar and azimuthal 
angles respectively of the vector Hy in the xyz system. 
The quantity vp is the Larmor frequency and ¢; is 
the frequency interval between pure quadrupole 
transition frequencies with »=0. The quantities ¢, and 
c; are defined in analogy with c; and satisfy the relation 


=), (18) 


Cyt Cet C3 


Che nonzero matrix elements of WV in a representation 
such that 


y,.=1(1+ Dah. (19) 
and 


I bmn = mtd, (20) 


mvy CosO-+-}{ 3m? 


I(I+1) les (21) 


4[ (1 —m) (1+ m+ 1) }*vo sinde'*, 


m)([+-m+1) 


x (1 —m—1)(1-+m-+ 2) }nc;, 


m+2, m iH m, m+ 2- 


Che secular equation 


(—1)"| W wm — Foun | =O, 


reduces to the polynomial form 


F* T a,F" 14 a,f" *+-q he *.+ ‘+d,=0 


upon expansion. The coefficients have the form 


=—)> MM 


oe OD 


=> Mi, i 


we ee 


etc., 


where M; is a 1X1 principal minor determinant of 
(W mm’), My; is a 2X2 principal minor determinant of 
(W mm’), i.e., formed from rows i and j and columns 
iand j, Mij, is a 3X3 principal minor determinant of 
(Wam’), etc. By summing Eq. (21) over m from J to 
—TI, it follows that 


a, ain > M, = > a » m=, 


i.e., the trace T of the W matrix is zero, thus satisfying 
the arbitrary requirement imposed by Eq. (1). 

In other systems, such as the asymmetric rotator 
energies for a fixed value of J, the trace may not vanish. 
In this case Eq. (26) can be modified to read 


(~—1)*| Wwe (T/8)b am’ 
+ (7 /2)b mm’ = 


(29) 


Fi nm |=0 (30) 
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or 
(—1)"*|Woew’ —F baw’ | =9, (31) 
where 
W nw’ =Waw'—(T/nbam (32) 
and 
F’ = F—T/n. (33) 


In this form the trace of W’ vanishes and Eq. (1) 
becomes > Fi =(). 


Upon equating the coefficients of the polynomials 


in Eqs. (6) and (27), the expressions in (8) become 


S; > M, 0, 


Se i” >: Mi. i<j 


hat * emt 


S3=3>) 3D Mijn, 1<5<k. 


ee te 


(34) 


of calculating the indicated sums in 
34) are omitted. The procedure involves expanding 
determinants, introducing the matrix 
elements given in Eqs. (21)— (25), and arranging the 
resulting expressions so that the following finite sums 
I may be introduced: 


Eqs 
the 


minor 
over m from TI to 


5S m’=0 with r an odd integer, 
a 


Tm? = 2041, 

Yom? = (1/3) (1+1)(2I+1), (35 
Yim = (1/15) (14-1) (2141) (32431 -1 

Yom = (1/21)7(14+1) (2741) (314+ 6P —31+4+1). 


rhe resulting expressions, which must be satisfied in 


the genera! case, are 


S,=0 (36) 
S2= px l+°/3 + piv (37) 
») px l 7 )+ 3 pa ye’ (3 cos*é—1 

+» sin’? cos2¢), (38) 
where p;, Ps», and p; depend only on J as follows: 
pi= 27 (1+1)(27+-1)/3), 
p2= 21 (1 +-1)(27 — 1) (274-1) (274+-3)/3(5 }), 

(39) 


p= 20 (1+1)(21—3)(27—1) (21+1) 
x (21+-3)(21+5)/3(7!). 


It should be noted from Eqs. (36) and (37) that the 
sum of the squares of the energy levels as well as the 
sum of the first powers is independent of the orientation 
of the crystal in the magnetic field. This remarkable 
fact provides an immediate check on the problem of 
assignments since in general S; can be expected to 
remain constant for different crystal orientations only 
when assignments are correctly made. 

Equations (37) and (38) can be written in a more 
symmetric form by introducing ¢, and ¢ as follows: 


Se (2 3) Po(cr?+ cs*+- 03") + pire’, (40) 


S5;= (4 3) pale "+ c? +<¢,;*)+ 5ps(civs? + ¢ », Tt ¢ 3¥,"), (41) 


AnD F.; MM. 
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where the vector v is defined as 


v=yH)/Th 


(42) 


and has the magnitude yp. 

It can be shown that terms involving »» to an odd 
power do not appear in any of the polynomial coeffi- 
cients and that odd powers of c; appear only in relations 
involving F; to odd powers. It follows that a change in 
sign of u does not affect any of the S, and a change in 
sign of e*Jq changes the sign of S, with r odd. 

Three special cases of Eqs. (36)-(38) are of interest. 
The first case considered will be that of the pure 
quadrupole interaction (vp=0). Equations (37) and (38) 
reduce to 

So= poe? 1+n?/3) (43) 


S3=p ( (1 —9 


Except for the isolated case of J = 3/2 in which p;=0, 
Eqs. (43) and (44) can be used to determine n and the 
magnitude of e*Jg for arbitrary 7. Thus with 


(44) 


(1+ n’/3 y=1—a= pS; prSi, (45) 


a single tabulation of n=n(a), O<n<1, 0O<a<1, is 
sufficient to determine 7 and, with 7 known, 


e0q/h= [21 (21 


(1- n’)? 


-1)/3ILSa/pa(1+n?/3)}!. (46) 


For »=0, Eq. (46) reduces to a form which can be 
calculated directly from 


F w= [eQg/4I (21 —1)hJ3m*—1(1+1)], 


which is valid in this case. 

The well-known fact that it is not possible to deter- 
mine both eQg and 9 (n#0) from pure quadrupole 
spectra alone in the case of /=} appears in the form 
p;=0 in this development. The remaining polynomial 
coefficient a, is proportional to a,* in this case and thus 
gives no additional information. 

The second special case concerns selected orientations 
of the crystal in the external field. It is possible experi- 
mentally to orient Hy parallel to each of the principal 
axes of VE in succession by observing changes in the 
frequency patterns with changes in crystal orientations. 
The experimental procedure depends on the symmetry 
properties of the frequency patterns with respect to 
the principal axis orientations of Ho. If S;7, S;", and 
S;* are the experimental quantities determined in these 
three orientations then 


S3*= pc3(1—1)+3pscave(—1+9 

Sa” pu f1- n + 3 Doi yor | 1—7), 47 

S3* p ‘ 1- 7 )+ 3D 2 yo (2 
Elimination between these equations results in the 
relations 

n= 3(S;7—Sy")/ (2Ss'—Ss7— Sy), (48 
which is independent of /, 
ey=[(Ss°+Sy°+S3')/3p3(1—7) }', 19, n¥1, (49) 














ENERGY 
and 
vo=[(2S3*—S3*—S,") 18pocs }}. (50) 
For [=}, Eq. (49) is indeterminate but c; can be 


determined by eliminating v» between Eqs. (37) and (47). 

Experimental data recently obtained from Al and 
Be® resonances in beryl'® have been reviewed in terms 
of the above procedure. The resulting coupling constants 
were found to be essentially identical with those 
calculated previously on the basis of expressions for 
individual energy levels. 

The third special case involves determining S; and S; 
at two different magnitudes of the magnetic field, say 
H and \H. From the resulting two sets of equations for 
S2(H), S2(\M), S3(H), S3(\H) it follows that 


vo= {[.S2(AH)—S2(A) ]/ pi(QP—1)}! (51) 

cs (1+9?/3)=[A°S2(H)—S2(AM) |) po(\?— 1) (52) 
c8(1—n?) =[2S3(H)—S3(AH) )/ ps(?—1), 

I#}. (53) 


The values of n and c; follow from Eqs. (52) and (53) in 
a manner similar to that given by Eqs. (45) and (46). 
It should be noted that, for »=0, the quantities S, 
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and S; determined at two values of H» are sufficient to 
determine the angle @ between the field and the unique 
axis of VE. 


Ill. CONCLUSIONS 


The procedure of relating experimental data to 
theory through the coefficients of secular polynomials 
can be used advantageously in those cases in which 
the mathematically equivalent method of relating their 
roots, the individual energy levels, presents computa- 
tional difficulties. 

Application of the procedure to nuclear resonances 
in crystais results in relatively simple general expres- 
sions for the coupling constants in terms of the resonant 
frequencies. 

Energy relations for the asymmetric rotator, similar 
to those for the pure quadrupole case, can be developed 
by a corresponding procedure. 
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It is shown that the “contact interaction” recently pointed out by Sessler, Sucher, and Foley for the 
relativistic two-electron atoms can be very simply and unambiguously obtained from the field-theoretical 
form of the theory of Breit and Maller, whereas the original “reduction” procedure (reducing the equation 
for the 16-component wave function to one for the four big components by successive approximation) does 
not lead to this contact term. The effect of the singular behavior of relativistic wave function at the origin 


gives rise to a correction of order a‘ in the energy. 


I. INTRODUCTION! 


HE problem of finding the relativistic energy of a 
two-electron atom (He-like atoms) was first 
treated by Breit.? Many calculations have been made 
1 After the above work was finished, our attention has been 
called by Dr. S. Shanmugadhasan, to whom we wish to express 
our thanks, to a paper by A. I. Andreev, Vestnik Moskov. Univ. 
Ser. Fiz.-Mat. i Estestven. Nauk 3, No. 5, 65~9 (1954), in which 
the author employs simultaneously the reduction procedure to 
the big components and the matrix element of H in (1) with 
respect to the 16-component wave function, thereby obtaining 
the contact term H, of (12), but also the B® term in (10) [or the 
H®™ in (11)) as well. The procedure given in Sec. III in the 
present note gives H, but not H™. 

Our result is essentially the same as that of Berestetskii and 
Landau, reference 5. Our method differs from theirs in that we 
use the wave functions in (15) thereby obtaining the relativistic 
correction very simply by one simple integration in (18), whereas 
the other authors express the small components in terms of the 
big components and obtain the various operators in (11) and 
(12) in separate forms in a longer calculation. 

2G. Breit, Phys. Rev. 34, 553 (1929); 39, 616 (1932). 








subsequently. Recently, Sessler and Foley* gave on 
classical arguments an additional term of order (v/c)* 
in the energy of the ground state of helium, and in a 
more recent paper, Sucher and Foley‘ obtained this 
additional term from the original method of Breit. 
This term, of the nature of a contact potential and 
previously found also by Berestetskii and Landau’ in 
connection with the positronium problem, has in fact 
been found much earlier and included in their work by 
Breit and his co-workers,*® although not explicitly in 
connection with the ground state of helium. The 
purpose of the present work is to point out that by 





* A. M. Sessler and H. M. Foley, Phys. Rev. 92, 1321 (1953) 
‘J. Sucher and H. M. Foley, Phys Rev. 95, 966 (1954). 

*V. Berestetskii and L. Landau, J. Exptl. Theoret 
(U.S.S.R.) 19, 673 (1949). 

*G. Breit, Phys. Rev. 72, 1023 (1947); G. Breit and G. E. 
Brown, Phys. Rev. 74, 1278 (1948); Breit, Brown, and Arfken, 
Phys. Rev. 76, 1299 (1949). 
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following the original procedure (reduction of 16- 
component wave equation to one for the 4 big compo- 
nents), one does nol obtain the contact term, whereas a 
calculation of the interaction between the two electrons 
in the manner of Breit and of Mller’ does lead very 
simply and unambiguously to this contact term 


Il. “REDUCTION” PROCEDURE 


The theory of Breit* in the earlier form is as follows 
The Hamiltonian of a two-electron atom is taken to be 


(1,2) = Ho(1) + Ho(2)4+-2/ri2t+B, 1 
where H, is the Dirac Hamiltonian for one electron: 
H | Cl ay ,)—8:me—Zé rT; 2 
‘ 1 
B @° @)) + @°Ey2)(@i fiz) |}, (3 
2r yo ae 


Wy. Piet (e/c)Ats 


Here and in the following, the subscripts I, II refer to 
electron 1 and 2 respectively. On writing 


hd Zé 1 e 
‘ 
co 


il + + 
ction yw by 


2 ia mr, 9s 


and on denoting the 16-component wave fun 


four 4-component wave functions 


o u 
. (5) 
Vv 
and writing 
é 1 
B’ @ ° @1;) + oT @11; Tis) I, o) 
2r Tis" 


where @;, o;; are the Pauli matrices for the two ele 


trons, the wave equation can be put in the form 
Io — 2mm 11, )u+ (oy, 
aw; Il, V + Iipu+ 
oy Ay +B 
B’ Y v + (C1 


V+ (oy; Hy )0+ (B'/c)o=0, (7a) 


B'/c)e+ (en: Mn)e 
c)ut ope t+ (oy: Thy jo=0, (7¢ 


Thy) + (ey: Ty) e+ (p+ 2mc)o@=0. (7d) 


rhe 12 small components @, “, v are expressed in terms 
of the 4 big components ¥ by solving (7b), (7c), (7d 


by successive approximation,* 


1 B’ 
oo aw; Il,) wry Hy ¥, 8 
4m? tmc 
1 
u=— Il oy T1hh)v+ BT (on: My)¥ 
2m 
Il, @r° Wy )d. 
Q 
1 
= Il 1; 1y,)¥-+ Tl ‘(ay yy 
2mc 
IT ev; II; )¢, 


C. Moller, Z. Physik 70, 786 (1931 

* From (7b) and (7c), one obtains u, r up to (2/< 
, one obtains ¢ up to (e/c? in (8 
and (7c) one obtains w, rin (9 


Putting thes« 
Putting this back in 


into (4d 


(7b 


AND G. E. TAUBER 


such that when they are substituted in Eq. (7a), all 
quantities of order (v/c)* are included. On using (8) 
and (9), Eq. (7a) gives the original equation of Breit 
for the 4 big components 


ITo 1 
—1— { (oy; - T1,)Io~'(e,- T,) 
2mc 2me aft 
1 
+ (oy: Ny) Mo (ory: My) } — oy TN)? (oy, My) 
Ronit 
1 
+ {(o;- 11,)B’ @y)° Why) + (on Wy Bb a, I;) 
Smt 
+ B'(o,- My) (ory: My) + (oy My) (on: Ty) B'S 
| 
x2 hp=0 10) 
Sm*c* 


This equation can be put in the form* 


*The various operators are giver reference 2 and in the 


notation of (11) by H. A. Bethe, Handbuch der Physik (J. Springer, 


Berlin, 1933), Vol. 24, Part 1. Concerning the operators H"’, 
H®), H® [see H. A. S. Ericksson, Z. Physik 109, 762 (1938 
and reference 3], the following remarks may be useful. The above 


operators come from the terms 


(a; II; Il, ‘(oy II, tT (O11 IL; Il, (oy Il; 


in (10). In the following it is sufficient to refer to the first of 
these two terms and to consider the case with no external field 
(II = p). On omitting the subscript I, one has 
1 1 
clo pill, ‘(ao p\=5—-(@-p);.\e-p 
<M” 
1 l 
To PP +5 gpl op \ 
where 
1 
U = 1+ (E—2mct+eV) 21+ 
2mc? 
~1+O(r exce at ri. fe. f 0 
7 Te 
* as “ aS ry. fe. 7 () respective (B 
fi wer 
The dot behind U'™ indicates that the erator the front does 
not extend he nd 7 > irr g e ca Nation mnie 
obtains 
1 | 
clo pill) ‘(@-p)= - H H ( 
Dom [ / 
where 
ch 
HH) = ([ExXp)-o 
4m ; 
eh 
Hs i é 
ina”? 


é vl 

U=1—p in the first term ir 
and third term in (C 
w to the indeterminate 


yf H®, Only working with 


E=-— 9 =— (2m 


Ihe usual procedure is to expand ! 
(C) and replace (7? by 1 in the 


This 


value x 


second 


procedure is not correct, it leadir 
U for the matrix element 
the exact operator (1 


for the 


(?)H® gives the value 0 to the spin-orbit 
. U. C Shortley 


Press, London 


S-state. [See E. U. Condon 
“ee 
tra (Cambridge | 


interactior and G 
Theory of Atomic Spe 
1935). ». 130.) 


On forming the 


niversity 


matrix element of 


1 


int? + tt” -;| oY tir 
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[Hyret+H,4+-H e +H, W= EF, 
H,=H®+H®+H®, 
Hyp=H®+H®+HOLH, 


(11) 


Hype is the nonrelativistic Hamiltonian, H™ the quan- 
tum mechanical analog of the classical Sommerfeld 
correction, H“® the spin-orbit interaction, H® the 
“S-state” correction, H‘ the interaction with external 
fields. The term H representing some sort of “spin- 
other orbit” interaction and the term H™ representing 
the spin-spin interaction, arise from the magnetic 
interaction (@y:@;;) in the operator B, the term H® 
arises from the retardation term in B, and the term 
H™ from both in B. (10) and (11) are the original 
result of Breit. It is to be emphasized here that accord- 


ing to this procedure of reduction, the additional 
contact term,*~* 
8x / ch \? 
H . ( ) (ey) @11)5(ri2), (12) 
3 \2mc 


does not appear." 


and integrating the first term by parts, one obtains 
. p 1 pl ; 
¥ +—H® Wdr=— | = a (E) 

J Oa iz 7 yy dr od 7 (wy Pdr 


On expanding 1/U’1—» and integrating the above integral by 
parts, one has 


1’ he 
+5— | vevdr—5—(WwYW)s 
i 


2mt 


hy = h? 
—| (1—»)(evdr=—We")s 


2m. Zm 


1’ o 
ne 
where the prime on the integrals indicate that a small spherical 
volume of radius R around each of the poles r;, re, r= 0 of U 
in (B) is to be excluded so that the expansion 1/U =1—v does 
not introduce any singularity at these points at which 1/l’=0. 
The two surface integrals denoted by the subscript S vanish in 
the limit R-0. One finally obtains for (E) the usual result 


“ 


T H ‘ |eer 


1 . 

p* pea 
) fy pyar 
one 


in which the prime has been removed by allowing R to approach 
zero 
In the second paper in reference 2, Breit employed a different 
procedure from the “reduction” procedure outlined in (8), (9), 
(10) and treated the operator B’ as a perturbation in Eqs. (7). 
From (7) and the approximation 
u=—Tig'(,-Hy¥, »=—-ly(en-My)y, 


1 , 
o= (0: IT, (oun yy, (F) 


(2me 


. [ (Pv (py \dr+ fvru “dr 


Smrrc*. 


the perturbation energy due to B’ comes out to be 
1 gr at mr r at pe 
~ {L(o; II, v 'B (oy; Ty) + [ (oy Thy wv 'B (a; Il;) 
4ImtaJ *~ s 
+w'B' (a; Il, (Or, Il); + (oy; TT, ) (ou, - Ty Wy B’ yer. (G) 


\ correct evaluation of the last terrm by Sucher and Foley‘ yields 
the contact term (12 

The procedure employed in the foregoing in arriving at (G), 
while in agreement with the field-theoretical point of view in 
treating the Breit operator B’ as a perturbation, seems to have 
involved the multiplication of (7a), (7b), (7c), (7d) by ¢’, u’, 0°, @", 
respectively, the use of (F), and the addition of the four resulting 
equations. On writing out these four equations separately before 
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This “reduction” procedure leads to the term B® in 
(10), or H™ in (11), which Breit? has immediately 
given some arguments for discarding and which has 
later been shown by Bethe* to come from the second 
order perturbation when the Breit operator B is taken 
to be a perturbation. Even before the development of 
the field theory, Breit® already cautioned against treat- 
ing (1) as the exact Hamiltonian. In the later develop- 
ments, it became clear that there is ground for treating 
separately the interactions between two electrons 
through the longitudinal fields which give rise to the 
Coulomb term ¢é/r;:, and the interactions through the 
transverse fields of which the first term in the series in 
powers of e/hc=a is the Breit operator B. In the 
field-theoretical form of the theory of Breit and of 
Mller, one does not regard H in (1) as the exact 
Hamiltonian, but treats B as a perturbation. In the 
following, we shall show that a simple calculation of 
the diagonal matrix element of B with respect to the 
16-component wave function gives unambiguously H, 
in the case of the ground state of two-electron atoms 
(for which H®, H®®, H™ vanish). 


Ill. CONTACT TERM IN THE THEORY 
OF BREIT AND M@LLER 


Let us consider the case of two electrons in the 
central field of a charge Ze and let us assume that Z 


them, one finds 


I 1 
N5—-1-5—(@,- Th), 
2m smc 


+ (yy II; Ho (ayy Il, ) 


, 


B 
+ (a; Il, (GW); Hl, Vea), (Ha) 
Rmict 


, 7 1 
Ceo, Hy uF (e:-Mh)@n-Mn? 
if 


2m 
Be 
-_ Bil (Wy II, Ve (Hb) 
2mc 
7 1 Sa 
He@u-Th | (oT) 
(Qmc¥ 
| 
“5 BIT ‘io, Tl, v=o (He) 
2mc 
.¥ | 
(ay Ih, (oy, My )s {9 =0 (Hd) 
Sm 


While adding these equations leads to 


‘f U 
° FE a 


1 
+ (Oy, on (ay Mh )}—; 
Ror 


1 
1-; ~{ (oa, TH Te (oe, TH, 
zmc 


ACL IT, (oy, Ty |v 


1 , ” , 
+ (L@% Il, vB (oy My + (oy My v TR (o,- T, 
Rmict 
t v'B' (a; Il, Noy Thy + i (oy; Il, (Or, Il; ad Bw =0, (1) 


adding and hence to (G) with the contact term, the four equations 
(H) are obviously incorrect. There is thus an ambiguity in the 
result depending on whether one first adds up the four equations 
wv’ (7a), u'X (7b), etc., and then puts in (F), or whether one 
first uses (F) as above to get the equations (H) asd then adds 
them. That the equations (H) are incorrect arises from the fact 
that the approximation (F) does not satisfy Eqs. (7) up to (#/c)* 
[the lowest order term being (2/c}* in (7a) } 
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is large so that the electron-electron interactions, up 
to a’, 
C.K f 
“ape (ay ayy) + (ortiz) (en-Fis) f, (13) 
T12 2ris| ni? 


are small compared with the electron-nucleus interac- 
tions. In this case one may calculate the interaction 
energy between the electrons through their fields by 
calculating the diagonal matrix element of (13) with 
respect to the 16-component wave function of the two 
hydrogenic electrons. The work of Breit,? Mdller’ and 
Bethe and Fermi" shows that taking the diagonal 
matrix element of (13) is equivalent to calculating the 
integral 


1 2rivi fie 
ff exp( 
Ti2 


x [(1)p’(2)—9(1)-9'(2) ld ride. 14 
For the ground state of He-like atoms, 


=), 


py Di — eh (Dy 


being a four-component column matrix corresponding 
i 


to M =}, ¥,' a row matrix, etc. Simil: 


y(1)-7'(2 


where 


i ele 


Vite os, 1/ sinde™'*, g, 0), 


if sinde’*, tf cos’, 0, 


a 


+8: ’ 
1+ |1— (Za)? }! he 


Fermi, Z. Physik 77, 296 (1932) 
(London) A118, 654 -(1928) 


“H. A. Bethe and E 


#C.G. Darwin, Proc. Roy. Sa 


AND 


G. E. TAUBER 
so that 
(o0'—5-3') =Ne(L PA) +021) ILS 22) + #2(2)] 
+8f(1)g(1) f(2)g(2) cosd2}. 


Evaluation of (14) leads to 


1 5 
ff. -pp'drdr2=-Z+0.46Z'%a" 
Tie 4 
in Rydberg units, 
a 1 
-f f- j:)'d+,dr2= Zc 
T12 D 


(17) 


in Rydberg units. (18) 


The matrix element (18) of the Breit operator B is 
to be compared with the terms H®, H®, H® in (11) 
that arise from the operator B. The matrix elements of 
H®, H®, H 


functions are all zero for the ground state of He-like 


with respect to hydrogenic wave 
atoms, but the matrix element of the contact interaction 
H, in the same approximation is exactly }Z*a* Rydberg 
Thus the matrix element of B with respect to the 
16-component wave function does lead to the contact 
term H, for the relativistic energy of the ground state 
of two-electron atoms. It is, however, not yet clear why 
H,. does not “reduction” 
procedure, as shown in Sec. II. This might again be 


appear if one follows the 
traced to a cause related to that mentioned at the end 
of Sec. II 

Expressions (17) and (18) give the energy from the 
electron-electron interaction (13); the total relativistic 
energy of the two-electron atom of course is the sum of 
17), (18), energy of the 
hydrogenic electrons containing the Sommerfeld, the 


and the relativistic two 
spin-orbit and the S-state corrections for the two 


electrons. The first term in (17) is the nonrelativistic 


energy arising from e*/r;». The second term, which in 
this approximation of unscreened relativistic hydrogenic 
wave function is 0.467%a* Rydberg, has no correspond- 
ing term in (10)-(12). It arises from the singular 
behavior of the wave function (15) at the origin, and 
is the consequence of treating (13) by the perturbation 
treatment of the relativistic 


procedure. A rigorous 


syst em 


Ho(1)+Ho(2)+ v= Fy 19) 


is not known; but on plausible considerations, the 
effect of the singular behavior of the relativistic wave 
function in (19) at the origin can be expected to 
contribute a correction of the order a‘, and must be 
treated together with the higher order interactions in 
the field theory. 

The authors wish to thank Dr. H. M. Foley and 
Dr. G. Breit for helpful discussions. 
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The scattering of an arbitrary incoming electromagnetic wave by an unrestricted scattering object is 


described in terms of a tensor scattering matrix. General reciprocity relations and the cross-section theorem, 
including an interesting extension, are established using this representation. The results are related to the 
special case of plane-wave scattering and the scattering matrix is explicitly exhibited in terms of the plane 


GENERAL FORMULATION 


N the following note, we delineate those general 

features of the scattering of electromagnetic waves 
which are consequences of the asymptotic properties of 
Maxwell’s equations but are independent of the nature 
of the scatterer.' For this purpose, it is convenient to 
describe the scattering by introducing a tensor scat- 
tering matrix. Using this representation, reciprocity 
and the cross-section theorem, including an interesting 
extension, are easily established as we now proceed to 
show.” 

Outside the scattering region, and in particular as 
r—+x, the fields satisfy the free-space Maxwell’s equa- 
in Gaussian units) in the form 


v xX H=—ikE, (1) 


tions, which we write 
vx E=ikH, 


where we have assumed harmonic time dependence 
e**t and where & is the free-space wave number. We 
now decompose the asymptotic field E(nr), r+ into 
incoming and outgoing waves along n; that is, we write 
ikr Ys 

+F.(n)—, (2) 
r r 


¢ 
E(nr) = F,(n)- 


where, as a consequence of the divergence condition, 
F, (n)-n= F,(n)-n=0 (3) 


In the above and throughout, we neglect terms of 
higher order than the first in reciprocal powers of r; 
we deal only with pure radiation fields. 

As a consequence of the linearity of Maxwell’s 
equations, the outgoing fields must be linearly related 


* This work was supported in part by the Geophysics Research 
Directorate of the Air Force Cambridge Research Center. Some 
of the results were presented at the URSI symposium on Electro 
magnetic Wave Theory, University of Michigan, 1955 (unpub 
lished), and a more detailed discussion of some aspects is given 
in “Lectures on the Scattering of Light” by D. S. Saxon (notes 
by R. S. Fraser), University of California at Los Angeles, De- 
partment of Meteorology, Scientific Report No. 9, May, 1955 
(unpublished) 

1 We assume, however, that the scattering region consists of a 
linear medium which contains no sources and does not extend to 
infinity. We do not assume that the scatterer is homogeneous or 
isotropic or lossless 

? See E. Gerjuoy and D. S. Saxon, Phys. Rev. 94, 1445 (1954), 
for a similar discussion of scattering without absorption for scalar 
fields. In the present paper, the development is generalized to 
the vector field, including absorption. 


wave scattering amplitude for two mutually perpendicular directions of polarization. 
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to the incoming fields which we assume to be arbitrary. 
Thus, we introduce a linear connective $(n,n’), called 
the tensor scattering matrix, by writing 


F,(n)= - favs n,n’) F,(—n’), (4) 


where the choice of signs is such that $ reduces to the 
unit operator when there is no scattering. As a conse- 
quence of Eq. (3) 


n- $(n,n’) = S(n,n’)-n’=0 (5) 


so that $ has only four independent components. 

We first establish reciprocity relations for the electro- 
magnetic field starting from the fact that if E and E’ 
two solutions of the source-free Maxwell’s 

(but with the same harmonic time-depend- 


are 
equations 


any 
ence), then 


f dQr'n- (E’ (nr) x C9 X E(nr) | 


ron 


~E(nr)<(¥ xX E’(nr)]}=0, (6) 
provided that the dielectric, permeability, and conduc- 
tivity tensors are symmetric. The proof of this relation 
is straightforward. Under the stated conditions it is 
easily established from Maxwell’s equations that 
v-(E’XH—EXH’) vanishes identically. Integration 
over all space, followed by an application of Gauss’s 
theorem, then yields Eq. (6) for there are no sources 
except at infinity and asymptotically the fields satisfy 
Eq. (1). (It is of interest to remark that the symmetry 
of the constitutive tensors seems to be a necessary 
condition for reciprocity.) 

Decomposing E’ as well as E in Eq. (6) into incoming 
and outgoing waves along n, we obtain the following 
after some algebra: 


fescevem) F,(n) = F,(m)- Fy'(n) } =(), 


where the prime denotes the amplitudes associated 
with E’. Expressing the outgoing fields in terms of the 


* Since F;, is transverse, strictly speaking $(n,n’)-n’ is undefined 
according to Eq. (4). However, we complete the definition by 
taking it to be zero. 
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incoming by Eq. (4), we then have 


feof ax F,’(n)-Sin.n’)-F n’ 


F,(n)- 8(n,n’)- F,’(—n’) ]=0 


Replacing an by —n’ and n’ by —n in the last term and 


transposing the product, this becomes 


feofare ‘(n)-[ Sinn 


$7 n’ n) 0, 


F, -n')} 


where the superscript 7 signifies the transposed tensor: 


gs? § 


Since F, and F,’ are arbitrary, we thus have 


$(n,n’) = $7 n n), ] 


and this i 
Later 
apply our results to plane wave scatterit 

Next 


the field. The time-average energy flux inward tl 


s the reciprocity condition in its general form 
more famil 


we exhibit it in iliar form when we 


uv 
Kn, 
} 


consider the energy relations which hold for 
rough 
the sphere at infinity must of course be equal to the 


average power P absorbed by the scatterer, and hence 


Re f Ex H*) -nrdQ |= P 
Sq nda 


I xpressing H il E 


equation, we then find using Eq. (2) and Eq. (3 


terms of by t Maxwel 


f F,*(n)- F,(n)— F,*(n)- F,(n) 2+ P=0 

Sr 

Upon substitution of Eq 4), we obtain, after appro 
priate transpositions and relabeling of the integratior 


variables 


— fav H-- femny "ae 


F, 


ann”) fase nn’). Sinwn” 
} 


8) we see that the energy loss is determined 


Wt? 


ee 


n')i+P=0, & 


where 


From } {] 


in terms of the incoming field alone and can itself be 


characterized by tensor K(n’,n”) defined by 


a 


relation 


i ff enacre.s —n’):K(n'n")-F,(—n”). (10 
Sr 


Actually, only the transverse parts of K are defined 


the 


Ss 
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by this relation, and we complete the definition by the 
additiona! conditions: 


” 


n’-K(n’.n”)=K(n'n”)-n”’=0 11 


From the fact that P is real, it follows at once from 
Eq. (10) that K is Hermitian, K*7(n’’,n’)=K(n',n’’). 
‘If we regard K as a continuous supermatrix, this can be 
written in matrix notation as K'= K, where the adjoint 
symbol means to take the complex conjugate and to 
transpose all indices, continuous and discrete. 


K 


Equation (8) can now be rewritten in the form 


f fevanre *(—n’)-[ 9(n'.n”)— d(n’ 


+K(n'.n’’) }-F,(—n”’)=0 


Now F, is arbitrary, except that it must remain trans- 
verse, and hence we infer tha 
the bracketed expression vanishes. Of course 9 and XK 
are already transverse and we need only extract the 


nit 


t the transverse part of 


tensor. Denoting this by 


transverse part of the u 
(n), 


é7 


: we evidently have 

nn (12 
the other hand, if B is 
then B é7(n =er(n)-B 
ter as a unit tensor 


n € 
0. ®in 


to Rf, 


€7 


n)=er(n)-n 
iny vector perpend 


, 
B so that 


t to such vec tors. In 


since N-é€7 
icular 
} 


ér Maintains its charas 


with respec any case, using Eq. (9), 


we have 
fans nn’): Sin n’ 
. , ; ” - , "ry 
er(n’)6(n' —n"’)— K(n',n”) 13 
Finally, introducing the reciprocity relation in this 
last result, we find after a little manipulation 
[eosin S*T (nn 
er(n’)d(n’—n K’(n’n”’), (14) 
where K’(n’,n”’) = XK*(—n’, —n K7(—n’, —n’”). In 


} } + , +} ’ 
tation, these relations have the torm 


© 


1-XK, $8'=1-KX’ 


to be properly unitary in the lossless case 


t 
ire zero 


and § is seer 


when K and x’ 


APPLICATION TO PLANE WAVE SCATTERING 


which a plane wave 
is incident along the direction mo, the field at 
large distances from the scattering region has the form 


We now specialize to the case in 
so that 


E (nr) = qe*™*+ A. (nin (15) 


rx , 


in th 
Ath Like 


Here q is a unit vector direction of polarization 


of the incident wave and A,(n,n,) is the amplitude of 








TENSOR SCATTERING MATRIX 


the wave scattered in the direction n, the notation 
serving to indicate explicitly the direction of the inci- 
dent wave and its polarization as well as the direction 
of the scattered wave. Of course q-mp and n- A,(m,mo) 
are both zero. The decomposition of this field into its 
incoming and outgoing parts leads in a straightforward 
way’ to the result 

2mi Y Piven 
E(nr) = —-q6(np+n) 
ia k r 


? ikr 


Tt e 
+] A,(n,no) ——-qd(mp—n) |— (16) 

k r 
Hence, regarding this as a special form of Eq. (12), 
we have at once from the definition of the scattering 


matrix, 


2mi 2ri 
A,(n,no) = —-d(mp—n)q——-S(n,mo)-q. (17) 
Equivalently, we can write 
A, (n,mo) =-4(n,no) - q, (18) 


where -4(n,mo), which we shall cali the tensor scattering 
amplitude,‘ is given by 


2ri 


-A(n,mo) = —[er(mo)5(mo—m)— S(mjmo) ]. (19) 


Regarding (18) as the definition of -4, and supposing 
that q: and q» are two mutually perpendicular polar- 
ization directions and Aq, and Aq are the corresponding 
scattering amplitudes, we have simply 


-A(mmo) = Aq) (m,mo)q: + Ago(m,mo) qo. {20) 
Accordingly, by (19), 
k 
S(n,mo) = er (Mo)d(mop— n) — —.A(n, no) 
2ri 
= er (Mo)d(mo—n) 
[ Agi (mmo) quit Ago(m,mo)qe |, (21) 


2m 


which is thus an explicit construction of $ in terms of 
the plane wave scattering amplitude for two mutually 
perpendicular direction of polarization. 

We are more interested however in examining the 
properties of .4 corresponding to the previously derived 
general features of $. Thus the reciprocity relation Eq. 
(7) yields at once, with the aid of the first form of 
Eq. (21) 

(22) 

* Note added in proof—Morse and Feshbach, Methods of The- 
orelical Physics (McGraw-Hill Book Company, Inc., 1953). 


See pp. 1897-1898 where a tensor scattering amplitude is intro- 
duced to describe scattering from a sphere. 


_A(n,mo) =-A™(—mMo, —n), 
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or equivalently, using Eq. (18) 
(23) 


For the special case in which q=q’, this last relation 
states that if we interchange the direction of the incident 
wave and the direction of observation, the component 
of the scattered wave in the direction of polarization is 
unchanged ; and this is the more customary (and more 
restricted) statement of reciprocity. 

Next we examine the consequences of energy conser- 
vation as expressed by Eq. (13). Upon substitution of 
the first form of Eq. (21), we obtain 


q’- Ay(n,mo) = q- Ay'(—mo, —n). 


k 
feof riaso(a—m)+ AT (n,mo) 


2ri 


k 
| crimson’ —n)- ; s(n.) | 
2ri 


= €7(mo’)5(mo’ — mo") ~ K (momo). (24) 
Noting that e7(mo)-<4(mo,mo’) =. 4(Mo,mo’), since 4 is 
transverse, we then find, after the 6 function terms are 
integrated, 


" 


49° 
Ki No,Mo’) 


f 47*(n,no)- 4 (mmo) dQ 


2x ‘ 
= —[-A(mo,mo’) —- 47 (to' mo) }; 
ik 


(25) 


and this is a rather interesting extension of the cross- 
section theorem. It reduces to its conventional form 
upon setting Mo’=m» and taking scalar products from 
left and right with q, for we then have, using Eq. (18), 


* 


Acton A,(n,no)dQ+ q: K(Mo,Mo)  q 
bk 


= (49/k) Im[q:Ag(mo,mo) |. (26) 


Now from Eq. (10), and recalling that F,(n) 
= (2ri/k)q5(mo+n) for a plane wave incident along mo, 
the rate of energy absorption P is 


c 4r 


P= q: K(Mo,Mo) - q, 


Sr 


while the energy flux in the incident plane wave is ¢/ 81. 
Hence the second term on the left of Eq. (26) is simply 
the absorption cross section o, while the first term is, 
of course, the total scattering cross section o, and thus, 
as expected, 


o,t+o4= (44/k) Im[q- A, (Mo,mo) }. (27) 


It is worth emphasizing that this result, as well as the 
more general relation Eq. (25), both of which are 
statements of conservation of energy, involve inter- 
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ference between the scattered and incident fields. To 
make this more explicit, recall that treatment 
the incident wave is represented by 6 functions. Thus 
the left side of Eq. (24), representing the total outgoing 
energy, contains the scattered energy, the outgoing 
energy in the incident wave and interference terms 
between the scattered and incident fields. The right 
side represents the incoming energy (arising only from 
from which is subtracted 


in our 


the incident wave, of course 
the energy absorbed in the scatterer. The purely inci- 
dent wave terms cancel, as they must, and the scattered 
plus absorbed energy is accounted for by destructive 
interference between the incident wave and the forward 
scattered wave. This is the physical content of Eq. (27). 


rhe structure of these relations perhaps becomes 


more transparent if we repeat our derivation using 
matrix notation. Thus, corresponding to Eq. (21) we 
have 
$=1—.4/2xi 
and hence 
$'S=1—k(.4 f')/2rit+kh AA 4 


Recalling that from energy conservation 8'$=1—X 
we thus obtain, corresponding to Eq. (25 

1'".A+40K P= 2A {")/ik 28 
The diagonal elements of this result give directly the 


cross-section theorem (for specific directions of 


MICia 


dence and polarization), the usefulness of which is so 


well known. However, pernaps bec iuse of their 


com- 


plexity, little consideration appears to have been given 


to the off-diagonal elements.® It is our belief, as we now 


attempt to demonstrate, that extension of the cross- 


section theorem to off-diagonal elements also has its 
utility. 


One obvious application is simply as an algebra 


check on specific calculations of scattering amplitudes 


As an example of the kind of relations which can be 
lossless scatterer, K=0, which is 


derived, consider a 
axially symmetric and has a symmetry plane. perpen- 


dicular to its symmetry axis; e.g., a spheroid or a 


dumbell shaped scatterer. Consider now plane waves 
incident along the axis of symmetry in both directions; 
i.e., in Eq. (25) take mo along the axis of symmetry and 


take mo’ ~My. Further, let each incident wave have 


the same polarization q. Using Eq. (18), we then obtain 
. , vie) 

fa n,m) A, (nm, —mo)dQ 
2e 
7 > 7 
=—q: | A,(mo, —mo)— A, No, No) 
IR 

Because of the symmetry, A,(n, —nm))=A,(—n,n 


while the two backward waves are equal and have the 
same polarization as the incident waves and can thus 
* Note added in proof.—However, see Glauber and Schomaker 


[Phys. Rev. 89, 667 (1953)) for a discussion in the ld 
case without dissipation 


scalar fic 
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be written as qA». Referring m to mp as polar axis, we 
thus obtain the simple result 


4r 
facee -Ag(x—6, r+ ¢)dQ=— Im[ Ap]. 
k 


This relation is easily verified for a spherically sym- 
metric scatterer directly from the (vector) spherical 
harmoni similar but more 
complicated relations can be derived for other sym- 


expansions. Evidently 
metries. 
Finally we 


cation in 


mention a rather different kind of appli- 
which one uses off-diagonal elements to learn 
the large-angle scattering. For this 
rather soft, spherically 
short-wave limit. Here, 
the scattering is predominantly in the forward direction 
and the integral in Eq. (25) can be approximately 
evaluated as Assuming the effective radius of 
angular width 66 of the main 
diffraction peak is roughly (1/a) and the main contri- 
butions to tly occur when n is near 


something about 


purpose, consider a lossless, 


symmetrical scatterer in the 


follow ~ 


the scatterer to be a, the 


the integral evider 
when it is near Mo’, i.e., when one of the factors 
is the forward scattering amplitude. 
us take both incident waves to have 
the same polarization q (which means that we restrict 
our attention to the situation in which n and fy lie in 

to q) and let us assume that 
large-angle scattering plitude does not fluctuate 


We then obtain, 


n, and 
in the integrand 
For simplicity, let 


the plane perpendicular 
the in 


’ , . 
violently over o@ 


rT 
{ A,*(mp,mo) - Ag (mo,my") + Ag* (mo,mo’) - Ag (tmo’,mo’)} 
ka 
dr 
~—q- [Ag (mo,mo’) — Ag* (mo’,mo) J. 
ik 
Using the obvious relations between the scattering 


amplitudes which follow from the spherical symmetry, 


this can be reduced to the relation 
1 
siny= 1, cos(yo-¥ (29) 
2ka 


and 


q- Ag (mo,ny' q: Ale, 


is the phase angle of the component, of the 
complex scattering amplitude along q and yo denotes 
this phase angle for forward scattering. Using similar 
evaluation techniques for the total cross section,* we 


so that 7 


have 


Cocatt=F | A ka)?*, (30) 


Rev. 94, 478 (1954), 


Eq. (70) ff 
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and hence, according to the cross-section theorem for 
lossless scatterers, 


sinyo™| A ,| /4ka*. (31) 


Eliminating |A,| between Eq. (29) and Eq. (31), 
we see that y=2yo to the accuracy of these relations. 
In words, under the stated assumptions, the phase of 
the complex scattering amplitude (more precisely, of 
its component along the direction of polarization of 
the incident wave) increases from its value yo for 
forward scattering to roughly twice this value outside 
the main diffraction peak and, surprisingly, then be- 
comes independent of scattering angle. Further, using 
Eq. (30), we note that in the usual electromagnetic 
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scattering problem, where the total cross section tends 
to a constant value in the short-wave limit, the phasee 
‘yo and y also tend to definite limiting values. On ths 
other hand, if the total cross section tends to zero, as 
for example in the scattering by a free electron cloud, 
then the phases tend to zero as ¢!, This latter case, 
which is infrequently encountered in electromagnetic 
scattering, is the usual situation in quantum mechanics. 
In this connection see reference 6, in which some 
discussion of the Born and variational approximations 
is given on this basis. Presumably, relations such as 
those above can be generally useful in evaluating the 
consistency and convergence of approximation methods, 
but we shall not elaborate further. 
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Scattering by a Symmetric Potential 


R. J. Finketstermw anp M. Mor 
University of California, Los Angeles, California 
(Received July 20, 1955) 


Scattering by a symmetric structure, such as a regular molecule or crystal, is discussed in terms of a 
variational principle. The appropriate partial waves are labelled by the irreducible representations of the 
crystallographic groups and may be generated by a set of projection operators, one for each irreducible 
representation. The trial functions are chosen to lie in a space spanned by the crystallographic partial 
waves. Methods are indicated for generating either the infinite set of partial waves needed for an exact 
solution or a finite set more useful in an approximate calculation. 


INTRODUCTION 
HE analysis of term splitting in symmetric 
potentials' is one of the well-known physical 
applications of group theory, but no systematic remarks 
on the corresponding scattering problem appear to 
have been published. In this connection, one might 
consider the scattering of particles by regular molecules 
or crystals, or macroscopically the scattering of sound 
by regular polyhedra. As long as these problems are 
done in Born approximation they are sufficiently simple 
so that there is no appreciable advantage in discussing 
further simplifications associated with the symmetry. 
But there are, of course, situations in which the Born 
approximation may not be adequate, such as electron 
diffraction by molecules containing potentials of very 
different strengths.? In this case more refined methods 
are needed, and then it may be helpful to handle the 
symmetry conditions in a systematic way. In the 
following, this will be done in connection with a 
variational principle proposed by Schwinger. 
'H. A. Bethe, Ann. Physik 3, 133 (1929). 
? The example of uranium hexafluoride has been discussed by 
R. Glauber and V. Schomaker, Phys. Rev. 89, 667 (1953). 
+ J. Schwinger, Lectures on Nuclear Physics, Harvard University, 
1947 (unpublished ). 
‘ E. Gerjuoy and D. Saxon, Phys. Rev. 94, 478 (1954). Gerjuoy 
and Saxon have used this principle to discuss scattering from a 
spherically symmetric potential and have shown that even in this 


case it is convenient to utilize a cyclic group. The present note 
was suggested by their work. 


PARTIAL WAVES 


Consider scattering by a potential # having the 
symmetry of a rotation group G. Let the incoming 
wave be y¥, and the outgoing wave be Wy. They are 
connected by S, the scattering operator: 


va= SP Be, (1) 
where S and » commute with all the elements R of G: 
(S,R) = (n,R) =0. (2) 


Equation (2) implies that » and S are multiples of the 
unit matrix, when the representation of G is irreducible, 


‘and that they have no elements connecting different 


irreducible representations. When G is the complete 
rotation group, one obtains the irreducible representa- 
tions by choosing the basis functions to be the spherical 
harmonics Y;,, and then 


n(i,j)=n(lm; I'm’) =6(Im,I'm’). (3) 


The eigenvalues 9, determine the phase shifts and there 
is one for each irreducible representation. 

In the case of the crystallographic groups, G contains 
only a finite number of elements and has only a small 
number of irreducible representations (I',). Every 
representation of the complete rotation group D; may 
be decomposed into the I’,: 


D\= PY Gil y. 
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In terms of basis functions: 

V in? >. XiveU (lyu; lm), 4 
where the yx:,, are an irreducible basis of the crystallo- 
graphic group. Corresponding to (3) one has 


es 1. MeA\B/. Pe 
n(lyp; ly’ nly; ly )é(ye; Yu 


Consider the submatrix for which /=/'. The corre 


sponding phase shift ; is ‘split by the lower symmetry 
into the set n(l,y) where y labels the irreducible repre- 
These relations 
are entirely analogous to equations which describe the 


sentations of which D,; is composed 


splitting of energy levels and the introduction of matrix 


elements between different angular momentum states 


by crystalline fields. According to (5) the usual con 
stants of the motion, / and m, are no longer conserved 
in the scattering but ¥ and uu are 


VARIATIONAL PRINCIPLE 


Let the incident piane wave n rection k De 
y,” and let ¥,* be solutions of the time-independe 
integra! equations 

Vit=Wi+Gim 
where G. are the outgoing and incoming Greens 
functions. The variational principle then states that 
the solutions of (6) 1 a be pt 1 by find w the 
stationary value of a certain functional (J) with respect 
to variations of the unknown functions y,* and y, 
about their correct forms In i) be vritten as tne 


following matrix element 


dor (k’ | J ik k’) A 


where 
k’ ! k Vv. Wy Sa 
+ B k ve uy y SD 
k’iC k)= Ya uy, x 
uU=u— ua Sc 
and 5 means Hermitian scalar product. Whe 
y" and y~ are actually solutions of (6), these matrix 
elements are equal to each other and to the scattering 
amplitude 
TRIAL FUNCTIONS AND SOLUTIONS 
Choose the comparison functions y* t é i space 
spanned by the sets ¢.* 
ve" x = Ya X)O ek Ya 
[Wi x) |* Ss @e (x) |* Sey” Q} 
where the ¢,* and ¢, may be different. In obtaining 
the stationary value of J, the S,, and S,,-* are to be 
varied independently. The ¢. are to be regarded as a 
fixed basis which will be defined in terms of G in the 


next paragraph. For the present we mention only the 


IN AND: M MOT! 


following property : 


(g.,Fest)=0, aX¥B, (10) 


function invariant under the rotations 


where F is any 
of G 
Substituting now (9) in (7 


tl 


and using (10 


Sax=[{(k'|C k 


, performing the variation, 


one obtains 
(k’ Bik 


ai al Blk a Cla)], (lla) 


a Cc a) | (11b) 


(lic) 
(11d) 
(lle 
alCla). (11f) 


problem for a 
gonality property (10). The next 
step is to give a specific definition of this basis in terms 


PROJECTION OPERATORS 


Following the usual nomenclature the group is 
divided into sets of conjugate elements, called classes. 
Adopting a matrix representation, one defines a class 


\ ln ie A (12) 


all members of the sth 
A, commute 


where the sum extends over 
ains n, elements). The 


therefore with each other. 


Phe erefore form a mutually commuting set, every 
vember of w ilso commutes with the scattering 
DD te i 
A.A () A. 4 ) (13) 
Fro e set {A,} one may construct other mutually 
om? g sets. In parti ir the projection operators 
¢ ry be rmed as follow 
é ny/£)d.0 MeXy* (SA, (14) 
Here g is the order of G, n, is the dimensionality of the 
rreducible representation I’,, and x,(s) is the trace of 


A, in this irreducible representation. There is one e, for 


In the irreducible representation I’,-, 


, but vanishes in every 
considering a 
verifies the 


epresentation $V 


r 
completely reduced representation, one 


Moderne Algebra (Verlag Julius Springer 
Berlin, 1940), second edition, Sec. 117 
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invariant relations: 
(16a) 
(16b) 


Cyly’ = lybyy’, 
> ey E. 
The projection operators also satisfy the equations 


Acy™ Acyl, (17a) 


where the \,, are numbers. Hence the common eigen- 
vectors of the {A,} are e,y, where ¢ is an arbitrary 
vector. Finally we remark that, by multiplication by 
¢,, any basis { ¢;} may be converted into the irreducible 
one {e,¢,}. For example: 


CyV tm= Xie (17b) 


where the Y;,, are the spherical harmonics and the xiy, 
are the crystallographic partial waves referred to earlier. 


CONSTRUCTION OF BASIS 


If the x.,, just obtained in (17b) are substituted for 
the ¢gq* in the variational principle through Eq. (9), 
then one may obtain an exact solution to the scattering 
problem. In the method to be described next, however, 
only a small number of partial waves are employed. 
Chey are 


Yat =eq(n*) ¢"(n*x), (18a) 


where ¢” is some unspecified function of argument nx 
and n is a constant vector which orients ¢°; for example 
¢g’=exp(inx). The operator e,(m) may be expressed as 
follows: 

eq(n) =>; Ri(n)U ia, (18b) 


bus 
and the argument n means that the indicated rotations 
work on n rather than on x. As pointed out in connection 
with (17a) the ¢, as so defined are common eigen- 
functions of the commuting set {A,,u}. It will now be 
shown that they also satisfy the basic orthogonality 
relation (10). Written out more explicitly, (10) is 


(¢a 


(x’) F(x’ x) es*(x)) 


J faire. x’ )F(x’,x) opt (x) =0, 


where F is invariant under G: 
R=“ (x')R >" (x) F (x’.x)R.(x)R,(x’) = F(x,’x). 


It may be proved as follows: 


\Pa »F gs* 
=(e,(m ¢ in x Fixx eg(n*)¢"(n*x)) 
=> (e.(n-) ¢°(n-x’) F(x’ x) Rint) ge" (ntx) )U os 
=> fe.(n-)e?(n-x’) F(x’ x)Ro(x) (mtx) )U ug 


since R,(n*) ¢°(n*x) = R;--'(x) ¢°(n*x). Then, since 
LX Rilx’)U is* : > R=" (n-)U is* 
> Reta WU p* =es' (a \, 


BY SYMMETRIC 


POTENTIAL 


we obtain 
(Ga »F gs*) 
=> (e.(n-)¢*(n-x’), Reoi(x’ Reo (x) F(x’ x) ¢? (atx) )U 
=> (Ri(x)Ri(x' ea (n~) ¢"(n-x’), FP (x’,x) 9? (mtx) )U ig 
= (est(n~)e,(n-) ¢°(n-x’), F(x’ x) ¢°(m*x)). 
Since the projection operators have real eigenvalues, 


they are Hermitian: es'(n~)=es(n~). In addition, 
é.(m~ )es(n-)=0, a8. Therefore, 
(ga Feagt)=0, a¥BZ. 
The gq defined by Eq. (18a) are consequently satis- 
factory basis functions, and Eqs. (11) are correct in 
terms of them. 
Finally, 


CaF Gat) =ea(n*)(¢"(n-x’), F (x’,x)¢*(n*x)). (10a) 
EVALUATION OF THE SCATTERING AMPLITUDE 
k and n- =k’. Then 

vat =>, Rik) yg’ (kx)U ia 

> vi(kx)U ia, 


Choose nt 


— 
ge =>. oi(k’x)U ia, 
where 
U ja= (ta/f)xa* (i), oie Rig’. 


In terms of the functions g; and the numbers Uj, 
characteristic of the group, the results of the variational 
procedure, expressed by (11) take the form 


(k! Ala)=>> (Wi®,we (kx) )U ia 
=> (hk! ul i)U io = (kul \a), (20a) 
(a! Bik) => (gil h’x) hy! WU ia” 
> U'(a,i) (i) wk) = (a! Ul kk), (20b) 
(a! Cla) =¥(¢:(k’x’) a(x',x) ¢)(kx) )U ia* U ja 
> U'(a,i) (i) ul PUG) 
(fal Utul’'la). (20c) 
lherefore, the final result may be written 
(k’| Ji k)=>> (ke! | J 1k), (21) 


where the partial amplitudes /‘*’ are summed over all 
irreducible representations, and 


4or(k’| Jk) 


(k’ ul \a)lal U'ulk)/ (al Utul la). (22) 
An alternative form is 
dor (k’ | J |) => (he! 4! tw. (7, 7) (| a! ke) 
> (jul jw.lj,i), (23a) 
where 
u a(t, j)=U(ta)U' (a,j) 
(na/¢)*x0*(i)xal 7) (23b) 


Because 


of the character orthogonality relations, the 
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w,(i,j) are not independent, t 
Le Wa 


>. « Wali, 7 


here n; is the number of elements in 


t 


the dimensionality of the representation a 
The symmetry of the 
determine the matrix w,(i,j) as well as the 


potential enters 
which uw and w are calculated. The weight to be assis 
to each irreducible representation a is determine: 
Walt,] 


A final very convenient expression for J‘*’ is 
4r(k’| J‘ k) 
[eal kk) (x, we? (kx)) len (k) (¢°(k’x’) ap") | 
Cea (k)(e"(k’x’) u(x’,x) ¢? (kx)) 


leading 


This form follows from (10a) and the argument 
to that equation. It is entirely analogous to Eq. (43) of 
reference 4 ' 

All of these e 
¥ kx es, TI 


in(k’ J‘ \k 


quations take piest lorms when 
{ 


5 


e,(k 26a 
where 
wR gggtt) 26b 


1 (k,k’) = (¢ 
C(k,k’) = (e**’*’ a(x’ x)e***) 26 


EXAMPLES OF PROJECTION OPERATORS 
(a) If G is a dihedral group, it 1s Abelian, each 


element is a class by itself, and there are altogether g 


one-dimensional. In this 


irreducible representations all 
case, according to (14), and in agreement with reference 


4, Eq. (25 


where w’= | 
(b) Let G be the group of 


shape of the methane molecule, for 


ahedron 


(which is the 


example). This has twelve members and classes ; 


Fic. 1. The plane of k ar 


tetrahedral molecu] 


FINKELSTEIN 


AND M. MOE 

it has, therefore, four irreducible representations, three 
of which are one-dimensional, and one of which is 
three-dimensional. It may be generated by the cyclic 
permutations (123) and (124), where the indices 1---4 
Let A= (123) and B= (124). 


refer to the four vertices. 
Then 
E, 
(AB+BA+BA"B)/3, 

= (A+B"'+A"B+ BA") /4, 
i= (47'+ B+ B°A+AB"')/4. 


A 
A 
\ 
A 


The character tab'e and the projection operators follow. 
x! 
1 e;=[A,+3A24+-4A34+4Aq ]/12, 
1 e,=[3A:—3A2](3/12), 
w* e3=[ Ay +3A2.+4wAs+4e7Ay 1/12, 
w w ey=[Ai+3A.+4e7As+4oA, ]/12. 


-, for other crystallographic groups are given by 
~ijer. 

As already mentioned one may start with the Vy, 
and generate from them by means of the e, an infinite 
set of crystallographic partial waves; in this way one 
may arrive at an exact solution of the scattering prob- 
lem. By working with a less extensive class of basis 
functions, one may obtain approximations which are 


more tractable. One such class has j ist been discussed. 


SCATTERING BY A TETRAHEDRAL MOLECULE 


Pursuing the last example further, let us consider the 
scattering of electrons by a molecule with the chemical 
la X,, and let us assume that the potential seen 


ectron 18 


X, = R, a 


Here R, is the distance of the ith nucleus from the 
enter of the molecule, a is the range of the screened 
Coulomb potential, and mo is the dimensionless potential 
orresponding to Vo. 

The functions A (k,k’) and C(k,k’) appearing in (26) 
are 


A uog(k,O)F, C(0)= ul g(k,0)—udG(k,8) |F, 


where F is the familiar form factor: 


. r : + 

r= expfi(k—k’)- X,] 

* The usefulness of these operators for the problem of term 

splitting in crystalline fields was pointed out by P. Meijer, Phys 

Rev. 95, 1443 (1954). They are referred to by this author as the 
idempotent elements of the ring associated to the group. 





SCATTERING 


Tase I. Results of the Born and variational! calculations 


BY SYMMETRIC 


POTENTIAL 





Scattering amplitude 


ue =19,k =25 


Born Variational Born 


ue=19, k= 10 


we 1.25, 4810 


Variational Born Variational 





73.6+13.9i 
0.0024+0.0073:% 
0.039—0.036i 





76.0 
0.0228 +-0.000017 
0.030 


6.0 
0.0195 


76, 
—0.113—-0,115% 


5.0000 
—0,0074—0.0075i 
0.0013 


5.0029 -+-0. 156% 
— 0.0045 —0,0091% 
0.0012 +-0.0005% 


63.0+-30.5% 
+0,02—0.02i 
—0.06—0.02% 





Differential cross sections 


Born Variational Born 


Variational Born Variational 





5619 
0.000059 
0.0028 


577 
0.026 
0.00038 


5776 
0.00052 
0.0009 


25.000 
0.00011 
1.7X10°° 


25.053 
0.00010 
1.7X10~* 


4898 
0.00095 
0.0041 








k? = 2mEa?/h’, 
cosé = k-k’/k?, 
g(k,0) =[1+-4k* sin*(6/2) }", 


1 k sin (46) 
G(R) = | ta ( ) 
(2ky/ s) sin(6/2) Vs 


+~i In Se 
2 </s—2k* sin(}6) 


1 3 /s+2k? a] 


s= (1+2k*)?— 4k‘ cos*?(0/2). 


The expression for A is exact. In the evaluation of C, 
however, we have dropped interference terms between 
different atoms; i.e., double scatterings on the same 
atom are taken into account but double scatterings 
involving two atoms are neglected, for reasons of 
simplicity. 

A simple illustration is provided by letting the inci- 
dent wave k lie along the edge of the tetrahedron 
joining vertices 4 and 1, and letting the scattered 
wave k’ lie in the plane passing through k and the 
midpoint of the opposite edge, as shown in Fig. 1. 

In Eq. (26), we must evaluate expressions of the form 


talk) fO)=S Rik)U afO=¥ Via f (6), 


where /(@) stands for either A (6) or C(@) and 6; is the 
new angle between k and k’ produced by the rotation 
R,(k). In the present example, the values of 6; are 


R;|E AB BA BA“B A B“ A“B BA* A+ B BA AB“ 


6; \@ z-O 2/2 2/2 axr-ar-b +b aa-bae-a 6b 
where 

a=cos~'[ 4 cos#—4v2 cos(44—86) J, 

b=cos"{ } cosé+4v2 cos(44—86) ]. 


The scattering amplitude has been calculated at 
6=0, x/2, and x for uwj=19, a=4X10-* cm, and X=4, 


These are approximately the parameters appropriate 
to the phosphorus molecule P,. In Table I, the results 
of calculations for k=10 and 25 (E=3.4 and 21 kev, 
respectively) are tabulated along with the Born ap- 
proximation for comparison. A third case with k= 10 
and w= 1.25 is also given as an example in which the 
conditions for the validity of the Born approximation 
are very well satisfied. These conditions are uo/k?<1 
and to/k <1. 

We conclude that, where the Born approximation is 
valid and the second Born correction is small, the 
variational method necessarily gives a good estimate 
of the phase as well as the magnitude of the forward 
scattering. In fact, it gives essentially the second Born 
approximation. When the Born method is not valid, 
the variational procedure still gives a reasonable esti- 
mate of the forward scattering. This is indicated in 
reference 4 where the variational results are compared 
with exact values. 

Even when the conditions for the Born approximation 
are satisfied and the second Born effectively corrects 
the forward scattering, the larger-angle scattering need 
not be given correctly in either magnitude or phase by 
the Born approximations. The fact that the variational 
method can handle this region is important if details 
about the shape of the electronic charge distribution 
are of interest. 

Finally, it ought to be emphasized that the preceding 
very sketchy numerical calculations are meant only to 
be illustrative of the general method. In systematic 
calculations designed to determine the electron distri- 
bution, it would be natural to expand the molecular 
potential itself in irreducible representations of the 
group of the molecule. 
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An examination is made of the result of restricting translations and Lorentz transformations in space-time 
to those with rational coefficients. This removes the major defect of Schild’s model of discrete space-time 


by elimination of the lower bound 


on the relative velocities of reference systems. The theory is formulated 


in two stages. In the first the energy and momentum components of a particle are restricted to a countable 


erg. 


set satisfying the relativistic energ 


momentum relation while the space-time variables are continuous. 


This gives a theory of discrete energy-momentum space in which wave functions are almost periodic func- 


tions. In the second stage the space-tin 
of discrete space-time 


1. INTRODUCTION 


T has been conjectured frequently that a treatment 
of space and time structure 
would be of interest as a test of the chagacter of physi al 


theories.’ Heisenberg’s suggestion of th 


disc rete 


as having 
€ existence of a 
minima] space length has aroused particular 
among physicists.’ 
at the reformulation of quantum 


interest 


A number of trials have been made 


anical theory by 


assumptions depending on the nature of the space and 


time variables considered as operators.’ 


One of the major difficulties encountered arises from 
the supposed necessity of preserving invariance of the 
theory under the full continuous group of Lorentz 


transformations, 1. Some years ago Schild examined the 


consequences of assuming a lattice structure of space- 


time, requiring only the discrete group of Lorentz trans 


h the lattice as a whole was 


he found the 


formations under whi 


invariant.‘ For the case of a cubic lattice 
smallest permissible velocity parameter to be v/c= 4v3, 
which is impossibly large to make the model of use for 
physical purposes. There is little doubt that other 
space-time lattices suffer from the same defect 

We assume the character of a space to be determined 
by its allowed group of symmetry transformations in 
the same sense as was used in Schild’s model. The 
property by other 
methods of selecting sets of transformations from L. 


of discreteness can be achieved 
The principal requirements which it seems necessary to 
impose in order to make any such set a reasonable 
starting point for a physical theory of space-time are 
the following: 


to have closure under successive 


{a) the set must form a group in order 
transformations and 


symmetry with respect to the senses of backward and 


The Analysis 
Chaps 


by B. Russel 
, 1954 


' An interesting discussion is given 


of Mater (Dover Publications, New York especially 


11 and 29 

*W. Heisenberg, Z. Physik 120, 513 (1943); W. Heisenberg, 
Festschrift der Ahad. Wissen. Giltingen (Springer-Verlag, Berlin, 
1951), p. 50 

*H. S. Snyder, Phys. Rev. 71, 38 (1947); 72, 68 (1947); V 
Rojansky, Phys Rev 97, 507 (1955 


* A. Schild, Can. J. Math. 1, 29 (1949). The problem was under 
independent investigation in this Laboratory by C. N. Kelber 
at the time of the appearance of Schild’s paper. The writer is in 
debted to Dr. Kelber for discussions of his work 


ve variables are restricted to rational values. This leads to the theory 


forward, and (b) it must be dense in the full group L. 
To form a discrete subgroup of L is easy. One has only 
to take any finite or countably infinite complex K from 
L which contains the inverse of every element in it, and 
then form all possible products from the elements in K. 
The resulting extended complex will be a subgroup of 
L which will be at most countably infinite. However, 
when the complex K is chosen in an arbitrary manner 
it will be generally quite difficult to test whether its 
extension will be dense in L. 

The present work starts with the selection of trans- 
formations from L which have rational coefficients. In 
this case the necessary analysis reduces to certain 
problems in the theory of numbers. The general 
properties of the resulting infinite discrete group, to 
which. we shall refer as the rational proper Lorentz 
group, L,, are developed briefly in the Appendix. The 
group L, is dense in L and so is sufficiently extensive 
to remove doubt that it can be made the basis of a 
physical theory. It thus avoids the principal weakness 
of Schild’s model in preserving the property of discrete- 
ness without setting lower bounds on the parameters of 
its transformations. 

The theory is developed along two lines. In the first 
the space-time variables are allowed to be continuous 
but the energy and momentum variables of a particle are 
restricted to a certain countable set which is described 
later (Sec. 2). We refer to this as the theory of discrete 
energy-momentum space. The major result of quantum 
mechanical interest is that wave functions here become 
a special case of almost periodic functions. This inter- 
pretation provides an approach to the handling of 
continuous spectrum problems which, in principle at 
least, is more in consonance with current quantum 
mechanical theory in which strict normalization of 
the wave functions is not required than is the Hilbert 
space theory of von Neumann.* However, it does not 
appear that it will lead to any great improvement in the 
handling of convergence problems in perturbation 
theory without a revision in the nature of interaction 
peace 


‘J. von Neumann, Mathematical F. of 
Meckanics (Princeton University Press, Princeton, 1955). 


dA shine 
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DISCRETE MOMENTUM 

In the second form of the theory the property of 
discreteness is extended to space-time. One has the 
choice of treating the energy-momentum variables as 
discrete or continuous. This leads to alternative inter- 
pretations of wave functions of which the implications 
have not been analyzed fully. 

The major part of the discussion will be devoted 
to the formulation of the models of discrete energy- 
momentum space and discrete space-time. The treat- 
ment of wave functions will be incomplete owing to the 
fact that a suitable reformulation of the quantum 
mechanical operator theory has not yet been carried 
through. 


2. MODEL OF DISCRETE ENERGY-MOMENTUM SPACE 


The energy and momentum of a particle are in- 
variant under all translations of the reference system 
in space-time. The translations are therefore equivalent 
to the identity for the discussion of this section and 
so can be omitted. 

We take as the coordinates of the energy-momentum 
space of a particle the four quantities 


ro=E/me*, x:=pi/me. (i=1, 2, 3) (1) 
Under all transformations of the full continuous group 
of proper Lorentz transformations, L, these quantities 
transform like the components of a real four-vector 
with the invariant (energy-momentum equation of the 


particle) 
re — ay —ae—ae=1. (2) 


More particularly, under the discrete group of 
rational Lorentz transformations, L,, the set of points 
in energy-momentum space having rational coordinates 
which satisfy Eq. (2) will be invariant. These points 
constitute our discrete energy-momentum space. 

The possible values of the energy and momentum 
of a particle which satisfy these restrictions can be 
characterized in the following manner. We consider only 
positive values of the energy for definiteness. Let 


To= mM, n, T= My Ny. (i=1, 2, 3) (3) 


These rational fractions are supposed to be reduced to 
their lowest terms so that® 


(m,n)=1, (mj,n;)=1. (4) 


It is clear that m2>n. Since the choice m=n leads to 
the obviously acceptable energy value E= mg’, it will 
be convenient in the following discussion to make the 
restriction m>n. 

Equation (2) hence takes the form 


(m/n)*?— 
* We use the notation given in the text by G. H. Hardy and 
E. M. Wright, An Introduction to the Theory of Numbers (Oxford 
University Press, Oxford, 1945), second edition. The 
common divisor of two integers m and n is indicated by (m,n) and 
the least common multiple by {m,n}. 


(m,/n;)?— (m2/n2)*—(m2/n;?=1. (5) 


SPACE, 
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If {, 1, mg, m3} = sn= s\n, = Syty=Syy is the least 
common multiple of the m’s, we can write (5) in the form 


5*(m*— n*) = (s,m,)*+ (s2ma)*+ (sgma)’. (6) 


Every solution of this Diophantine equation in integers 
leads to a solution of Eq. (2) in rationals, and conversely. 

Equation (6) shows that the positive integer 
s*(m*—n*) is expressible as the sum of three squares of 
integers. It is known that an integer is expressible in 
this manner if and only if it is not of the form 4*(8)+-7), 
where a and } are non-negative integers.’ To make use 
of this result in connection with Eq. (6) we employ the 
following lemma.* 

Lemma.—The positive integer s°(m*—n’*) with 
(m,n)=1 will be of the form 4°(85+-7) if and only if 
(m?—n*)=7 (mod 8). 

It follows immediately that the rational values 
E/me?=m/n, with (m,n)=1, will be allowed energy 
values if and only if (m*—n*) #7 (mod 8); that is, if and 
only if (m*—n*) is not an integer of the form 8)+-7. 
For example, the value 4/3 is not allowed since #4— 3? = 7. 

One can show easily that the allowed values of energy 
are dense in the range E/myc* > 1. For since the rational 
numbers are dense in this range we have only to show 
that the allowed values of E/mpoc*, all of which are 
rational, are dense among the rationals. Let x/y be 
any positive rational number such that «>y and 
(x,y) =1. Then if r is any positive integral multiple of 
8, so that r=0 (mod 8), the rational number (ra+-3)/ 
(ry+2) will be an allowed value of E/mgc*, since 
[(rx+-3)?—(ry+-2)*}=5(mod 8).* By taking a suffi- 
ciently large value of r this number can be made to 
approximate x/y with arbitrary accuracy. Similarly, 
the numbers (rx+4)/(ry+3) will be unallowed values, 
from which we can conclude that the rational numbers 
which are unallowed for E/mpoc* are also dense in the 
open interval (1, #). 

For any allowed value of E/moc* other than unity 
there will be infinitely many rational solutions of 
Eq. (2) for the components of the momentum vector, 
p/moc.” The allowed momentum vectors will form an 
infinite countable set which is dense in direction and 
magnitude in space. No convenient parametrization has 
been found for this set. In the following discussion the 
allowed energy values will be designated as E, and the 
allowed momentum vectors by pag with a, 8=1, 2, 3--- 


* See reference 6, Sec. 20.10. 

* Write s in the form s=2*r, where r is odd. Since the square of 
any odd integer is of the form 8i+1, one wy Sal sft Since 
(m,n) =1, ey nm’ can at most be of the form 8q+7. 

mm? — n? = then it is apparent at once that Pre hae 

= 4°(85+-7) eh b= 8lq-+7t+q, which proves the first part of the 
lemma. Conversely, if s*(m*—s*) = 4°(8i-+-1) (m"*— ae 4*(85-47) 
then we must have a=, so that (8f-+1)(m'*— n*) = 8b+7, But 
in any event (m’—n*) = +4, where 0¢ ¢ <7. It is apparent by 

inspection that r" only possible choice is ¢= 7, which proves the 
second part of the lemma. 

* No integer of the form 4*(86+-7) is congruent to 5 (mod 8). 

® These solutions are to be obtained from Eq. (6) by specifying 
eta eee with (m,n) =1, and then taking all cases 
= 2 } Almost all of the solutions will arise from very large 
values of 5. 
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The usual representation of the wave function of a 
particle in terms of a Fourier integral must now be 
replaced by a sum over the allowed states. 

¥(x,9,2,f)= Doe YsAes expli(pas-r— E.t)/h } 

=a > plas expli(mec/h)(x-r—xecl)}. (7) 
The space-time coordinates will be considered to be 
continuous variables and no restriction will be placed 
on the numerical value of the Compton wavelength. 

Functions of the form (7), with appropriate con- 
vergence requirements, belong to the special class of 
almost periodic functions known as limit periodic 
functions." They are the natural generalization of the 
very special periodic functions which appear in the 
method of “‘quantization in a box,” or that of periodic 
boundary conditions. They are very different from the 
functions which are representable by Fourier integrals. 
This is shown by the fact that no almost periodic 
function can vanish at infinity without being identically 
zero. The sums in (7) are free from the measure re- 
strictions associated with Fourier integrals, but of 
course they are not normalizable in the usual sense. 

The coefficients in the expansion (7) can be evaluated 
by the method of mean values, in the sense of an initial 
value problem. If M{F(x,y,z)} is the mean value of 
the function F taken over all space, and if u(x,y,z) is the 
form of the wave function at ‘=0, then” 


Aas= M{(u(x,y,2) exp —i(pas-1)/h }}. (8) 


The wave functions (7) will be solutions of the 
Klein-Gordon equation, of course, but an exactly 
similar procedure can be used for the construction of 
free particle solutions of the Dirac equation and the 
other equations of quantum mechanics 

The manner in which these wave functions are to be 
used for the calculation of interactions between par- 
ticles and fields presents some questions of principle 
which have not been solved. It does not appear likely 
that convergence difficulties will be lessened appreciably 
so long as the usual differential interaction operators 
are allowed. The situation may be improved if it is 
found possible to revise the operators in such a manner 
that they are given, or at least are approximated, by 
matrices having nonvanishing elements only connecting 
the allowed states in the momentum representation. 
The results which have been obtained to date are too 
scanty to justify their further discussion here 


3. MODEL OF DISCRETE SPACE-TIME 


Under the group L, the set of points of space-time 
(coordinates x°= ct, x'=x, = y, x°=2) having rational 
coordinates will be invariant. This property will be 
preserved under translations provided the components 
of the translation vectors are restricted to rational 


values; these will be referred to as rational translations. 
u A. S. Besicovitch, Almost Periodic Functions (Dover Publica- 
tions, New York, 1954), p. 32. The theory can be extended to 
functions of any number of variables. 
See reference 11, p. 12. 
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This allows us to define the rational translation group 
T, in space-time as the family of all rational translations. 
Clearly there is in it no smallest step in any of the 
variables. 

The group combination laws for successive applica- 
tions of transformations of L, and 7, will be valid and 
any transformation generated in this manner will leave 
the set of points in space-time having rational coordi- 
nates invariant. This provides our model of discrete 
space-time. 

The construction of wave functions in this case 
depends on the interpretation assigned to energy- 
momentum space. If the energy-momentum variables 
are allowed to be continuous then Fourier integrals 
can be formed in the usual manner, but the symmetry 
between energy-momentum and space-time wave func- 
tions will be lost. If both spaces are taken to be discrete 
the situation becomes more extreme. The mathematical 
implications of these methods have not been examined 
in sufficient detail to permit their application to phys- 
ical problems. 


4. CONCLUSION 


The foregoing theory has been designed mainly to 
show the possibility of constructing a self-consistent 
theory of discrete energy-momentum space and dis- 
crete space-time without doing utter violence to the 
invariance under Lorentz transformations. The ex- 
tensiveness of the group of allowed transformations is 
so great as to leave no room for direct experimental 
disproof of the theory. However, this does not mean that 
there may not be some consequences which will be sub- 
ject to experimental verification. 

Since the group L, is embedded in the full continuous 
group L and is dense in it, L, will have most of the 
properties of L which are used in physical theory. In 
particular, the matrix representations of ZL which are 
now used will still be applicable. However, the discrete 
group L, may well allow the existence of representations 
which cannot be extended to the full group. This 
suggests the following point which might ultimately 
become of some importance as a possible means of ex- 
perimental test. The restriction of the quantized values 
of angular momentum to those employed in the usual 
vector model is dependent on the assumption of con- 
tinuity of the matrix representations of the 3-dimen- 
sional rotation group. These representations will still 
be available for L,, with a slight reinterpretation to 
take account of the discreteness of L,. But if L, admits 
of other representations for its subgroup of rational 
rotations then the vector coupling model may no longer 
be applicable. This seems to be a very delicate question 
which the writer has not succeeded in working out as yet. 


APPENDIX A. RATIONAL HOMOGENEOUS PROPER 
LORENTZ GROUP, L, 


The continuous group of proper homogeneous Lorentz trans- 
formations, L, is given by the set of real 4X4 matrices /=[/;*] 











DISCRETE MOMENTUM 


(é,7=0,1,2,3) subject to the conditions* 


I@21, det(=+1, M=nl*y, (A-1) 
where /T is the transpose of / and 
-1 000 
0100 
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It is evident from an inspection of these conditions that they 
will all be satisfied, as will the law of group multiplication, if we 
restrict the matrices to those having rational numbers as elements. 
This set of matrices forms a subgroup of L to which we shall refer 
as the rotational Lorentz group, L,, as stated in the text, and which 
forms the basis of the theory given in this paper. The separation of 
the transformations of L into rotations and special Lorentz trans- 
formations holds as it does for L simply because L, is embedded 
in L. 

The writer has been unable to give a direct algebraic proof that 
L, is dense in L. To avoid this we show in the next three parts of 
the Appendix that Z, contains a subgroup which is dense in L. 
While this is sufficient to show that L, itself is dense in L, it leaves 
open the question whether the Euler factorization process is valid 
for Lr. 


APPENDIX B. RATIONAL ROTATION 
SUBGROUP OF L, 


If R(m; A) is a rotation through an angle \ about an axis in 
space specified by the unit vector n, the associated coordinate 
transformations on the space-time variables are 

r’ =r cosA+n(n-r)2 sin*/2+(nXr) sind, (B-1) 
Examination of the coefficients in these equations shows that a 
necessary and sufficient condition that they be rational is that the 
quantities cos\ and m; sind (i= 1,2,3) be rational. The search for 
the set of rational rotations can be reduced to the solution of 
Eq. (6). For, if we set 

cosh = p/g, 


t =t, 


nj sin = p;/qi, (B-2) 


where these rational fractions are reduced to their lowest terms, 
we must have 


(b/q)*+ (Pi/qs)* + (P2/q2)?+ (Pa/qs)*= 1. (B-3) 

With (9,91,42,43} =rq=riqi=req2=7oqs as the least common 
multiple of the q’s, we can write 

P(g — p*) = (ripi)* + (r2h2)* + (rapa)’, (B-4) 


which is equivalent to Eq. (6) of the text. There is thus a simple 
one-to-one correspondence between the allowed points of the 
discrete energy-momentum space and the rational rotation sub- 
group of L,. 

For the special case of a rotation through an angle @ about one 
of the coordinate axes cos# and sin# must be rational. In this case 
the allowed rotation angles are easily determined. Since cos 
+sin¥#=1, we must solve this Diophantine equation in rational 
numbers. The general solution is“ 


loot) mt——, joint) mo 

jc ' i 4p $l h) | 1 +f 
™F, D. Murnaghan, The Theory of Group Representations 

(Johns Hopkins University Press, Baltimore, 1938), Chap. 12. 

“ Hardy and Wright (reference 6, Sec. 13.2) give the solution of 
the equation a*+=c* in integers from which our result can be 
found. The solution in rationals is given directly by O. Ore, 
Number Theory and its History (McGraw-Hill Book Company, 
Inc., New York, 1948), p. 169. 


(B-5) 
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where / is an arbitrary rational number such that O¢/<¢ 1, An 
alternative formulation is |tan(@/2)| =. 

Since the values of ¢ are dense in [0,1] and since relations 
(B—5) are continuous in this interval, the allowed rotation angles 
will be dense in the interval [0,27]. We can make the usual 
identification R(n; +6) = R(—n; «—€). 


APPENDIX C. RATIONAL SPECIAL LORENTZ 
TRANSFORMATIONS OF L, 


The special Lorentz transformations to moving reference 
systems, the direction and speed of the relative motion being 
arbitrary, can be written in the form 

v rv/e 

ey v/a 


eee a, ee 
sti aval taaaren} 
(C-1) 
awe 
i—/ayr 


These transformations do not form a group by themselves, of 
course, but by combination with the three-dimensional rotations 
the full group Z can be generated. 

Inspection of the coefficients shows that a necessary and 
sufficient condition that they be rational is that (1—s*/c)! and 
%/¢ (i= 1,2,3) be rational. From this one can reduce the analysis 
of the rational transformations of type (C-1) to that of Eq. (6). 

Again restricting attention to motion along one of tue coordi- 
nate axes it is easy to find the allowed values of the relative 
velocity. With the notation 


ct’ 


res rah 
(1—v8/etyt 


a 


1 
=, C2 
(1—v*/e)! (C2) 
these quantities must be rational. Since a?—=1 we need the 
genera! solution in rationals of this Diophantine equation. It is“ 


a= (r2+1)/2r, |b] = (r?—1)/2r, (C3) 
where r is any rational number r 21. Alternatively, the allowed 
values of »/¢ are given by |v/c| = (r*~—1)/(°+1), These values 


are dense in the open interval (—1, 1). 


APPENDIX D. DENSENESS OF ZL, IN L 


Let L,’, Ly’, L.’ represent special Lorentz transformations of 
type (C-1) along the coordinate axes, and R,’, R,’, R,’ be rotations 
about the same axes. The Euler factorization process for the full 
group L shows that any transformation in it can be factorized as 
a product of the form R,'R,'R,'L,'L,'L,’.“ Furthermore, the 
resultant transformation is a continuous function of each of the 
transformations in the product. 

It is not known to the writer whether the group of rational 
transformations 1, admits this same type of factorization. In 
any event, starting with the allowed rational transformations 
of the indicated special forms as a complex of L, we can form 
all possible products. In this way we obtain a countably infinite 
subgroup of L,, which may or may not be a proper subgroup but 
which we argue is dense in L. For taking any transformation of L 
and writing it as this type of product we can approximate each 
of the separate transformations by a corresponding rational trans- 
formation to any desired degree of accuracy. The continuity of 
the product in each of the multiplicands assures us that the final 
product transformation (which is in L) can be approximated 
arbitrarily closely by a product of transformations from L,. 
Hence L, must be dense in L, 


% See reference 13, p. 357. 
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Effect of Pressure on the Superconducting 
Transition Temperature of Thallium 
J. Hatton 


Department of Physics, Harvard University 
Cambridge, Massachusetts 


Received November 2, 1955 


HE effect of pressure on the superconducting 

transition temperature of thallium has been in- 
vestigated at pressures up to nearly 5000 kg/cm’. 
Pressure was applied to the thallium by a piston and 
cylinder arrangement, using solid hydrogen as the 
pressure transmitting medium, and the electrical resist- 
ance of the thallium was measured as a function of 
temperature. The experimental arrangement has been 
described in an earlier publication.' 

The results of this preliminary study are shown in 
Fig. 1. The sharpness of the transitions, even at maxi- 
mum pressure, suggests that the stress transmitted to 
the specimen is rather uniform. In Fig. 2 is shown the 
transition temperature vs pressure as derived from the 
curves of Fig. 1. At low pressures, we find dT, dP~ 
+1.2X10~* deg/(kg/cm*), whereas for pressures greater 
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Fic. 2. Superconducting transition temperature 
of thallium vs pressure 


than about 2500 kg/cm? we get 7./8P~—0.43X10-* 
deg/(kg/cm*). The transition temperature has a maxi- 
mum at a pressure in the neighborhood of 1500 kg/cm’. 
The values given for the pressure are calculated from 
the thrust on the piston and should be corrected for 
friction ; this correction is not serious. 

These results account for some of the wide disagree- 
ment between hitherto published values of d7./dP 
for thallium.’ 

In the experiments reported here, the pressure- 
transmitting medium actually used was solid HD. 
The results obtained when solid H. was used showed a 
significant difference which we ascribe to the effect of 
pressure on the ortho-para conversion rate in solid Hz. 
It seems that this conversion rate increases appre- 
ciably with pressure, at least up to 2000 kg/cm’, but 
no reliable quantitative data can yet be given. 

Similar investigations have been made on a number 
of other superconductors and a more detailed report 
will be submitted for publication later. 

Thanks are due Mr. Ray Sawyer for his assistance 
with the measurements. 

' J. Hatton, Phys. Rev. 100, 681 (1955). 


*N. L. Muench, Phys. Rev. 99, 1814 (1955) gives a convenient 
summary of published results for thallium. 





Exchange Effects in Spin Resonance of 
Impurity Atoms in Silicon 
G. Fener, R. C. Fretcner, anp E. A. Gere 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received October 31, 1955) 


LETCHER ¢ al.' observed in the microwave 
resonance of donors in silicon weak satellite lines 
located halfway between pairs of the 2/+1 main lines. 
The main lines arise from the hyperfine interaction of 
the electron with the magnetic moment of the donor 
atom, while the satellites originally were believed to 


1784 











LETTERS TO 


THE EDITOR 





——~ 

























































} CS a ee Se ; ; ' | Si FP Sega toe 

—s ‘ a : ees + ca ou - > +- 2 +- ee ~. cee | —— ee : 

Pet - 7 to PS sel B Sea ras j . 2 ~ eid 
Tater ae ee te eee. Se a SN 
Sata > cama wows el 2. bt Alte Sen ee ie oe TS an Sie: Eh 

om re bis. -_ ~_— sd ‘ } 
fF |. Sts PHOSPHORUS DOPED nf 
Sere f= { p = 0.1 OHM-CM = 10'7 DONORS ne 





| 
SS St ot i 42-- ae oe oe 
t—— $ $ ; \ - 


F 5c23? ag BREAD aa Ole ERG 

AGE 

/ os @Bigp ase Fabra ATs TRE 
2? 


eT 1.2" K «FREQ = 8917 MC/SEC = 








oe - a" 

- ns 

1 

~ ~ omen 

ewes ea 
t r™ ~ 

—_- -~-o— ~~ - o-+ : 

. 

- - - a * 


1. Electron spin resonance lines in phosphorus-doped silicon under fast-passage conditions 


Resistivity of sample 0.1 ohm cm. Small vertical lines are magnetic field markers. 


arise from a forbidden transition associated with the 
simultaneous flip of the electron and nucleus. Slichter* 
suggested that the satellite lines arise from the exchange 
coupling between two electrons which, acting as a unit, 
see the average field of the nuclei. The purpose of the 
present note is to confirm Slichter’s theory by reporting 
the observation of additional lines attributable to an 
exchange between 2, 3, and 4 electrons. 

The samples used were phosphorus-doped silicon 
with resistivities of 0.1 ohm cm and 0.04 ohm cm, re- 
spectively, cut from different crystals. Measurements 
were made at ~9000 Mc at a temperature of 
1 °°K. By the phase unbalance of a microwave bridge, 
the equipment was made sensitive to the real part of 
the magnetic susceptibility. Magnetic field modulation, 
heterodyne microwave detection, and lock-in amplifier 
were used to record the resonance lines. The results 
obtained are shown in Fig. 1 and Fig. 2. The 0.1 ohm cm 
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sample clearly shows the lines arising from the exchange 
between 2 and 3 electrons and the heavier doped 0.04 
ohm cm sample between 2, 3, and 4 electrons, The 
places at which the lines should appear are indicated 
by the arrows, the numbers in parentheses referring to 
the number of donors in the cluster. The large back- 
ground signal may arise from clusters which are larger 
in size or whose exchange interaction is comparable 
with the hyperfine interaction. 

The electronic relaxation time of the 0.1 ohm cm 
sample is of the order of seconds and hence the shape 
is as expected for Bloch’s fast-passage case.’ The 0.04 
ohm cm sample had a relaxation time of less than 10~° 
second and shows the regular slow-passage line shape. 
The origin of the wide range of relaxation time is now 
being investigated. 

A study of the amplitudes of the various satellites 
should shed light on the clustering of the atoms and 
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may help elucidate the onset of impurity band 


conduction. 
We would like to thank P. W. Anderson for helpful 


discussions. 


Read, and Merritt, Phys 


1 Fletcher, Yager, Pearson, Holder ; 
Pearson, and Merritt, 


Rev. 94, 1392 (1954); Fletcher, Yager 
Phys. Rev. 95, 844 (1954 


*C. P. Slichter, Phys. Rev. 99, 479 (1955 
*F. Bloch, Phys. Rev. 70, 460 (1946); A. M. Portis, Phys. Rev 
99 (1955 





Thermal Acceptors in Vacuum 
Heat-Treated Germanium 
AND Epwarp N 


Rosert L. Hopkin CLARKE 


Physics Laborator sania Electric Products, Inc 
B de, New York 
Ke Se] er 14, 1955 


E wish to describe an experiment in which it is 
found that very few acceptor centers are intro- 
duced into copper-free germanium by quenching from 


high temperatures. The result 





is of interest because the 


number of acceptor centers found in the present 
quenched specimens is far smaller than that reported 
previously for germanium.’” We believe that these 


new results are obtained because greater care has been 


taken in maintaining the germanium surface free of 
impurities 
The bar of su gle 


vacuum by passing a large alternating current through 


crystal germanium is heated in 


it, the temperature attained being measured by means 


of an optical pyrometer. The current leads are tantalum 


spot welded to the germanium. Voltage probes are 





germanium side arms (continuous parts of the « rystal 
the initial sample shaping procedure 


formed during 


[he germanium is quenched from high temperature by 
shutting off the current and allowing the crystal to 
cool by radiation. The initial quenching rate of about 
170 se from 900°C) is comparable to (but some- 
what faster than) Mayburg’s radiation quench’ and 


probably slower than Logan’s oil bath quench.’ The 
f quenched-in acceptors is calculated 
conductivity (at 195°K 


concentrator ‘ 
from measured values of 
combined with the mobility data of Prince.’ 

Some typical results are shown in Fig. 1 in which 
we plot the concentration of quenched-in acceptors as a 
function of temperature from which the germanium 
is quenched. Earlier results on copper-free germanium 


are also indi ated 
It should be mentioned that because of the relatively 


e changes measured in the present 


in surface conductance with 


small conductance 
experiment, the 
heating in vacuum as reported by Clarke** becomes an 


increase 


appreciable fraction of the total conductance change 
about 25% for a crystal 0.07 cm in thic kness The 
arises, In part, trom 


increased surface conductance 


desorption of oxygen. However, this surface conduc- 


THE EDITOR 


tance can be reduced to nearly its initial value either 
by means of readsorption of oxygen or by producing a 
new surface by means of brief etching.** This latter 
procedure was adopted here in order to estimate the 
surface contribution to the total conductance change. 

The smallest concentration of quenched-in acceptors 
obtained after the surface cleaning procedure described 
below is 1X10" centers/cm’ at 894°C as shown on 
Fig. 1. The germanium sample was then recleaned 
under conditions thought to be identical to the first 
cleaning, and this was followed by further heat treat- 
ment. The result was an increase in acceptor concentra- 
tion as shown also on Fig. 1. This lack of reproduci- 
bility can be regarded as a strong indication that the 
quenched-in acceptors correspond to impurities rather 
than to lattice defects. 

Since the new results are thought to arise from the 
use of germanium samples with less contaminated 
surfaces, it is desirable to list the detailed handling 
procedure. After shaping and attachment of the current 
and voltage leads, the germanium is (1) etched in a 
solution consisting of 10 parts of HNO, conc. ACS and 
1 part of HF 48% ACS, (2) rinsed three times in double 
demineralized water, (3) iramersed for 1 hour in 10% 
KCN (ACS) aqueous solution (double demineralized 
water) to help remove copper and possibly other metallic 
ions,’ (4) rinsed five times in double demineralized 
water, and finally (5) enclosed and under vacuum 
within two minutes after the final rinsing. The ger- 
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Fic. 1. Concentration of acceptors quenched into germanium 
after vacuum heat treatment at various temperatures as found 
by Mayburg, Logan, and present work 
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manium is placed into the vacuum system by using a 
demountable arrangement with a ground glass joint. 
This avoids glass-blowing procedures which might result 
in impurities being deposited onto the germanium 
surface from the hot glass prior to heat treatment 
studies. The direct Joule heating of the germanium is 
then carried out in a vacuum of 5X10~' mm Hg with 
cool walls surrounding the germanium. This provides 
a method for removing copper** and possibly other 
volatile surface impurities. 

Since the concentration of quenched-in acceptors 
appears to be somewhat different after “identical” 
surface cleaning procedures, we do not feel justified 
in claiming that the acceptors quenched into ger- 
manium in the present experiment are the result of 
lattice defects. Rather, it is thought that even the 
acceptor centers here observed may arise from surface 
impurities which diffuse into the crystal during heating 
and which might conceivably have been removed with. 
even more refined surface processing and handling. We 
are therefore led to question the earlier interpretation 
based upon lattice defects.’ In view of the present experi- 
ment it appears likely that the earlier results may corre- 
spond to some unknown impurity not removed from 
the surface prior to heat treatment. 

*R. A. Logan, Phys. Rev. 91, 757 (1953). 

*S. Mayburg, Phys. Rev. 95, 38 (1954). 

3M. B. Prince, Phys. Rev. 92, 681 (1953). 

*E. N. Clarke, Sylvania Technologist 7, 102 (1954). 

‘EF. N. Clarke, Phys. Rev. 95, 284 (1954). 

*G. Finn, Phys. Rev. 91, 754 (1953) 


Atomic Distribution in Liquid Helium-3* 
R. M. 
Chemistry Laboratory, Yale University, 
New Haven, Connecticul 
Received September 26, 1955) 


Mazo anv J. G. Kirkwoop 


Sterling 


N a previous paper,’ the authors have shown how 

the radial distribution function of a fluid obeying 
quantum mechanical laws, at a temperature T and 
molar volume », can be approximated by the radial 
distribution function of a classical liquid with the same 
molar volume, and at a temperature r(7,v). 3kr/2 is 
the mean kinetic energy per molecule of the quantum 
fluid. We have recently applied this theory to liquid He’. 

The value of + appropriate to 0°K and the experi- 
mental molar volume of He* was determined by calcu- 
lating E, the internal energy as a function of r, and 
equating this to the negative of the heat of evaporation 
at 0°K.? r turned out to be 12.5°K. The radial distribu- 
tion function, g(R), was calculated from the tables of 
Kirkwood, Lewinsohn, and Alder.’ g(R) was Fourier- 


transformed numerically to give the coherent x-ray 
scattering factor. The resulting normalized intensity 
distribution is shown in Fig. 1 together with the corre- 
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Fic. 1, 1(8)/Jo versus o= (a/d) singd. O— Het (calc); @—He* 
(calc); — He‘ experiment [Gordon, Daunt, and Shaw, Phys. Rev. 
96, 1444 (1954) 7 


sponding calculated factor for He‘. We do not exhibit 
g(R) since the scale used for reproduction would not 
show the difference between He’ and Het. 

We hope that this communication will stimulate 
experimental work on the structure of He’. 

We should like to thank Miss Elaine C. Smith for 
carrying out the numerical integrations for He’. 


* This research was supported by the Office of Naval Research 
7 contract with Yale University. 
M. Mazoand J. G. Kirkwood, Proc. Natl. Acad. Sci. (U. S.) 
41, m0 (1955). 
? Abraham, Osborne, and Weinstock, Phys. Rev. 80, 366 (1950). 
' * Kirkwood, Lewinsohn, and Alder, J. Chem. Phys. 20, 929 
1955) 





Radiation-Induced Amorphism in Diamond* 


Paut W. Levy anp Orro F. KAMMERER 
Brookhaven National Laboratory, U plon, New York 
(Received October 26, 1955) 


IAMOND may be considered the least stable form 

of carbon, with graphite and amorphous carbon 
(lampblack), in this order, more stable. When one 
irradiates diamond with energetic particles such as are 
available in a reactor, the radiation damage may occur 
in several steps. The initial step is the creation of 
vacancies and interstitials, causing the lattice to be 
strained which results in an increased lattice parameter. 
Damage in this stage has been observed by Primak' 
and Wittels.? When the damage is more severe, or is 
concentrated, e.g., along the path of a charged damaging 
particle or recoil atom, the carbon atoms may rearrange 
by forming double or even triple bonds. This latter 
possibility has been dealt with by Dienes and Klein- 
man,’ who considered the effects on the elastic constants 
of bombarded diamond containing regions of damage 
consisting of double-bonded carbon. In very severely 
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damaged diamond, one may 


expect to find evidence 
for amorphous carbon, or perhaps, even graphite. 

To search for these possibilities, 270-mesh diamond 
powder was first annealed at 500°C for two hours, to 
remove strain, and then irradiated in the Arco materials 
reactor. The total exposure was 2.410" nol 

3.810” not “fast.” It is esti- 
temperature the sample 
irradiation the powder 
appeared perfectly white, and after irradiation it was 
shiny black, reminiscent of hardcoal dust. After irra- 
diation, x-ray diffraction patterns of both irradiated 
and control material were run on a Norelco spectrom 


testing 
“thermal” and about 


mated that the maximum 


reached was 65°C. Before 


220) reflection of (A) normal and 
severely damaged diamond 
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eter using filtered Cu—K, radiations. The pattern 
obtained from the unirradiated material was typical 
of normal diamond in every respect. In the irradiated 
sample, the normal reflections no longer appeared. 
Instead, we found the continuous almost structureless 
pattern of an amorphous material. Figure 1 shows the 
spectrometer tracings of the (111) reflection of both 
samples, and similarly, Fig. 2 is the tracings of the 
(220) reflections. Only these two reflections appear to 
be somewhat retained by the damaged material. From 
the data shown in Fig. 1, one can obtain a rough esti- 
mate of the lattice expansion, which is 2.4%. In addi- 
tion, the damaged crystals contain a fairly definite but 
broad peak at 26~18.5° and a much weaker broad 
peak at 24=20.3°. At the moment, we do not have a 
definite explanation for these reflections but they are 
probably due to hydrated aluminum oxide from the 
container in which the sample was irradiated. In 
summary, it can be said that this diamond sample has 
been damaged to the extent that it is now amorphous. 
A detailed x-ray study of this material is being made by 
D. T. Keating and will be published shortly. 

* Under the auspices of the U. S. Atomic Energy Commission 

‘ Primak, Fuchs, and Day, Phys. Rev. 92, 1064 (1953) 

? As described by J. H. Crawford and M. C. Wittels in paper 
No. 753, presented at the International Conference for the Peaceful 


Uses of Atomic Energy (1955 
*G. J. Dienes and D. F. Kleinman, Phys. Rev. 91, 238 (1953 
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? were the first 
ferromagnetic resonance at high 
power. Among other phenomena they found a marked 
broadening line at 
powers rather low compared to those thought to be 


D AMON, Bloembergen, and Wang 


to measure 


and lowering of the resonance 
necessary for saturation 

We have found that the equations of motion of 
ferromagnetism lead to a physical instability which 
probably accounts for this result. Because of the non- 
linear effect of the demagnetizing field certain spatially 
inhomogeneous perturbations tend to grow rather than 
decay at high enough powers. The simplest case which 
shows the physical origin of the effect occurs in the 
disk-shaped sample perpendicular to the dc magnetic 
field. Suppose there is a small perturbation in the 
precession angle of a horizontal stratum in this sample. 
(Figure 1 illustrates the quantities involved in the 
following.) Then the average moment of the stratum in 
the z-direction changes by —45M,, and because of the 
demagnetizing effect the effective dc field changes by 
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4x5M,. This may bring the stratum closer to resonance 
than before, increasing thereby the rf permeability, 
and thus, by the relationship M2+M,/+M/=M,} 
causing 6M, to take on a new value 6M,’. If 6M,'/6M, 
>1, the perturbation will grow indefinitely. 

Using for convenience circular polarization and 
Landau-Lifshitz damping, the equation for M,’ is 


H.2 a 
(M,/P= ua(1-- : — ). (1) 
(He —w/y)?+ (AH) 


The instability condition 6M,’/5M,>1 is equivalent to 


Ht*—w/y 
4nMH,?- < 
[ (He —w/y)?+ (SH) 


This may finally be optimized with respect to H,*" 
—w/, the deviation from resonance, and we get 
H,.2>3.08(AH)*/4eM (3) 


at H,*''—w/y= —AH/N3. Note that (3) predicts, for a 
typical 40-oersted half-breadth, that the power re- 
quired for instability is only of the order 1/30 of satura- 
tion power (H+ ss:°= 4H"). This justifies our use of 
small-signal theory in (1). 

While it is conceptually simple, the horizontal stratum 
of the disk is unfortunately a poor example, since the 
disk moving as a whole is itself unstable under the same 
conditions. However, we have found similar striations 
to be unstable under similar conditions in all sample 
shapes we have considered (e.g., the sphere, which 
moving as a whole is perfectly stable at all times). The 
most unstable striations even in the disk are not of 
macroscopic size but so small that the exchange field 
must be included in their equations of motion. The 
appropriate wavelength depends on the demagnetizing 
fields of the sample. These short-wave striations are 
most unstable at resonance, where instead of (3) we have 

H,¢ >2(4H)*/4eM (3a) 

Perturbations of geometries than 
striations perpendicular to 14, (e.g., striations in spheres 
parallel to H4.) are also unstable, but the above is the 
best case. We have also calculated the growth rate of 


various other 











‘1c. 1. Perturbed_stratum in a disk-shaped sample. 
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Tas.e I. Calculated and observed onset of instability 





Hea for onset 
Theory 
(Eq. (3a)] Experiment* 
8 oe 
5 


9 
5 
4 
1 

0 


* Reference 2, Fig. 11. 
» Reference 2, Fig. 8 


these instabilities, which is 


2P ' 1 
-|(=-1) -1f 
Prorit T; 


where Perit is the critical rf power from (3a) and 7, 
the relaxation time. Calculations on the new steady 
state which is established are under way and will be 
published later. 

We have compared (3a) with experiment in the 
following way. The instability will almost certainly 
broaden the resonance. We thus compare the minimum 
rf field from (3a) with the point of onset of broadening 
from Bloembergen and Wang’s figure 8, for their sphere 
of NiFesOy. For AH, we use 1/y7; as measured in 
reference 2 rather than the observed line breadth 1/772, 
because 717: cannot hold for fine-scale phenomena 
in ferromagnets, so that there must be contributions to 
1/7: from inhomogeneities of larger scale than those 
we consider here. We can only hope that the present 
phenomenon does not spoil the principle behind the 7; 
measurement. Of course, above room temperature the 
line breadth and 7; agree, giving us greater confidence 
in the comparison. The results are shown in Table I. 
The agreement in both trend and absolute value is 
gratifying in view of the possible experimental error. 
(we estimate one-figure accuracy in H,;).* One obtains 
similar results for the Supermalloy data of reference 2; 
on the other hand, the polycrystalline ferrites seem to 
be more stable than (3a) predicts. 

We have no explanation for the subsidiary low-field 
absorption peaks observed by Bloembergen e/ ai.,'* 
which may well be an entirely distinct phenomenon. 
We do feel we have probably explained the early onset 
of nonlinearity of the main peak. 

We should like to acknowledge helpful discussions 
with A. M. Clogston, L. R. Walker, and H. W. Lewis. 

'R. W. Damon, Revs. Modern Phys. 25, 239 (1953). 

*N. Bloembergen and S. Wang, Phys. Rev. 93, 72 (1954) 

* This relationship, while not always satisfied by the Bloch 
equations used by Bloembergen ¢ al. to describe their data, 
nonetheless is required for the small-scale motions we shall discuss 
later; otherwise excessive amounts of exchange energy must be 
supplied. 

‘We have checked our use of small-signal theory to describe 
nonlinear behavior against the full nonlinear theory in the range 
of interest. 

* Further errors of a factor of about v7 may enter because the 


experiments use linear polarization. The difference can hardly be 
important at this stage. 
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Pressure-Volume Isotherms of He‘ below 4.2° K, 
Wiiuiam E. Kewrer [ Phys. Rev. 97, 1 (1955) ]. During 
the course of calculations performed in attempting to 
adjust the reported values of T4s—T isotherm (Table IT) 
in accordance with a “smoothed” table of 74 2s Het 
vapor pressure,’ discrepancies appeared which were 
considerably larger than expected from the “roughness” 
of the original table used for 74.2 The source of these 
discrepancies was traced to the manner in which the 
measured vapor pressures were reduced to obtain the 
corresponding temperatures. Originally, all vapor pres- 
sures were reduced to mm Hg at 0°C; just before 
publication, the author became aware that 74 is given 
in terms of mm Hg at 20°C, and attempted to correct 
for this by adding an amount to (PV/N) or: (Table I) 
corresponding to the difference in density of the Hg 
at the two reference temperatures. It is now clear 
that this correction should not have been added, since 
the relation between the raw data of each point and the 
temperature to which it is normalized has not been 
changed by the change of reference. 

As a consequence of this error, the numerical values 
for A= RT, T3—T isotherm, ANd (PV/N) ore Tequire re- 
vision. For a given isotherm, a constant quanticy, q, is to 
be added to each (PV/N)..-. Table I lists the correction 


s for isotherm measurements 


Tase [. Correctior 


\ K ( D k 
246693 208154 178160 144595 133872 
0.008 0o.o108 0.0052 0.0054 0.0073 

24 is 125 125 ~62 


quantities. No other data, either raw or derived, are 
affected by these changes ; nor was the type of error men- 
tioned here made in the data for the He’ isotherms.’ 

The author is indebted to J. R. Clement who initi- 
ated the recalculations based on the smoothed Ty 
scale and who has pointed out two typographical 
for point A-11-2, “P=116.58 mm Hg” 
166.58 mm Hg” and (2) for point 
129 979” should 


errors: (1 
should read “P 
a—3—1 in reference 3, “(PV/N) corr 
read “(PV /N) corr= 128 979.” 
‘Clement, Logan, and Gaffney, Naval 
Report NRL-4542, 1955 (unpublished 
* H. van Dijk and D. Shoenberg, Nature 264, 151 (1949) 
*W. E. Keller, Phys. Rev. 98, 1571 (1955; 
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Soluble Problem in the Theory of Coulomb Ex- 
citation, L. C. BreEDENHARN AND C. M. CLass 
(Phys. Rev. 98, 691 (1955) ]. The sign of the last two 
terms in Eq. (6) (that is, the two terms involving the 
cosine of the Coulomb phase shifts) was given incor- 
rectly. The sign of these terms should be negative. 
Figure 2 as presented is therefore also incorrect, and a 
corrected version of this figure is given below. 





Se 
0 


Fic, 2. The particle parameter a: versus » for no energy loss 
The classical limit (solid line) is —0.05425. The intercept at 
n=0 is +0.5002 


None of the qualitative conclusions of the paper are 
affected by this change, since the corrected values of the 
particle parameter a; deviate even more markedly 
from the (corrected) classical limit, as shown in the 
accompanying figure. 


Intermediate Coupling in Odd-Odd Nuclei, k. 
Apkins AND J. G. Brennan [Phys. Rev. 99, 
706 (1955) ]. The last term of Eq. (3) should read 
“—¢>" di-s;,” instead of “—Vot>o d\-s;.” The factor ¢ 
is an energy constant showing the strength of the spin- 
orbit coupling, and V» does not belong. 


Electroluminescence of Zinc Sulfide Single Crys- 
tals, D. R. FRANKL [ Phys. Rev. 100, 1105 (1955) ] 
In Fig. 2 the abscissa scale markers are displaced 
to the left about two divisions from their correct 


positions. 
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Erratum Pertaining to Abstract M10 


M10, by David O. Caldwell and Yash Pal. Line 10 should read “mass. Such mass measurements on a 


ill be reported 


negative proton’ w 


* The usual preamble to these abstracts and additional errata will be published in the Bulletin early 


in 1956. Abstracts of meetings in 1956 ar 


subsequent years will not be published in The Physical Review 
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Solid State I 


B1. The Significance of Nuclear Spin Echo Experiments 
for the Foundation of Statistical Mechanics. Jerome 
Rotustetn, Signal Corps Engineering Laboratories—We 
have shown the essential identity of the entropy of infor- 
mation theory and statistical’ or thermodynamical® entropy, 
and characterized reversible processes as those in which in- 
formation is conserved, irreversible as those in which infor- 
mation is lost.* The Wieder- or Umkehreinwand is then valid 
if information storage (memory) is possible, invalid other- 
wise. Boltzmann’s statistical argument, replacing the kinetic 
H-theorem proof criticized by Loschmidt and Zermelo, im- 
plicitly admits information Spin echo experiments’ 
demonstrate that memory permits reversibility, with irre- 
versibility following loss of stored information. More gen- 
erally, a kind of “phase coherence” (classical or quantal) 
corresponds to reversibility, incoherence to irreversibility. 
For spin echoes, phase memory is carried in Larmor pre- 
cession of the for inhomogeneous magnetic field 
Brownian motion is the chief memory destroyer, masking 
others like spin-spin and spin-lattice interactions. With latter 
negligible and perfectly homogeneous field, or with memory 
and retracing of complete dynamical trajectories, entropy 
increase of spin system would be prevented with resulting 
reversibility. 


10SS. 


spins ; 


1 J. Rothstein, Science 114, 171 (1951) 
7 J. Rothstein, Phys. Rev. 66, 135 (1952) 
SE 


L. Hahn, Phys. Rev. 80, 580 (1950), Phys. Today 6, 4 (Nov 


1953) 


B2. Ferrimagnetic Interaction and Remanence in Co- 
balt Carbonate. Warren E. Henry, U. S. Naval Research 
Laboratory.—Magnetization studies have been carried out 
for CoCOs in strong magnetic fields and at low temperatures 
to investigate the nature of interactions therein. A ballistic, 
sample motion method’ has been used to perform the mag- 
netic measurements in magnetic fields up to 60000 gauss and 
at temperatures down to 1.3°K. Cobalt carbonate exhibits 
ferrimagnetic interaction, has a transition temperature at 
about 10°K and a moment at 60000 gauss and 1.3°K of 
about 0.05 Bohr magneton per atom of cobalt. When the 





remanence is plotted against the temperature, there seems 
to be a change in the sign of (3°M/d7*) at about 3°K. An 
analysis of the interaction is made in terms of departures® 
from the Brillouin function and in terms of theories* of 
Van Vleck, of Néel, of Gorter, and of Yaffet and Kittel. 
The observation of ferrimagnetism is also interpreted on the 
basis of predictions that could be made from recent high- 
temperature susceptibility measurements of Bizette.* 

iW. E How. Phys. Rev. 88, 559 (1952) 

7 E. Henry Phys, Rev. 94, 1146 (1954) 

* J. H. Van Vieck, J. phys. radium 12, 262 (1951); Revs. Modern Phys 
25, 220 (1953); L. Néel, Proc. Roy. Soc. (London) AG4, 869 (1952); C 
J. Gorter, Physica 18, 861 (1952); Y. Yaflet and C. Kittel, Phys. Rev 
87, 290 (1952) 

*H. Bizette, Compt. rend. 941, 546 (1955). 


B3, Frequency Doubling in Ferrites. W. P. Ayres, 
P. H. VartTanian, AND J. L. Mevcuor, Electronic Defense 
Laboratory of Sylvania Electric Products Inc.*—The torque 
equation for the motion of the magnetization in a magne- 
tized ferrite yields a component along the direction of the 
applied de magnetic field. The time dependent part of this 
component is of second order in rf quantities and has pre- 
viously been neglected. With high incident powers an ob- 
servable double-frequency output is predicted. A high in- 
tensity microwave magnetic field and an orthogonal de mag- 
netic field were applied to a ferrite body. Double frequency 
magnetic fields were generated in the same direction as the 
de magnetizing field. A primary frequency of 3175 me was 
used with peak powers up to 200 watts. The peak output 
power at 6350 mc was found to increase linearly with the 
square of the peak input power over a range of 50 db. 
Reasonable agreement was found between theory and 
experiment. 


* This work was performed under a Signa) Corps Contract 


B4. Energy Band Calculations in f.c.c. Thorium.* 
G. W. Lenman, North American Aviation, Inc.—The low- 
est energy bands of face-centered cubic thorium have been 
worked out-along the (001), (011), and (111) directions in 
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the Brillouin zone using a simplified variationa! approach 
originally developed by Kohn.‘ Using the Thomas-Fermi 
model, it was found that the 5f and 6d bands form the low- 
lying states corresponding to the observed lattice spacing. 
From this model, the 7s and 7p states lie several electron 
volts above the Fermi level and have been neglected. The 
trial wave functions used in the variational calculation were 
taken as linear combinations of Cubic Harmonics and radial 
wave functions computed for an energy lying between the 
two- and threefold. degenerate d states at the center of the 
trillouin zone. (A more general procedure has been used 
by Jenkins and Pincherle.*) This approximation has the 
general formal of Slater's LCAO method where 
all but neighbor interactions are neglected. The 
12 x 12 secular determinant, resulting from the variational 
approximation, factors along symmetry lines according to the 
group theoretical results of Bouchaert, Smoluchowski, and 
Wigner. The energy contours are being used to calculate a 
thorium 


character 


nearest 


density of states curve in f.cx 


*W. Kobn, Phys. Rev. 87, 472 (1952) 

7D. P. Jenkins and L. Pincherle, Phil 

* This work performed under Contract 
Commission 


Mag. 45, 93 
for the U. § 
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Atomic Energy 


BS. Quadrupole Broadening of NMR Lines by Re- 
versible Axial Stress. R. G. Suutman, B. J. Wytupa, 
anp H. J. Hrostowsxt, Bell Telephone Laboratories.— 
Nuclear interact with electric 
field gradients at In a perfect cubic crystal 
v-E£=0, and there are no quadrupolar interactions. Watkins 
and Pound’ have shown that in alkali halides internal strains 
destroy the spherical symmetry of the electric field. Nuclear 
magnetic resonance’ studies of the semiconductors InSb and 
GaSb have revealed no quadrupolar interactions in our sam- 

high degree of crystalline perfection. By 
applying axial stresses to these crystals, we have been able 
to destroy the crystalline symmetry reversibly, thereby pro- 
ducing quadrupole broadening of the nuclear magnetic reso- 
nance lines. In InSb the application of 500 Ib/in.* along 
the <110> axis reduced the intensity of the In’ resonance 
by 11% and increased the second moment by 30%. This cor 
responds to e*gQ~45 ke under these conditions 


electric quadrupole moments 


the nucleus. 


ples indicating a 


*G. D. Watkins and R. V. Pound, Phys. Rev. 89 658 (1953) 
* Shulman, Mays, and McCall, Phys. Rev. 98, 1182 (1955) 


B6. Quadrupole Polarization of 
Ions.* T. P. Das anp R. Bersonn, Department of Chemis- 
try, Cornell University —A variational method has been 
developed for c.\culating the quadrupole polarization of 
charge clouds of ions. This method obviates the step by step 
numerical integration of the relevant Schrédinger equation 
as adopted by Foley, Sternheimer, and Tycko.' The form of 
the variation function for the perturbation of the electronic 
wave function by an external charge at distance r is taken as 


Charge-Clouds in 


ue" (3 cos* 6—) P(r), 


where P(r) is a polynomial in r containing adjustable 


B AND C 


parameters. Preliminary calculations for the radial 2p) 
excitations in Na* and Al*** give values of y. of —5.2 and 
—3.1, respectively. The value —5.2 for Na* is reasonably 
close to Sternheimer’s’ value of —4.56. A brief discussion 
of the method will be given and the compiete values of v~ 
for Na* and Al*** will be reported 

* This work was supported by the U. S. Atomit Energy Commission 


Foley, Sternheimer, and Tycko, Phys. Rev. 98, 734 (1954) 
7R. M. Sternheimer (private communication) 


B7. Magnetic Resonance Demonstration of Charge 
Transfer in Iron Group Fluorides. M. TinkHam,* Claren- 
don Laboratory, Oxford—The paramagnetic resonance spec- 
tra of iron group fluorides highly diluted with ZnFs have 
been studied. In the cases of Mn**, Co**, and Fe**, viewed 
along principal axes, each line of the normal spectrum is 
found to be split into 15 “super-hyperfine structure” com- 
ponents by thie interaction of the magnetic electrons with the 
nuclei of the surrounding F ions. The coupling constants are 
10-20 gauss, depending on the cation, the neighbor involved, 
and the angle. The large magnitude of the effect requires 
that the orbitals of the magnetic electrons be modified by 
attaching orbitals centered about the F nuclei. It is then 
deduced that the dominant interaction occurs through at- 
tached s-orbitals about the F ions. The anisotropy comes 
from the direct dipolar interaction with the central magnetic 
ion and from attached p-orbitals. In terms of admixtures, 
their seems to be roughly equal amounts of fluorine s, pf. 
and pf, orbitals, the admixtures being of the order of 1% of 
each type on each center. This picture receives striking sup- 
port from the absence of resolvable structure in the case of 
Cr***, which has no magnetic electrons in ¢-bonding orbitals 
and hence can not attach the s-functions needed to give the 
dominant interaction 


* National Science Foundation Postdoctora! Fellow; now at University 


of California, Berkeley 


B8. Electron Spin Resonance of Defect Centers in 
Magnesium Oxide.* Joun E. Wertz ano Juana L. Vivo, 
University of Minnesota.—Attempts to find electron spin 
resonance (ESR) absorption by imperfection centers in MgO 
were complicated by the multiplet spectra of impurities. 
After a detailed study, we found one line which disappears 
ym heating in vacuum. The splitting factor g is 2.003 along 
a principal axis, and the corresponding line width is 4.2 gauss, 
twelve-fold narrower than for KCl. This line and an ab- 
sorption band at 2600 A which disappears on heating in 
vacuum, are presumably the result of excess oxygen. Heating 
in air at 600°C increases the intensity of the ESR line. 
Tentatively it is assumed that the ESR centers are 0° ions, 
although experiments’ on oxygen uptake at higher tempera- 
tures would indicate that at 600° the process would be very 
slow. Exposure to x-rays after annealing gives an ESR line 
of similar g-value and width, which decays slowly. 


* Supported im part by the Air Force Office of Scientific Research 
1B. V. Haxby (unpublished results) 


WEDNESDAY MORNING AT 10:30 


226 Founders Hall 


(C. C. Lauritsen, presiding 


Nuclear Physics 


Cl. Isotope Shift in the Spectra of Hg™-Hg™. Frep 
McCiunc anv Joun R. Hotmes, University of Southern 
California.—By using separated isotopes, direct measure- 


ments of the shift have been made on several lines. A direct 
recording system using electronic detection, photomultiplier 
tube or PbS cell, and recording on a strip chart recorder, 
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is used. High resolution is obtained from a Fabry-Perot in- 
terferometer, which is scanned by varying the air pressure 
between the plates, and is crossed with a grating. The light 
from each discharge tube is alternately directed into the 
interferometer while scanning, providing a direct measure- 
ment of the shift without overlapping of the lines of the 
two sources. Because of the type of recording, probable 
errors are small. Preliminary results are 


Wavelength (A) yey” cm™ 
5769.6 —0.0052 
5460.7 0.0594+0.0005 
4916.0 0.013 +0.001 
4358.3 0.0576+0.0004 
4046.5 0.0557 


The spacers used were 4.60, 4.59, and 13.50 cm. Other lines 
are under study. 


C2. Obtaining High Temperatures for Nuclear Fusion. 
R. E. Vottratn anv J. A. R. Samson, University of South- 
ern California.—The possibility of reaching extremely high 
temperatures in a limited amount of a gas is being explored. 
The so-called “pinch effect” first noted by Northrup in 1907 
in connection with liquid conductors may make it possible 
to heat a volumn of gas by means of an electrical discharge 
and at the same time confine it to a thin column out of con- 
tact with any walls. Such a contraction occurs as the result 
of the interaction of the current in the discharge with its 
own magnetic field. We have noted the beginning of such a 
contraction in a toroidal discharge tube containing hydrogen 
and excited by pulsed discharges. The tube encircles one leg 
of a closed Hypersil transformer core. The other leg of the 
core is encircled by a single turn of copper ribbon through 
which a 150-uf capacitor at 5000 v is discharged. Currents 
of 5000 amp are obtained through hydrogen at 1-mm pres- 
sure and lower. The discharge was initiated with ease at 
these low pressures by aid of photoelectric emission from a 
thin film of caesium deposited inside the tube. 


C3. A Neutron Dosimeter with Uniform Sensitivity 
from 0.1 to 3.0 Mev.* J. De PanGcHer ano W. C. Rogscu, 
General Electric Company.—The dose rate sensitivity of a 
moderated BF, counter was investigated as a function of 
moderator thickness and neutron energy. Neutrons were ob- 
tained with a 2.0-Mev Van de Graaff accelerator and from 
a PoB source. The dose rate was calculated by the first- 
collision theory of neutron dose from flux measurements 
made with a long counter. For cylindrical moderators with 
axes perpendicular to the neutron beam and for a given 
neutron energy, the dose rate sensitivity increased with 
moderator thickness, reached a maximum, and decreased. 
These sensitivity curves, for three energies investigated, 
intersected in the region beyond the maximum at 4.5 in. of 
paraffin. A cylindrical paraffin moderator 12 in. long and 
with a 4.5-in. wall was constructed to enclose a brass BF; 
counter | in. in diameter with a sensitive region 7 in. long. 
This dosimeter showed a sensitivity constant to within 10% 
from 0.1 to 3.0 Mev. 


* This paper describes in part, work conducted under Contract between 
the General Electric Company and the U. S. Atomic Energy Commission 


C4. Nonelastic Cross Sections at 14 Mev.* M. H. Mac- 
Grecor, Wiu1am P. Batt, anp Rex Boorn, University of 
California, Livermore.—The 14-Mev neutron beam from the 
Livermore Cockcroft-Walton Accelerator was used to meas- 
ure nonelastic cross sections by means of the sphere trans- 
mission technique. Automatic equipment was built which 
removes and replaces the sphere and records data at four 
detector biases simultaneously. Table I gives uncorrected 
cross-section data in barns. 
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Tame 1. 
Neutron bias 

(Mev) 
Be 0.79 0.66 0.56 0.44 
Cc 0.7 0.68 0.59 0.47 
Mg 1.12 1.01 0.94 0.85 
Al 1.12 1.03 0.96 0.88 
Fe 1.43 1.38 1.33 1.25 
Ni 1.45 1.40 1.36 1.31 
Cu 1.59 1.52 1.48 141 
Sa 1.96 1.92 1.87 1.80 
Sb 2.03 1.96 1.89 1.82 
Pb 2 2.59 2.52 2.45 


i 
| 


Approximate corrections for multiple scattering and elastic 
energy loss will be discussed. 


* This work was performed under the auspices of the U. S. Atomic 
Energy Commission. 


C5. Neutron Yields from 32-Mev Protons on Thick 
Targets.* Grorce P. Mittpurn, Burton J. Moyer, YuIn- 
Kweli Tal, AND Seric N. Kapran, University of California, 
Berkeley.—The yield of neutrons from 32-Mev protons 
bombarding thick targets (greater than a range) have been 
measured for 59 elements and compounds. The neutrons were 
detected by capturing them in a MnSO, solution surrounding 
the target and counting the resulting Mn™ activity with im- 
mersion Geiger counters. The detection system was cali- 
brated against a standard Ra-a-Be source. The yields for 
light elements varied from 18.1X10" for Be to 0.6010" 
for C (in neutrons per scoulomb). The yield increased 
abruptly by a factor of 2 at two places, near Z=20 and 
Z=30. A sharp dip was found at Ni; yields were Co, 
7.7X10"; Ni, 3.110"; Cu, 8.510". The yield from neigh- 
boring odd-even and even-even nuclei for Z<30 fluctuated 
by about 20%. U gave the highest yield measured, 22x10", 
but elements near Pb had a lower yield (10X10”) than ele- 
ments for Z=46 to 74 (1310). The yields were analyzed 
in terms of the average number of neutrons emitted per 
nuclear interaction, averaged over energy from 0 to 32 Mev. 


* This work was performed under the auspices of the U. S. Atomic 


Energy Commission. 


C6. Double-Channel Magnetic Beta-Ray Spectrometer 
for Short-Lived Activities.* C. R. Sux anp Byron T. 
Wricut, University of California, Los Angeles.—A semi- 
circular beta-ray spectrometer has been developed for study- 
ing proton-induced activities with half-lives as short as 
tenths of seconds and end-point energies to 12 Mev. At a 
given magnetic field, beta particles of different momenta are 
focused at distances of twelve and eight inches from the 
source. This double channel arrangement provides a means 
of normalization which is superior to that of using a monitor 
counter near the source in those cases in which there are 
gamma rays from secondary activities. The choice of the 
detector positions has been optimized. The slit system is 
adjustable. At the present setting, the resolution for each 
channel is 1.7% and the transmissions for the 12-in. and 
&-in. channels are 0.052% and 0.076%. Targets, after being 
irradiated in the cyclotron beam, can be transferred to the 
source position within 0.2 second through a 16-foot pneu- 
matic tube. 


* This work was partially ." by the joint program of the Office 
of Naval Research and the U. S. Atomic Energy Commission 


C7. Preparation of Thin N“ Targets.* F. B. Haceporn, 
California Institute of Technology.—Difficulties in preparing 
thin nitrogen targets, both stable and sufficiently free from 
carbon and oxygen contamination, has delayed a detailed 
investigation of the elastic scattering of protons from nitro- 
gen. At least a partial solution to this problem has been 
found. A 20-kev mass-28 nitrogen ion beam was collected in 
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beryllium. The targets thus prepared were bombarded with 
the proton beam from an electrostatic accelerator. Magnetic 
analysis of the elastically scattered protons indicates that the 
nitrogen layer is about 2 kev thick for 1.7-Mev protons and 
that the ratio of nitrogen to carbon and oxygen is about 5:1. 
Reducing the carbon and oxygen contamination to the present 
level 
collector and keeping the collection chamber at a pressure of 
10° mm. Further reduction of this contamination appears 
extremely difficult. This type of target has not decomposed 
either under bombardment or from exposure to the at- 
mosphere for as long as a month. Nitrogen ions driven into 
tantalum have aiso proven to be exceptionally stable targets. 
being investigated for other nuclei. 

90% enriched N™ targets 


has involved using freshly evaporated beryllium as a 








This technique is now 
Preliminary work in preparing 
has been successful. 

{ the Office of Naval 


Research and t 





* Assisted by the joint prog 














U. S. Atomic Energy Commission 
C8. Half-Life of Sn”™’.* S. W. Mean, M. D. Perrorr, 
anp W. O. Doccett, University of California, Berkeley 
introduced by A. C. Helmholz).—A half-life of 4.0+0.2 
hours | been tentatively assigned to 51 A target con- 
taining enriched Cd’ was bombarded Mev alph 
the 60-inch cyclotron. After separat indium, sources 


were prepared from the tin fraction and were observed with 








a crystal spectrometer and a magnet liens spectrometer 

The 670-kev y ray in the decay of was observed to 

roximat ] followed by 

285 kev tihe vith the decay 

as also followed in the spectrometer. 

I after chemical separation. 

bserved and the decay half-life was, 

] er r, the san as that f the 670-kev 

the 285-kev line might be properly iden- 

tified with an excited state of I f 1 in the Sn decay 

Further investigations are in progress in an attempt to 
clarify this situation 

* This work was done under the auspices h S.A Energy 


Commisst 


C. L. McGinnis, Phys. Rev. 81, 734 (1 


C9. Inelastic Scattering of Protons from Li’, C*, Mg™, 





and Si*.* Homer E. ( rett, University of slifornia, 
Berkeley Thin targets of | polystyrene, Mg, and SiO 
were bombarded with 12-Mev protons, and differential cross 
sections we measured ton er identified with the 
4.65-Mev level in Li’, the 4.43 in C™, the 1.368 in Me™, and 
the 1.78 in Si®. The Li distribution shows a maximum near 
12° (em 4 minimum at 106°, and a secondary maximum 
at 125°, with approximate relative cross sections of 2.7, 1.0, 


significantly 


Mev, on Ca 


and 1.1, respectively. The C and Mg data are 
different from those found at 10 Mev.’ At 12 


WEDNESDAY 
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AFTERNOON AT 





maximum appears near 10°, a minimum at 95°, and a maxi- 
mum at 160°, with relative cross sections of approximately 
6.1, 1.0, and 3.1. The Mg distribution shows a sharp rise 
forward of 20°, continuing to 8°, the smallest angle at which 
a measurement was possible. Minima appear at 50° and 115°, 
and 140°. The Si distribution has maxima at 
a minimum at 120°. se angular distribu- 
se predicted by theory. 


maxima at 85 
20° and 165 
tions will be compared with thi 





* This work was done under the auspices of the U. S. Atomic Energy 


Commission 
1G. E. Fischer, Phys. Rev. 96, 704 (1954 


C10. Internal Corversion Coefficients of Low Excited 
States of F”.t W. R. Mitts, Jr.,* H. H. Hirton, III, anp 
C. A. Barnes,t California Institute of Technology.—A mag- 
netic lens spectrometer has been used to measure the internal 
conversion electron yield of the first and second excited states 
f F® produced by F"(pp’) F*. A Nal(T1) crystal was used 
) obtain the y-ray yields. Correcting for the theoretical K 
» L ratio, and the anisotropy of the 197-kev state, we ob- 


2.10+0.45) X10", ax (.197)=(1.9140.60) x 


¢ 
+ 
t 


tained ax (109) = 





10°. These compare with the theoretical values as follows: 
ax (experimental) /ax (theoretica 
El Mi E2 M2 
4 24 2.892%0.62 89+0.019 0.282%0.060 
6.842+2.1 8 3.4 ).888+0.28 1.79 +0.56 


109-kev state and E2 to 
J=1/2> for the 109-kev 


assignment of El to the 
tate is consistent with 


Hence the 
197-kev s 
state and J=5/2* for the 197-kev state 


* Now at General Electric Company, Schenectady, New York 

t Assisted by the joint program of the Office of Naval Research and the 
U. S. Atomic Energy Comr 

t Now at University of British Co! 


mission 


umbia, Vancouver, B. C., Canada 


C11. Elastic Scattering of Protons at 9.9 Mev.* Norton 





M. Hintz, University of Minnesota.—Using 9.89-Mev pro- 
tons from the first stage of the Minnesota linear accelera- 
tor, a program of elastic scattering has been initiated. The 
proton beam is deflected into a 24-in. diameter scattering 
hamber with a rotatable lid to support the detector assembly. 
Either solid or gas targets may be used. A Nal detector 
(~3% energy resolution) with conventional electronics is 


esolution is approximately +1.5°. Points 
were taken at 5° intervals; generally from 15° to 165°. Data 
will be presented for Be,» N, A, Al, Ni,? Sn, and Au. The 

he angular distributions are similar to 


features I 





general 





the data at 22 Mev’ in he light element cross sections 
oscillate above coulomb back angles and the heavy 
elements oscillate below. The cross section for gold is Cou- 


4 
lombic out to 17( 


* Supported in part by the U. S. Atomic Energy Commission 
Unpublished data of S. W. Rasmussen 

? Uupublished data of M. K. Brusse 

*B. L. Cohen and R. V. Neidigh, Phys. Rev. 98, 282 (1954) 


2:00 


133 Founders Hall 


xe 


M. DuMonp, presiding 


Invited Papers Sponsored by the Division of Electron Physics 


D1. Modern Trends in the Interaction of Electron Beams with High-Frequency Fields. 


L. M. Freto, Hughes Aircraft. (30 min.) 


D2. Some Experiments in Field and Ion Emission. R. Gomer, University of Chicago. (30 


min.) 


D3. The Dissociation of Solid Compounds by Electron Impact. G. E. Moore, Bell Tele- 


Laboratories. (30 min.) 


phone 


D4. Some Electronic Effects of Germanium Containing Double Acceptor Impurities. 
H. H. Woonsury, General Electric Research Laboratory. (30 min.) 
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WEDNESDAY AFTERNOON AT 2:00 


129 Founders Hall 


(R. F. Curisty, presiding) 


Invited Papers in Theoretical Physics 


El. The Optical Model of the Nucleus. D. S 


(25 min.) 


E2. Causality and Scattering. M. Geti-Mann, California Institute of Technology. 


. Saxon, University of California, Los Angeles. 


25 min.) 


E3. The Interactions of Electrons and Nucleons. D. R. Yennir, Stanford University 


(25 min.) 


E4. Numerical Calculations of Stellar Evolution. L. G. Henyey, Radiation Laboratory, 
Livermore Site, University of California. (25 min.) 
ES. Velocity Dependence of the Nuclear Potential. E. Te.ier, University of California, 


Berkeley. (20 min.) 





THURSDAY MORNING AT 


9 :30 


133 Founders Hall 


(W. A. FowLer, presiding) 


Shell Structure and Nuclear Physics 


Invited Papers 


F1. Some Current Problems in Collective Nuclear Models. B. A. Jaconsonn, University 


of Washington. (30 min.) 


F2. Origin of Nuclear Moments of Inertia. D. R. Incits, Argonne National Laboratory. 


(30 min.) 


Nuclear Structure 


F3. Low-Lying Level Structure of the Zn™ Nucleus.* 
J. B. Martont ano R. A. Cuapman, The Rice Institute.— 
Sulfur and beryllium samples have been used as energy- 
selective neutron absorbers to investigate the low-lying level 
structure of the Zn™ nucleus. The transmission through the 
samples of the neutrons from the Cu"(p,n)Zn™ reaction was 
measured as a function of the proton energy and the known 
resonances in the neutron total cross sections of S and Be 
were observed for both the neutron group leaving Zn®™ in 
the ground state and for a group leaving Zn® in an excited 
state at 118+8 kev. This excited state is probably identical 
with that from which 7 radiation has been observed* in the 
Ga™ decay. At a proton energy of 2.9 Mev, the two neutron 
groups are of approximately the same intensity. The Q-value 
for the Cu”(~,n)Zn™ reaction was found to be —2.131+0.005 
Mev. The 585-kev resonance in S was observed with neu- 
trons from the V"(?~,n)Cr™ reaction and the threshoid en- 
ergy of 1.566 Mev for this reaction was confirmed. 

* Supported in part by the U. S. Atomic Energy Commission 

t Now at Kellogg Radiation Laboratory, California Institute of Tech 


nology, Pasadena, California 
*B. Crasemann, Phys. Rev. 98, 1034 (1954) 


F4. Excited States of Ge”.* E. Brun, W. E. Mevernor, 
AND J. J. Krausnaar, Stanford University—The decay of 
14-hour Ga™ has been studied’ and more recently also that 
of 26-hour As™ in order to obtain information on the excited 
states of Ge”. The 0.3-usec isomeric state’ has been found 
to be the first excited state at 0.69 Mev, with spin zero and 
even parity. The second and third excited states are at 0.84 
and 1.46 Mev and have been assigned spin two and even 
parity. The gamma rays feeding the isomeric state have been 
determined by delayed coincidence experiments, and origi- 


nate primarily at a new level at 2.39 Mev. Decay schemes 
of both Ga™ and As™ will be presented. Possible reasons for 
the exceptional spin of the first excited state of Ge” will 
be discussed. 

* Supported in part by the joint program of the Office of Naval Research 
and U. 5S. Atomic Exergy Commission 

’ Kraushaar, Brun, and Meyerhof (to be published in Phys. Rev.) 

* Bowe, Goldhaber, Hill, Meyerhof, and Sala, Phys. Rev. 78, 1219 
(1948), 


F5. Differential Cross Sections for the Scattering of 
Charged Particles by Beryllium.* R. G. Summers-Gitt,t 
University of California, Berkeley.—A beryllium target has 
been bombarded with 12-Mev protons, 24-Mev deuterons, 
and 48-Mev alpha particles. With the three projectiles the 
differential cross sections for inelastic scattering leading to 
the formation of the 2.43-Mev state have been measured. 
Their magnitude and forward peaking indicate that com- 
pound nucleus formation plays a minor role. Application of 
inelastic scattering theory’ leads to the assignment 1/2, 3/2, 
or 5/2 and even parity for this level. A very weak inelastic 
proton group has been found confirming the recently re- 
ported level in Be* at ~1.8 Mev. The cross section for the 
formation of this state is about 1/100 that for the formation 
of the 2.43-Mev state. The differential cross section for the 
pickup reaction Be*(~,d)Be* has also been measured. This 
angular distribution agrees favorably with that obtained from 
the Butler theory of stripping and the known ground states 


involved. 

* This work was performed under the auspices of the U. S$. Atomic 
Enerzy Commission 

? National Research Council of Canada Special Scholar 

* Huby and Newns, Phil. Mag. 42, 1442 (1951); Austern, Butler, and 
McManus, Phys. Rev. 98, 350 (1953) 
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F6. Nuclear Spin and Magnetic Moment of 54-min 
In*™*.* L. S. Goopman anv S. WEXLER, Argonne National 








Laboratory.—The nuclear n, magnetic moment, and the 
sign of the magnetic moment of 54-min In'’” have been 
determined by the atomic beam magnetic resonance method 

The values found are 1=54 and ~«=—4.4nm. Multiple quan- 


in resonances of the inactive 
ds. Some 


tum transitions’ were observed 
In™ used 


properties 


for the calibration of ¢ magnetic fil 


he limitation in accuracy 





of the determinati r magnetic moment of In” 
introduced by be d st 

* Work performed under the a pice f e tl A } g 
{ ommission 

+ J. KR. Zacharias, Phys. Kev. 61, 270 (194 

7 L. Goodman and S. Wesler, Phys. Rev. 99 

*P. Kusch, Phys. Rev. 98, 1022 (1954 


F7. 15-Mev Gamma Radiation from B"+d+ C. A 


Barnes* anp R. W. Kava lifornia Institute of 
Technology.—Several investigators have reported observation 
of 15.1-Mev v¥ via Be’(an), BY(He’*p), 


radiation in ( 
j 
i 








B"(d.n), C*(p,p’), and C*(nn'). Using a 4 in. x 4 in. 
Nal(T1) crystal, we have measured the cross section for 
the reaction B“(d.n)C**(+7)C” from threshold at E4.=1.633 
+0.003 Mev to 3.26 Mev. The t target yield curve exhibits 
a sharp decrease in slope at Es=2.18+0.01 Mev, thereafter 
rema ‘ fairly < ant t 4 weak es ance 
(y~175 kev) at 07 Me r sect at F4=2.18 Mev 
is 175 mb. Using ma t analysis at OU attempts to 
detect a particles fr C“* to Be® and Be™* gave negative 
results; assuming itsotroy estimate IT, ! 5. The 15.1- 
Mev state in ¢ presumably being the analog of the B” 
ground state, the brar the B lecay was examined 
+ rays of 44 Mev f i ith 1320.4% 
f the § transitions, indicating l* for B” id 

with 3.2-Mev y rays were not pr ae 
of total decays, nor for more than 0.2% h7 

* Present address: Univer I h ( Var ¢ B. { 
Canada 

? Assisted by the Office of Naval Research and the U.S. Atomic Energy 


( ommissor 


the O* States of 
FERRELL 


F8. Nuclear Compressibility and 


Oxygen-Sixteen and Carbon-Twelve.* R. A AND 


W. M. Visscuer, University of Maryland lr} 
large 8-decay ft-value of C“ can be a mt 





THURSDAY 


F AND G 


accidental cancellation in the matrix element.’ O” is a mem- 
ber of the same isotopic spin triplet as C™ and its B-decay 
ft-value should be the same, except for Coulomb effects. 
Actually, the O™ ft-value is fifty times smaller,’ which can 
be naturally accounted for by a 6% greater size due to the 
repulsive effect of the two additional protons. This changes 
the ground-state wave function so that the cancellation is no 
longer nearly complete. Employing harmonic oscillator wave 
Coulomb force producing 


functions, we have evaluated the 





the size increase and thus have determined the nuclear com- 
pressibility. A straightforward calculation of the radial 


modes of oscillation of the O” and C” nuclei then yields O” 
Mev and 8.20 Mev, as compared ex- 
vith 6.06 Mev and 7.65 Mev, respectively. Con- 
the m the agreement is 


ited levels at 6.97 
perimentally 


sidering the limitations of del, 


satisfactory. 
* Research supported by the Office of Naval Research 
1B. Jancovici and I. Talmi, Phys. Rev. 96, 289 (1954 
the present authors (submitted to The Physical Review) 
; B. Gerhart, Phys. Rev. 95, 288 (1954 


, and a paper by 





F9. An Anomaly in Nuclear Energy Level Density 
Measurements.* G. Ico anp H. E. Wecner, Brookhaven 
V nal Laboratory.—An analysis has been made of nuclear 


Vatt 
reactions which proceed through a compound nucleus mecha- 





st vhich the nuclei are excited into the continuum. 
In the interpretation of these reactions, which determine the 
lependence of the level density on excitation energy and upon 
atomic numb ne uses the level density of a degenerate 
Fermi gas, const exp[2(aE)+], where E is the energy of 


When inelastic scattering and reaction experi- 


ments are corrected for contributions from noncompound 
nucle processes, the quantity a determined from the cor- 
rected spectri reases monotonically with atomic number. 





ent with 


This is in agr he predictions of the Fermi gas 
nodel' and is cotmpatible with the dependence on atomic 


neutron spectroscopy level density measure- 
ments at af ximately 8 Mev. On the other hand, the value 
f a determined from excitation function experiments and 
from (a,p) reactions at 40 Mev, corrected for noncompound 
nucleus processes, shows an anomalous behavior. The quan- 
tity a is constant, independent of atomic number, and an 
order of magnitude smaller than in the former group. 


weight of 











* Work performed under the auspices of the U. S. Atomic Energy 


Mmissior 


Lang and LeCouteur, Proc. Phys. Soc. (London) A67, 586 (1954) 


MORNING AT 10:30 


229 Founders Hall 


Coe 


ECKART, presiding 


Invited Papers on Physical Oceanography 


Gi. Heat Flow through the Ocean Bottom. R. Reveiie, Scripps Institution of Oceanogra- 


phy. (30 min.) 
G2. General Circulation of the Ocean. ( 


tution. (30 min 


O'D 


Iserin, Woods Hole Oceanographical Insti- 


G3. Earthquake Waves as a Tool for Exploring Ocean Basins. M. Ewinc, Lamont Geo- 


logical Observatory, Columiia University 


(30 min.) 
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TuurspDay MornNING aT 10:30 
129 Founders Hall 
(E. W. Cowan, presiding) 


High-Energy Physics 


H1. Analysis of Nuclear Emulsion Tracks by Scatter- 
ing Measurements. Jonn S. Ursan anv Jonn J. Me- 
Cure, University of Oklahoma.—A technique will be de- 
scribed for analyzing tracks in nuclear emulsions which 
makes use of only an arbitrary section of track. Such a 
technique is particularly useful when the particle has left 
the emulsion or decayed in its flight. From scattering meas- 
urements only, the mass of a particle and its residual range 
may be found. The equation for the second difference due to 
scattering as a function of residual range is well known. 
A graphical method of obtaining approximate values of two 
constants which appear in the equation leads to an evaluation 
of these constants by method of successive approximations 
involving least squares. One of these constants yields the 
mass of the particle and the other its residual range. 


H2. High-Velocity Particle Ranges in Emulsion.* 
Watter H. Barkas, Paut H. Barrett, Pierre Cvuer, 
Harry H. Heckman, Frances M. Smitru, anp Harorp K. 
Ticno, University of California, Berkeley—The range- 
velocity relations for all stopping materials are at present 
considered unreliable at high particle velocities because of 
recent evidence’ that the mean ionization potentials are 
seriously in error. The situation is particularly intolerable 
for nuclear track emulsion, because important questions re- 
garding the masses and decay schemes of K particles and 
hyperons depend on accurate energy determinations from the 
measured ranges of secondaries. A complication in emulsion 
is that for this material the density must be determined 
before the material is specified adequately. We have exposed 
emulsion blocks of accurately measured density to pions and 
protons for which the momentum is known to about | part 
in 1000. The momentum is measured by 180-degree bending 
in a magnetic field. Several points on the range curve at 
equivalent proton energies of up to 800 Mev have been 
measured to a precision of better than one percent. More 
ranges are being measured in an effort to reduce the sta- 
tistical error. 

* This work was performed under the auspices of the U. S. Atomic 
Energy Commission 


1D. O. Caldwell, Nuovo cimento 2, 
radium 14, 145 (1953) 


183 (1955); L. Vigneron, J. phys. 


H3. A Strange Cosmic-Ray Event. C. H. SKrEn anp 
W. Z. Osporne, University of Oklahoma.—A strange event 
has been found in a small stack of Ilford G-5, 400 micron 
pellicles that was exposed to the cosmic radiation at 93 000 
ft.* This event consists of a track which emanates from a 
star and subsequently “splits” into two tracks. Measure- 
ments reveal that the three tracks are coplanar in the neigh- 
borhood of their intersection. Mass and energy estimates 
have been made for the various particles involved. Various 
interpretations of the event consistent with the above meas 
urements are considered, the most plausible of which seems 
to be that a doubly charged, heavy, unstable particle or frag- 
ment was emitted from the star and then decayed in flight 
into two singly charged particles. Further measurements are 
now being made. 


* Exposed at San Angelo, Texas (41° N 


etic latitude) 
oy > 1955 by courtesy of the Office of 


on Janu- 
wal Research Project “Sky- 


H4. Cloud-Chamber Observations of y-Meson Induced 
Electron Showers.* C. A. Rouse, California Institute of 
Technology—During 1476 hours of operation of a magnet- 
cloud chamber with proportional counter control, 31 pictures 
were obtained in which electron showers of 40 or more par- 
ticles were produced in a 5 cm lead absorber by cosmic-ray 
# mesons at Pasadena. Of the 31 events, 7 had 100 or more 
electrons. The cross section per lead nucleus for the produc- 
tion of showers of 40 or more electrons emerging from 5 cm 
of lead is 3.8X10™ cm* and for showers of more than 100 
electrons is 2.6X10™ cm*. These values are in agreement 
with theoretical cross sections obtained by numerical integra- 
tion of the knock-on and bremsstrahlung cross sections’ for 
# mesons of spin 1/2 together with the use of cascade shower 
curves.” These cross sections were obtained from direct ob- 
servations of the showers and have the advantage over pre- 
vious ionization chamber measurements that no effects of 
stars and air showers are included. 

* Assisted by the joint program of the Office of Naval Research and 
U. S. Atomic Energy Commission. Reproduction in whole or in part is 
ay & for any purpose of the United States Government, 


F. Christy and S. Kusaka, 5 Rev. 59, 405, 414 (1941). 
5. Rossi and K. Greisen, Revs. Modern Phys. 18, 240 (1941). 


HS. Elastic Scattering of Electrons by Li* and Li’.* 
J. F. Sreers,t Stanford University.—Using techniques devel- 
oped in this laboratory,’ the elastic scattering of electrons by 
Li® and Li’ has been studied,’ with emphasis on the compari- 
son of their cross sections. With high resolution, the in- 
elastic scattering by the 0.477-Mev state of Li’ appears as a 
broadening of the main scattering peak, and its small contri- 
bution (~10%) is determined by comparison with the Li* 
peak. At 187 Mev, ¢:/¢s=p varies smoothly from 1.00 (35°) 
to 1.17 (80°). The magnetic contribution to p is estimated 
from the values p(187 Mev, 65°) =1.07 and p(117 Mev, 118°) 
=1.12; the two conditions involve equal momentum transfers ; 
a crude interpretation of Rosenbluth’s formula® indicates that 
the effect adds 2% at 80° and less at smaller angles. For 
both isotopes the angular distribution at 187 Mev indicates 
a charge distribution between the uniform and the Gaussian, 
with a rms radius (2.38%0.05)x10™ cm, the ratio of rms 
radii being r:/re=0.9920.01. 

* Supported by the Office of Naval Research and the U. S. Atomic 
Energy Commission, and by the U. 8. Air Force through the Office of 
Scientific Research. 

1 On leave of absence from the University of Washington. Appointment 
supported by the National Science Foundation 

+ Hofstadter, Fechter, and McIntyre, Phys. Rev. 91, 422 (1953); rays. 
Rev. 98, 978 (1953); Hofstadter, Habn, Knudsen, and MclIotyre, 
Rev. 95, 512 (1954); J. H. Fregeau and RK. Hofstadter, Phys. Rev. ey 
ge Fn 


target courtesy of Oak Ridge National Laboratory 
*M.N. Rosenbluth, Phys. Rev. 79, 615 (1950). 


H6. Inelastic Electron Scattering by Carbon.* D. G. 
RAVENHALL, Stanford University—The experimental re- 
sults of Fregeau and Hofstadter on the scattering of 187- 
Mev electrons by Carbon’ contain differential cross sections 
for both elastic and inelastic processes. The former can be 
related to the charge distribution of the nucleus in its ground 
state, and the latter are associated with nuclear excitation, 
in this case to each of the first three levels, at 4.43, 7.68, and 
9.61 Mev. The spins and parities of the first two levels are 
known to be 2° and O* respectively, and the experimental 
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results relating to these levels and to, the ground state are 
in qualitative agreement with the predictions of the shell 
model. In this paper a discussion will be given of the excita- 
tion to the 9.61-Mev level, and of the information it gives 
concerning the spin and parity of this level. Further experi- 
ments which could assist in giving an unambiguous assign- 
ment will also be discussed. 


° Suppenes by the Air Force through the Office of Scientific Research 
Fregeau and R. Hofstadter, Phys. Rev. 99, 1503 (1955) 


H7. Z-Dependence of Bremsstrahlung in the Case of 
Complete Screening.* K. L. Brown, Stanford University. 
-The relative yield of bremsstrahlung produced by Cu, Ta, 
and U for incident electrons of energy 500 Mev is being 
measured using the reaction 7+p—>**+n as the photon de- 
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tector. The x* mesons are detected by observing the positrons 
from the x—>p»—e decay as used by Crowe and others in 
previous experiments.’ The * mesons are selected in both 
energy and angle. Therefore, from the kinematics of the 
reaction, only photons in the energy range 235+12 Mev are 
detected. The tentative results to date are consistent with 
a deviation from the Bethe-Heitler bremsstrahlung theory of 
—(2.0+0.6) X10 Z* percent. This result is in good qualita- 
tive agreement with the previously observed experimental 
deviations from the Bethe-Heitler pair-production theory at 
high energies.’ 

Pe hy gt te Fe - 4 of the Office of Naval Research and 

1 Crowe, Friedman, and Motz (in preparation). 


*For a summary of these results, see Davies, Bethe, and Maximon. 
Phys. Rev. 98, 788 (1954) 
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ll. x* Photomeson Production from Various Nuclei 
at 135°. Wrusam Imuor, V. Perez-Menvez, ann H. 
Easterpay,t University of California, Berkeley, and Liver- 
more.—Cross sections for the photoproduction of positive 
pions by the 335-Mev bremsstrahlung of the Berkeley syn- 
chrotron from various elements were measured at an angle 
f 135° to the beam. The elements bombarded were poly- 
ethylene, lithium, beryllium, boron, carbon, aluminum, cop- 
pe r. silver, and lead. The pions were identified in a telescope 
consisting of four plastic scintillators by the w-« decay 
method.' The relative #* yields for these elements were 
measured at five different pion energies, ranging from 21 
Mev to 65 Mev. At 65 Mev the relative yield per proton in 
the target nucleus showed an approximate A” dependence 
agreeing within statistics with the work of Littauer and 
Walker” Little variation in the relative cross sections at 


different pion energies was seen except for a drop-off in 
the relative yield from the high-Z elements at the lower 
energies (probably resulting from effects of the nuclear 
Coulomb potential) 

* This work was done under the auspices of the U. S. Atomic Energy 
Commission 

*t Now at the University of Oregon 

4 Jakobson, Schulz, and Steinberger, Phys. Rev. 81, 894 (1951 

* Littaver and Walker, Phys. Rev. 66, 858 (1952) 


12. Neutral Pion Production in Proton-Proton Colli- 
sions.* Rosert K. Sourre anp Burton J. Mover, Univer- 
sity of California, Berkeley.—The characteristics of the pro- 
duction of neutral mesons in proton-proton collisions near 
threshold has been studied. The external beam of the Berke- 
ley synchrocyclotron was allowed to bombard a liquid- 
hydrogen target and the high-energy gamma rays arising 
from tke creation and decay of +° mesons were detected 
with a counter telescope. Four independent experiments, 
consisting of three bombarding energies at one angle, and 
one energy at two angles, allowed a separation of the pro- 
duction contributions from the various angular-momentum 
states that can occur. The excitation function is composed of 
two terms: ¢ (millibarns)=(0.02+0.01)».°+ (0.5720.11) 2°, 
where % is the maximum meson momentum in units of ac. 


The angular distribution is 


100. 02+0. O1)n?+5=(0.5 


io 7+9.11)n0* cos*#. 


It appears from this work that the production of r°® mesons 
occurs principally in the P-state, accompanied by two nucleons 
in a P-state relative to each other, down to energies about 
15 Mev above threshold, at which energy this production 
equals the production in S-states. 


* This work was performed under the auspices of the U. 
Energy Commission 


S. Atomic 


13. High-Energy Pion-Proton Cross Sections.* Baxter 
H. Armstronc, University of California, Berkeley.—The 
pion-proton cross sections have been analyzed phenomeno- 
logically into a superposition of hard-sphere elastic scatter- 
ing, and resonance reaction and scattering contributions. The 
analysis was made in terms of the isotopic spin 1/2 and 3/2 
cross sections, a fit to current experimental data being ob- 
tained for the r*p (or T=3/2) case to about 1900 Mev, and 
for the xp case of 1100 Mev. The superposition obtained 
was, for the T=1/2 cross section, the sum of elastic hard- 
sphere scattering in the j=3/2, L=2 state and a pure elastic 
resonance (reduced width 5 Mev) interfering with elastic 
hard-sphere scattering in the j=5/2, L=2 state. The T=3/2 
cross section was the sum of the well-known j=3/2, L=1 
resonance, hard-sphere scattering in the j=5/2, L=3 state, 
and a pure resonance (no hard-sphere scattering) with both 
reaction and elastic contributions in the ;=7/2, L=3 state. 
The positions of these resonances were 1180 Mev (incident 
pion lab energy) for the 7=1/2 and 1200 Mev for the 
T=3/2 state. The total reduced width in the latter case was 
7 Mev. The same hard-sphere radius of 1.22x10 “cm was 
used throughout. 


* This work was done under the auspices of the U. S. Atomic Energy 
Commission 


14. Yield of x° Photomesons as a Function of Atomic 
Number.* J. D. Anperson, R. W. Kenney, anv C. A. 
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McDonatp, University of California, Berkeley—With a 
single gamma counter’ at 135° to the incident photon beam, 
the relative yields of + mesons per nucleon were observed 
for Be, C, Al, Ti, Fe, Cu, Ag, and Pb. The yields were 
observed as a function of the maximum energy of the 
bremsstrahlung beam from the 340-Mev Berkeley Synchro- 
tron. The beam was monitored with a Cornell-type thick- 
walled ionization chamber. The root-mean-square counting 
errors at 340 Mev were less than 3% on all targets. The 
targets were designed to have the same absorption for 100- 
Mev gamma rays. The full energy curve is within the count- 
ing statistics of Panofsky’s* data normalized to carbon. For 
A227 the yield per nucleon goes as A”. For AS 27 the 
production was approximately constant and is not within 
statistics of an A™* dependence. The data at other energies 
(Ewex=270, 200, and 170 Mev) are within statistics (~20%) 
of the 340-Mev data and are compatible with a mean free 
path for reabsorption of 1 to 3 ro 

* This work was done under the auspices of the U. S. Atomic Energy 
Commission. 


4 Coccomi and Silverman, Phys. Rev. 88, 1230 (1952). 
* Steumberger, Panoisky, and Stellar, Phys. Kev. 86, 180 (1952) 


15. Inelastic Cross Sections for 5-Bev = Bevatron 
Beam in Lead and Aluminum.* Joun Ise, Jr, ANDRE 
Lacarricue (Ecole Polytechnique, Paris), AND Ropert V. 
Py.e, University of California, Berkeley —A multiplate ex- 
pansion cloud chamber, 20 by 16 by 5 inches has been used 
to obtain the inelastic or absorption cross section for the 
high-energy +” beam from the bevatron, in lead and alumi- 
num. Neglecting scattering angles less than 1° the cross 
sections for lead and aluminum are 1.71+0.13 and 0.40%0.04 
barn, respectively. Comparison of these results with cosmic- 
ray and other measurements will be made. 


q * This work was done under the auspices of the U. S. Atomic Energy 
Commission. 


16. Pi Meson Production in Lead and Carbon.* M. 
ABRAHAM AND S. J. Goipsack, University of California, 
Berkeley (introduced by R. B. Brode)—Nuclear emulsion 
pellicles were flown at about 93000 feet for eight hours.t 
Semicircular bands of lead and carbon of approximately 
equal mass were arranged so that * mesons coming from 
the right were identified as originating in the carbon, while 
®’s from the left originated in the lead. Assuming that the 
production of r’s is proportional to the geometrical cross 
sections and that the multiplicity is the same, the ratio of 
=’s from the carbon to #’s from lead was calculated to be 
2.6. Of the 46 stopping ’s observed in the scanning now in 
progress, the directions of 25 are from the carbon and 21 
from the lead. This data indicates that the assumption of 
equal multiplicity of production in lead and carbon is not 
valid. 

* Assisted by the joint program of the Office of Naval Research and 
the U. §. Atomic Energy Commission 


t We are indebted to the Office of Naval Research “Operation Sky- 
hook” for their assistance. 


17. Photoproduction of Neutral Pions from Protons at 
Forward Pion Angles.* W. S. McDonaLp anp VINCENT 
Peterson, California Instituie of Technology, ann Dare R. 
Corson, Cornell University—Low-energy recoil protons 
from the process y+p—>p+r"*, detected by nuclear emulsions 
placed within the hydrogen gas target container, have been 
used to measure the differential cross section. The entering 
angle and range of protons stopping in a tilted C-2 600-micron 
emulsion are measured, and from these data the incident 
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photon energy and pion angle can be determined. In this 
manner protons of energies as low as 5 Mev can be detected 
at laboratory angles corresponding to emission of a pion at 
center-of-mass angles as low as 26°. This experiment thus 
supplements that of Walker and Oakley which covers the 
same range of photon energies (200-500 Mev), but is re- 
stricted to pion angles greater than about 70° resulting from 
higher minimum detectable proton energy. Common experi- 
mental points provide intercomparison of absolute values. 
The data at lower photon energies may also be compared to 
the results of the M.LT. and Lllinois groups. The effect of 
the present results upon the angular distributions and total 
cross sections deduced from previous data will be presented 
and discussed. In particular, the measurement in the forward 
hemisphere provides a sensitive check on the value of B in 
the angular distribution 4+B cos @+C cos” @. 


* Research supported by the U. S. Atomic Energy Commission 


18. Pion Pair Photoproduction.* R. M. FriepMaAN AND 
K. M. Crowe, Stanford University —A ° signal has been 
observed by bombarding liquid hydrogen with the bremsstrah- 
lung spectrum from 575-Mev electrons with a 2:1 signal: noise 
ratio. The «°/x* ratio of H relative to C was measured at 
a 60° laboratory angle for various pion energies by delayed 
coincidences described elsewhere.’ Using #* photoproduc- 
tion data,’ the #” differential cross section was (in units 
of millimicrobarn/sterad/Mev/equivalent quantum) : 4.6+0.9, 
4.4208, 3.2+0.5, 2.10.4 at pion energies of 20410, 34210, 
50+10, and 6810 Mev, respectively. In addition to statistics, 
the errors quoted include uncertainties in the C ratio, * 
cross section, and increase in r* yield due to pairs. Uncer- 
tainties in energy and subtracted background could alter the 
absolute cross section by an additional 20%. Checks made 
at 68+10 Mev pion energy are: (1) signal with meson- 
deflecting magnet off was =16% of the r signal; (2) cross 
sections measured at 400, 495, and 575-Mev primary electron 
beam energies were 0.3+0.3, 0.50.3, and 2.1%0.4, respec- 
tively, in the above units. 


* Supported by the joint program of the Office of Naval Research and 
the U. 5. Atomic Energy Commission 
Am. Phys. Soc. 89, No. 8, L3 


* Crowe, Friedman, and Motz, Bull 
CP Walker, Teasdale, Peterson, and Vette, Phys. Rev. 98, 210 (1955) 

19. x* Photoproduction Ratio of Deuterium to Hy- 
drogen.* K. M. Crowe, R. M. Friepman, anv D, C. Hacer- 
MAN,t Stanford University—The ratio of the #* photopro- 
duction cross section for D to H has been measured at five 
laboratory angles for (6010) Mev pions. C, CHs, and CD, 
targets were irradiated with the bremsstrahlung spectrum 
produced by 350-Mev electrons from the Stanford linear 
accelerator. The counting arrangement has been described 
elsewhere.’ The measured ratios are 0.92+0.04, 0.8820.05, 
0.86+0.07, 0.85%0.04, and 0.89%0.07 at laboratory angles of 
30°, 45°, 60°, 75°, and 90°, respectively. On the basis of 
calculations’ of meson production from deuterons using an 
impulse approximation and splitting the interaction Hamil- 
tonian into spin-flip and non-spin-flip terms, the results would 
indicate a predominantly spin-flip interaction. Attempts are 
being made to compare the results to the phenomenological 
theory of r* photoproduction of Gell-Mann and Watson.’ 

* Supported by the joint program of the Office of Naval Research and 
the U. 5. Atomic Energy Commission 

t Now at the Los Alamos Scientific Laboratory 

1 Crowe, Friedman, and Motz, Bull. Am. Phys. Soc. 89, No, 8, Ab 
stract L3 (1954) 

7G. F. Chew and H. W. Lewis, Phys. Rev. 84, 779 (1951); M. Laz 
and H. Feshbach, Phys. Kev. 68, 509 (1952) 


esol Gell-Mann and K. M. Wetson, Ann Revs. Nuclear Sci. 4, 219 
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gen.* Metvin A. Haraison, Seattle Pacific College.—Meas- 
urements of Townsend's first ionization coefficient have been 
mad nitrogen for val of E/p from 24 to 82. Sodium 
azide was used as a irce in an effort to obtain 
¢ nitrog Data were also taken in tank nitrogen and 
4 at ana f gas from both sources was 
4 rities wer etecta t lium azide 
pr f ile the tank nitr s found to contain 
mie ntat ation even after a purification process. Results 
at low va f E/p differ considerably from previously 
reported h at hig ves the results agree very 
well with data obtained by Bowls Values of a Pp in tank 
were found to be « rably low 1 E/p 
than those found in gas pri 1 fr s * al- 
though at high values tt lifferet was fect 
of wall potentia n/p wa estigat nd was found to 
be unimportant over a range from 50% to 100% of anode 
potential 


* Supported by a grant from the Research Cor; 
1 Por references see L. B. Loeb, Basic Processe Gaseous Electronics 
University of California Press, Berks 


J2. Absorption of Vacuum Ultraviolet Radiation by 








Thin Plastic Films. G. L. \W er anv L. Z. MAUDLIN. 
University of Southern California.—The absorption coeff 
cients of thin Forn coll s ha sen deter- 
mined phot tric: 600 A and 1600 A. Both 
materiais exhibited cont r t rose to a 
flat maximum at about | " lecreased towards 
sh wrter . iveler et} < ( 11 * ‘ ve { hy it twi the Vv alue 
wt the absorptior ff this max im than Form 
var, with ke=6.4xX10° cm™ and kr=3.9x10* cm™ respec- 
tively. In nylon and polystyrer ualitatively only, the 
absorption w grea 


J3. Temperature Anomalies in the Properties of Liquid 











Water. W. Drost-Ha: H. W. Neti, New Mexico 
Institute of Mining and Techn The temperature de- 
pendence of a number of properties of aqueous solutions and 
pure water has been stu g data from t iterature 
Solubilities f approximately 200 substances have been 
plotted as a function of temperature. Avoiding ecessary 
smoothing it has been found that more or less abrupt changes 
in solubility occur at one or mor f the following pera- 
tures: 15 0°, 45°, as "C, all within a fe legrees. A 
number of properties of ite and concentrated aqueous 
solut act y s, transferer mbers, ioniza 
tion tant a react ate eem t possess § ar 
anoma ‘ ater appea ais t ex t these 
characterist i x of fract v s pres- 
sure, specific a s absorptior I nee of 
these ar Alies vea trins i water, 
and a di this w eg t ken’s 
polymer model for water and I if stru 
tures. The rela between tl two states lel, sug 
gested by Hall to explain the ultrasonic absorption in liquid 
water, and the ideas presented above will be discussed 


J4. Dependence of the Discrete Acoustic Frequencies 
Emitted by a Jet on Vortex-Ring Coalescence at Rey- 


duced by G. J. Plain).—Visualization of the vortex flow 
pattern in typical jets emitting jet-tones was made by 
means of shadowgraph techniques to show the nature of 

it process of vortex coalescence in the jet 
and how this determines the values of the eigentone sound 
frequencies radiated ny the jet. Tl frequencies are super- 
imposed on the noise background radiated by the jet. The 


the ever-preser 








depe e of (a) vortex sheddin a equency from the ori- 
fice t-tone frequencies, and (c) translational velocity 
f the vortices on Reynolds (Re) number is shown. These 


studies were carried out with carbon dioxide jets discharg- 
g into tl atmosphere. The flow channel geometry con- 
sisted of an orific pl late containing a sharp-edged, circular 
orifice, 0.250 in. in diameter and 0.093 in. thick attached to 
ling tan ik 1 partly filled with sound-absorbing mate- 

to eliminate any effects of cavity resonances on the jet. 
studies were carried out over the range from Re zero 
to Re 7000 where Re=vpt/u where v is mean velocity of 
discharge of jet; p, gas density; ft, orifice plate thickness, 


and mw, gas viscosity 





a large stil 








J5. Projectile Penetration into Sand. Earte B. May- 
riecp, Harvey L. Morrison, aNp WittraM A. ALLEN, U. S. 
Naval Ordnance Test Station—When a projectile pene- 
trates with velocity v into granular material such as sand, 
its negative acceleration is predicted by Poncelet’s* equation, 

parameters a and 8 are constants. 





du/dt=at*+8, where the 

Prior theoretical* effort has been based solely upon knowl- 
edge of experimental determination of maximum depth of 
pproach has been made in which pro- 

rave been mmo at several spatial 
1 the pr iectile breaks a fine grid wire 
» bias is removed from a thyra- 
arges through a neon bulb to 
photographed with a sweeping- 
of a cylindrical steel 0.50-cal 
| > been fired from a rifled barrel 
sec into quartz sand of l-mm grain size and 
gravity 1.64. Poncelet’s equation with the value 


a=0.0564+0.0015 represents, within experimental uncertainty, 


I 
etration } 








specihc 


the dynamical behavior of the projectile during the first 
40 cm of penetrat Penetration subsequent to this depth 


is anomalous 


1 J. V. Poncelet, Mém. acad. sci. 15, 55 (1829 
* Marguerite M. Rogers, Phys. Rev. 99, 1632 (1955) 


J6. Phase Transformations in the Microstructure of 
mite enter Loaded Iron and Steel. E. W. LaRocca (in- 
troduced by G. J. Plain).—By subjecting annealed low car- 
bon stee rcially pure iron to explosive loadings, 

martensite are induced in the mate- 
which is of a Widmanstatten form, is 
Armco iron. X-ray diffraction studies 
1ases other than alpha iron present after 
ut the microstructure indicates a phase 
locally) with alpha iron reforming 
along the octahedral planes of the gamma phase 
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J7. Deformation Zones Produced by Explosive Shocks 
in Ferrous Metals. Samvuet Katz, Stanford Research In- 
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stitute —Collision of explosive-induced shocks in ferrous 
metals produces characteristic deformation zones. In low 
and medium carbon steels these zones are narrow regions of 
intense twinning, with sharp boundaries outside of which less 
than 10% of the grains are twinned, and with a narrow 
central strip (0.1 mm) of decreased twin density. These ob- 
servations suggest the existence of a minimum stress and 
impulse required for this twinning transformation. For col- 
lision at normal incidence a preferred twin orientation paral- 
lel to the collision plane is observed. Twin-free regions 
symmetrically oriented with respect to the collision zone 
may be explaired by an untwinning mechanism. The shock 
velocity of 5 mm/ysec determined from these experiments’ 
is independent of the heat treatment and carbon content 
(0.01-0.4% C), and suggests that these collision zones are 
associated with the phase transformation in iron at 131 kb 
reported by Minshall.’ This and the. observed dependence of 
collision zone width on explosive and specimen thickness lead 
to attenuation estimates. Comparable loading of stainless steel 
specimens (Types 304 and 310) transforms the collision 
region to martensite, as indicated by a marked increase in 
permeability. 
*S. Katz, Phys. Rev. 98, 256(A) (1955) 
*S. Minshall, Phys. Rev. 98, 271(A) (1955) 


J8. Free Surface Motion Due to Obliquely Incident 
Shock Waves. J. O. Erxman, Stanford Research Institute. 
—The problem is considered of a uniform shock obliquely 
incident on the free surface of a solid or a liquid for which 
an isentropic equation of state is known. As the shock pro- 
gresses along the surface, the pressure is relieved by a rare- 
faction fan which is centered at the intersection of the shock 
and the surface. The velocity and direction of the resulting flow 
may be calculated on the basis of the hydrodynamic theory as 
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a function of the angle of incidence of the shock and the shock 
strength. Results of such calculations for iron, aluminum, 
and water will be presented. Failure of this simple flow 
pattern occurs when the velocity behind the incident shock 
becomes sonic. If the angle of incidence and the flow can be 
observed by using high speed photography techniques, the 
calculations may be compared directly with experiments. 
Such observations for water are discussed 


J9. Normal Modes Characterizing Magneto-Elastic 
Plane Waves. Atrrevo BaSos, Jx., University of California, 
Los Angeles.—In an earlier paper we presented the general 
theory of Alfvén waves in an ideal, unbounded, homogeneous 
and isotropic, conducting fluid embedded in a constant and 
uniform field of magnetic induction. The techniques em- 
ployed there have now been extended to the study of homo- 
geneous magneto-elastic plane waves in an unbounded con- 
ducting solid, which is fully characterized by its Lame moduli 
and by the rigorously constant macroscopic parameters a, ¢, 
and ¢. It is found that, in the presence of the magnetic field, 
the medium sustains five distinct modes of propagation as 
already pointed out by Knopoff. The first two are pure shear 
waves, one of which is a slightly attenuated shear mode with 
phase velocity modified anisotropically by the presence of 
Alfvén’s phase velocity, and the other is a highly attenuated 
modified electromagnetic wave (modified by the presence of 
the phase velocity of shear waves). The remaining three are 
shear-compression waves, except in certain preferred direc- 
tions which are discussed. The three modes in question can 
be characterized by saying that one mode exhibits a phase 
velocity intermediate between the phase velocities of shear 
waves and compressional waves, the second mode has a 
phase velocity which exceeds that of compressional waves, 
and the last mode is again a modified electromagnetic wave 





THURSDAY AFTERNOON AT 2:45 
133 Founders Hall 


(E. M. McMILLan, presiding) 


Invited Papers on the Anti-Proton 


K1. Properties of the Anti-Proton. E. Secr?t, University of California, Berkeley. (20 min.) 
K2. Mass Determination of the Anti-Proton. C. Wrecanp, Radiation Laboratory, Univer- 


’ sity of California. (30 min.) 
K3. The Velocity-Selecting Cerenkov Counter. O. Cuampertain, University of Cali- 

fornia, Berkeley. (20 min.) 
. K4. Observations on Negative Particles of Protonic-Mass Stopping in a Cerenkev 


Counter. J. J. Murray, Radiation Laboratory, University of California. (10 min.) 
K5. Theoretical Background of the Anti-Proton. R. Sexper, Columbia University. (30 min.) 





THURSDAY EVENING AT 8:00 
Roger Young Auditorium 


(R. T. BrrGe, presiding) 


Banquet of the American Physical Society 


Address of Welcome: F. D. Face, Jr. 
After-Dinner Speech: L. A. DuBrince, “Physicists Wanted” 
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Fripay MORNING AT 9:30 


133 Founders Hall 


S. SIEGEL, presiding) 


Invited Papers Sponsored by the Division of Solid-State Physics 


L1. Electronic Structure of the Heaviest Metals. D. B. 


tion. (30 min.) 


30wEN, North American Avia- 


L2. Developments in Crystal Growth (with movies). J. C. Fisner, General Electric Re- 


search Laboratory. (30 min.) 


L3. Recent Developments in Transistor Physics. W. Suocx.iey, Beckman Instruments, 


Inc. (30 min.) 


L4. Normal Fluid Excitation in Liquid He ii. J. R. Pertam, California Institute of Tech- 


nology. (30 min.) 


LS. Remarks on the Problem of Superconductivity. R. P. Feynman, California Institute 


of Technology. (30 min.) 


FRIDAY MORNING AT 


10:00 


129 Found rs Hall 


H. K. Ticuo, presiding 


K-Mesons, etc. 


Ml. Proton-Proton Interactions at 5.3 Bev.* Rosert 
W. Ws r, + Witson M. Powe, Georce 
MAENCI 3. Fowrer, University of Calt- 

i iter- 
eva- 


ton 


(,EORGE SAPHIR 


it 
B 


* This work was d 


nmMission 


ne under the aus 

{ San Francis 

and Wright, Phys. Rev 
Saphir, and Wright, Phys 


t Also at the University 
* Maenchen . Saphir 
* Fowler, Maenche Powe 


M2. Production of Unstable Particles in 4.5-Bevy ="-p 
Collisions.* Grorce Maencnen, Wiit1am B. Fow.er, W1L- 
on M. P e Sapuir,t anp Rosert W. Waicurt, 
[ rsity of California, Berkele A 3 


WELL. (sPOR 


narticies have 
partici a 


ne decay was sect 


wether with 


ymentum and 


Another event contains tw 


a @. The pions from the @ can be m 


ured quite well and 


as gear 
hird event is inter- 


th 


yield a Q-value of 222.2+7.0 Mey. The 


das the associated production of a # and a positive un- 


particle, both of which decay before leaving the 
hamber. Visual estimates of the relative ionization of the 
sitive particle and its proper time of flight of 1 to 2x10™ 
favor its interpretation as a =* rather than a K*. The 
lecay product of this particle cannot be identified 
* This work was done under the auspices of the U. S. Atomi 
‘4 mo son 


t Also at the University of San Francisco 


M3. Masses of Positive K-Particles. I. Identification 
of K-Particles and Analysis of Secondaries. Frances M. 
SmitH, Harry H. HeckMaAN, AND Water H. BarKAs, 
University of California, Berkeley—Our program on the 
measurement of meson masses has now been extended to 
several types of K*-mesons produced by the Beva- 
tron and detected in emulsion. In order to identify the types 
of K’s involved, the secondaries were analyzed in terms of 
grain density, range, and multiple scattering. The 7 mesons 
are easily identified from the three charged pion daughters. 
emulsion of these secondaries are being 
easured to obtain an energy spectrum of the secondaries 

a Q-value for the decay process. This is of particular 
have carefully determined the density of the 
n used in this study. We are also completing an 

rimental determination of the range-momentum relation 
emulsion as a part of the program. The t’-mesons and 
\ua-particles included in the study were identified by fol- 
wing the secondary to the end of its range. These second- 
ies have grain densities substantially above minimum and 
hus have a high probability of stoping in the emulsion stack. 
Measurement of their ranges enables one to obtain the energy 
spectra of the secondaries from the 7’ and A,s. The grain 
i of the track of the Ay: daughter 
is about 1.05 minimum while that of the A-: is about 1.20 
minimum. A reasonable separation was obtained by grain- 
counting those secondary tracks whose “dip” angles were 
less than 15° 


Inciude 


he ranges in the 


as we 


nsity at the beginning 
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M4. Masses of Positive X-Particles. II. Method, Analy- 
sis, and Results.* Harry H. Heckman, Frances M. 
Smirn, anp Water H. Barxas, University of California, 
Berkeley.—K-particle masses were measured by comparing 
ranges of Kys, Kez, Xyx, and 7’ mesons with the ranges of 7 
mesons and protons of the same momentum. For the momen- 
tum analysis we have used the Kerth-Stork arrangment, in- 
troducing several modifications that enabled us to obtain a 
mass resolution of 1.6% for an individual particle. The 
mesons were produced by bombarding a Ta target with 
4.8-Bev protons. They had a flight time of about 1.2x10° 
sec before entering the detector, a stack of nuclear track 
emulsions. The scanning procedure was to traverse the emul- 
sion 1.5 cm from the calculated depth of penetration for 7 
mesons, and to follow particles that fulfilled criteria of grain 
density and direction to the ends of their ranges. The data 
recorded for each K-particle included the mode of decay, 
the range (measured along the track), and the position of 
entrance into the stack. The mass differences of the K-mesons 
were calculated from the differences in the mean ranges of 
each type of particle. We have obtained the following masses, 
in units of the electron mass, when the mean of the 7 mass is 
taken to be 966: 7(966%3.1), K,y2(962.5%3.2), A,2(972.2+4.7), 
Ky3(951.2+10.6), 7'(951.5+10.9). If the particles are com- 
pared directly with protons of the same momentum, the 
masses are in close agreement with those measured relative 
to the 7 mass 


* This work was performed under the auspices of the U. S. Atomic 


Energy Commission 


MS. Negative K-Particle Interactions in Nuclear Emul- 
sion. I.* CuHartes E. Vioret, F. C. Gipert, anp R 
STEPHEN Wuite, University of California, Berkeley and 
Livermore.—An emulsion stack, composed of 112 Ilford G. 5 
emulsions 6 by 6 in. by 600 microns, has been exposed to a 
beam of magnetically analyzed negative K-particles produced 
at the Berkeley Bevatron. The momentum interval subtended 
by the stack extended from 280 to 400 Mev/c. The methods 
of exposure, processing, and labeling the stack will be de- 
scribed. Emulsions were systematically scanned for tracks 
fulfilling certain selection criteria which will be discussed. 
The observed K-particle interactions will be 
summarized 


negative 


* This work was done under the auspices of the U. S. Atomic Energy 


Commission 


M6. Negative K-Particle Interactions in Nuclear Emul- 
sion. II.* F. C. Gumpert, Cuartes E. Viovet, ann R. 
StepHen Wuirte, University of California, Berkeley and 
Livermore.—Interactions of about 75 negative K-particles 
that came to rest in the emulsion stack described in the pre- 
ceding abstract have been analyzed. Prong distributions, #- 
meson ratios, =-particle ratios, unstable heavy particles, 
energy distributions, and other related properties will be 
given. The results will be compared with those of other 
groups working on this problem. 


* This work was done under the auspices of the U. S. Atomic Energy 


Commission 


M7. Negative K-Particle Interactions in Nuclear Emul- 
sion. III.* R. Srepnen Warre, F. C. Gipert, ann 
Cuartes E. Vioret, University of California, Berkeley and 
Livermore.—Data concerning the interactions in flight of the 
negative A-particles listed in the two preceding papers will 
be discussed. From a measurement of the negative K-particle 
time of flight an estimate of the lifetime will be given. Indi- 
vidual negative K-meson interactions and =-hyperon decays 
and interactions of interest will be discussed. A value of the 
positive = mass which is based on the range of the decay 
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secondary will be given. The results will be compared with 
those of other groups investigating the properties of negative 
K-particles. 


* This work was done under the auspices of the U. S$. Atomic Energy 
Commission 


M8. One Hundred Bevatron ¢*’s.* Roy Happock, Uni- 
versity of California, Berkeley (introduced by D. H. Stork) 
—The decays of 100 rs found during systematic scanning 
of 3 emulsion stacks exposed to a magnetically separated 
K*-beam at the Bevatron have been analyzed. The ranges of 
the r’s were measured along the track. On the basis of 
Barkas’s' range-energy relation the average Q was 75.20 
+0.12 Mev. The distributions in the *” energy and the angle @ 
(angle between the relative momentum of the two rs and 
the momentum of the r) have been compared by an x* test 
with the theoretical relativistic distributions given by Fabri." 
The cases for which a * and a x could be the same are ex- 
cluded for spin less than 4. Of the remaining cases 1° is 
excluded and 0°, 2°, 3* can be fit satisfactorily. The decay 
plane normals were computed and the distributions appeared 
to be isotropic. 


* This work was done under the auspices of the U. S. Atomic Energy 


Commission 
1W. H. Barkas and D. M. Young, “Emulsion tables. I. Heavy-particle 
functions,” University of California Radiation Laboratory Report No 
UCRL-2579 (rev) 
* E. Fabri, Nuovo cimento 11, 479 (1954) 


M9. Mass Values of Identified K-Mesons.* James R 
Pererson, University of California, Berkeley—The charged 
decay products of positive K-mesons have been identified, 
and the masses of the primaries measured by the momentum 
range method.’ The K-mesons were found in two nuclear 
emulsion stacks (meson energies of 170 and 114 Mev) after 
exposure behind the strong-focusing magnetic spectrometer 
at the Bevatron with incident proton energies of 5.7 and 
6.2 Bev. Decay modes of mesons other than 7’s were estab- 
lished by either (a) following the secondary to the end of 
its range (20 Ays’s and 20 A,s's), (b) estimating the relative 
ionization by blob count at a considerable distance from the 
point of decay, or (c) measuring the relative ionization at 
the decay point. Reliable ratios of the frequencies of occur- 
rence of various modes of decay have been obtained and are 
Ky2: Keo: T=100:56:12 (7 includes alternate modes of de 
cay), while the Ay; and Ks each account for several percent 
of the total. Masses of the mesons are all consistent with 
that of the tau within a few electron masses. The data were 
obtained from about 200 events systematically selected from 
a total of some 1600 K-mesons. 

* This work was done under the auspices of the U. S 
Commission 

* Birge et al., Proceedings of the International Conference on Elemen- 


tary Particles held in Pisa, Italy, in June, 1955 (to be published in // 
Nuovo Cimento) 


Atomic Energy 


M10. Photometric Mass Determinations in a Multi- 
plate Cloud Chamber.* Davin O. CatoweLt ann Yasn 
Pat, M.I.T.—A projection-type photometer has been adapted 
for measuring the opacity of multiplate cloud-chamber tracks. 
The ionization of a track may be determined by comparing 
its opacity with that of a track of known ionization in the 
same part of the chamber and in the same picture, or one 
taken under similar conditions. The ionization may be used 
to find the particle’s range, or if the range is known, its 
mass measurements on a “negative proton” will be reported 
For range measurements on identified particles, one needs 
to determine only the change in track opacity occurring 
when a plate is traversed. A nomogram then gives the 
residual range from the amount of material traversed and 
the ratio of ionizations on each side of the plate. Ranges of 
Ky: and Ky: secondaries have been found to be about 78 and 
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44 g/cm’ of copper, respectively; more precise ranges and 
masses will be given. By combining the ionization ratio and 
ionization comparison methods, both the range and mass of 
a particle may be measured 


* This work has been supported in part by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy Commission 


Ml1li. Anomalous V’-Particles.* W. H. Arnotp,t J. 
Batam, M. Grisaru, C. McGrew, ann W H. Wryt.p, 
Princeton University —From photographs obtaived with the 
Princeton dual cloud chamber’ 82 neutral V-evenis have been 
found for which Q-values could be calculated. Out of these 
there were 30 A® and 31 @ and 21 which could be either. In 
addition there were 5 events which are considered as anoma- 
lous in the sense that the Q-value calculated on the basis of 
either A°->p+9°+37 Mev’ or 0—>r*+2°+214 Mev’ actually 


M AND N 





deviates from either of these two values by three or more 
standard deviations. The data on these individual events will 
be presented. The Q-value for our A°-events is 36+1 Mev 
and for the @-events it is 212+4 Mev. If we assume that 
the anomalous events can be described by the decay K°—> 
u*+n*+y then from the measured data the energy of the 
neutrino in the rest system of the K° can be calculated. This 
has been done for our and other published anomalous events. 
Results will be presented and compared with the “phase 
volume” distribution for this process. 

* Supported by the joint program of the Office of Naval Research and 
the U rE Atomic Energy “ommission. 


1 Now with Westinghouse Electric Company, Pittsburgh, Pennsylvania 
* Hodson, Ballam, Arnold, Harris, Reynolds, and Treiman, Phys. Rev 


96, 1089 (1954) 
? Friedlander, Keefe, Menon, and Merlin, Phil. Mag. 45, 333 (1954) 
* Thompson, Burwell, Cohn, Hugget, Karzmark, and Kim, Proceedings 


of the Rochester Conference (Interscience Publishers, Inc., New York, 1954). 





FRIDAY MORNING AT 10:30 


226 Founders Hall 


(K. 


R. MAcKENzZIE, 


presiding) 


Cyclotrons and Scattering 


Nl. Theoretical Study of Relativistic Constant Fre- 
quency Cyclotrons.* Davin L. Jupp, University of Cali- 
fornia, Berkeley.—A principle for circumventing relativistic 
effects limiting maximum energy of cyc was discoy- 
ered by L. H. Thomas and independently rediscovered by 
E. M. McMilian in 1949. On this was based an extensive 
program of theoretical investigation and calculation carried 
out by the author during 


1950-1952. Greatest attention was 
paid to magnetic fields of the form W7,| (e=0) = (moc /e)[ + 
A ler/c) cos NO+Blwr ‘c)? + € w cype 


1 o 
iotrons 


ip wr c+ 
forming an extension of Thomas's ar The work was 
keyed to the model program described in the following ab 
for which N=3 was chosen to avoid resonances and 
simplify pol An exact analytical scalar poten- 
tial for the and found useful. Cal- 
included orbit “resonance condition” for 
Is, frequencies of radial and vertical betatron 
of a variety of field errors, 


stract, 
e-tip shaping 
field above was obtained 
culations shapes, 
equal periods, 


oscillations, energy limits, effects 


and a “regenerative peecler”-type beam extraction scheme. 
Elctric field calculations were made for electrode systems of 
threefold symmetry driven by 3-phase rf power, including 
effects of electrical and mechanical misalignments, focusing 
effects, and details of pickup from arc sources at the center 


The relationship of this work to more recent developments 


will be discussed, as will its application in modifying existing 


cyclotrons. 


* The work was performed under the auspices of the U. S. Atomic 


Energy Commission 


N2. Electron Models of Relativistic Constant Fre- 
quency Cyclotrons.* Rosert V. Pyie, Ermer L. Ketty, 
J. Rectnatp Ricuarvson (U.C.L.A.), ann Ropert L. 
THornton, University of California, Berkeley —Two model 
c-w cyclotrons based on the principle of L. H. Thomas will 
be described. (The theory as extended by David L. Judd is 
discussed in the preceding abstract.) Both accelerated elec- 
trons to speeds about half that of light, in magnetic fields 
of threefold azimuthal periodicity. The first was used to test 
a number of accelerating electrode structures and methods of 
extracting the beam by means of modifications in the mag- 
netic field. Nearly all of the circulating current could be 
collected outside of the machine and some progress was 


made toward focusing it into a single external beam. The 
second, a one-eighth scale model of a possible 300-Mev 
deuteron cyclotron, has a pole diameter of 40.5 inches, 
central magnetic field of 19.3 gauss, and a minimum beam 
aperture of 1.3 inches. Three 60-degree wide, wedge shaped 
“triants” driven 120 degrees out of phase at 54.1 megacycles 
give a maximum energy gain per turn of 3 eV where V is 
the peak triant to ground voltage. Electrons have been ac- 
celerated without axial loss to v/c=0.50 (75 kilovolts) with 
V=23 volts. This “threshold” voltage corresponds to a triant 
voltage of less than 100 kv for the 300-Mev accelerator and 
is set by the geometry of the source structure rather than 
by the magnetic field. 


* This work was done under the auspices of the U. S. Atomic Energy 


Commission 


N3. Studies with a Three-Dee Three-Phase Proton 
Cyclotron.* Myron Hevusinkvetp,t Mark Jaxosson,t 
LAWRENCE Rusy, Bos H. Smitn, ann Byron T. Wricut,§ 
University of California, Berkeley —As part of the program 
to investigate the properties of the cloverleaf cyclotron (see 
Nl and N2), a 20-in. diameter proton cyclotron was con- 
structed. In such a three-dee three-phase system it is possible 
to accelerate protons, deuterons, and tritons at the same 
setting of frequency and magnetic field but on different 
modes of the rf. Three-phase rf was established on the 
60° dees by a driven rf system. The signal originated at a 
crystal oscillator and the three phases were produced by a 
phase generator. It was necessary to employ servomecha- 
nisms in order to maintain the dees and final amplifier grids 
in tune. Interaction between the servos required neutraliza- 
tion of the inter dee capacitance by means of suitable trans- 
mission lines connected from dee stem to dee stem. The rf 
system maintained the phase of the dee voltages to within 1° 
of the desired 120° values. Under such conditions it was 
possible to attain steadily 6.0 ma of protons at 1.0 Mev in 
the forward mode and 6.5 ma of deuterons at 0.5 Mev in 
the reverse mode. 

* This work was performed under the auspices of the U. S 
Energy Commission 

t Now at the University of California Radiation Laboratory 


t Now at Montana State University 
§ Now at the University of California at Los Angeles. 
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N4. Elastic Scattering of 48-Mev Alpha Particles.* 
Larry Scuectert anv R. E. Eris, University of California, 
Berkeley—The angular distributions of 48-Mev alpha par- 
ticles scattered elastically from Ag, Au, and Pb targets have 
been measured, using a proportional counter telescope as a 
detector inside a large evacuated scattering chamber. Devia- 
tions by three to four orders of magnitude from pure Cou- 
lomb scattering have been observed beyond the forward 
angles. In addition, some regular structure appears in these 
distributions, whose main features can be described by an 
exponential fall-off between 25° and 90°. By fitting the data 
with a simple modification of Blair’s scattering theory, it 
has been possible to determine interaction radii. Nuclear radii 
have been derived which are in agreement with those found 
from medium-energy nucleon scattering. 

* This work was done under the auspices of the U. S. Atomic Energy 


Commission. 
t Now at Oregon State College. 


NS. Proton-Proton Scatterings at 19.6 Mev.* J. W. 
Burkic, GLEN E. ScHRANK, AND J. REGINALD RICHARDSON, 
University of California, Los Angeles.—The differential scat- 
tering cross section for 19.8-Mev protons scattered from 
hydrogen has been measured at a number of angles ranging 
from 7° to 45° in the laboratory system of coordinates. The 
statistical accuracy of counting is +1% for each point. The 
relative accuracy between points is +1.5% as determined 
from the variation of a number of measurements at fixed 
angle. The absolute accuracy is estimated to be +2.5%, this 
larger value being due to the presence of counts in the energy 
region below the scattering peak and to a low energy com- 
ponent of the beam of about 0.5%. The experiment was per- 
formed in a 30-in. scattering chamber filled with hydrogen, 
and using a scintillation counter and photomultiplier as a 
detector. Counting was done on either side of zero angle and 
the average used. Repeated measurements were made at 
several lower angles to check the accuracy of angular setting 
and for contamination of the hydrogen. In a second experi- 
ment (due to J.W.B. alone), using the same equipment, the 
pa cross section was measured with a decreased statistical 
accuracy. These results will also be reported. 


* This work was supported in part by the joint program of the Office 
of Naval Research and the U. S. Atomic Energy Commission 


N6. Relative Stopping Power of Some Metallic Ele- 
ments for 20-Mev Protons.* V. C. Burxic ano K. R. 
MacKenzie, University of California, Los Angeles——The 
stopping power per electron relative to Al has been measured 
for 23 metallic elements from Be to Th with a probable error 
of 0.2% in most cases. The 20-Mev proton beam of the 
UCLA cyclotron was used with a differential ionization 
chamber as an energy-sensitive detecting device. An approxi- 
mate straight line relationship was found as a function of In 
Z with some deviations noted from Ta to Th and in the 
region of the filling of the 3d shell (Ca to Ni). Results are 
as follows: Be —1.160; Ca —0.982; Ti —0.936; V —0.918; 
Fe —0.886; Ni —0.872; Cu —0.867; Zn —0.866; Nb —0.816; 
Mo —0.809; Rh —0.800; Pd —0.793; Ag —0.791; Cd —0.789; 
In —0.782; Sn —0.782; Ta —0.715; W —0.706; Ir —0.703; 
Pt —0.695; Au —0.692; Pb —0.677; Th —0.691. 

* This work was supported in part by the joint program of the Office 
of Naval Research and the U. S. Atomic Energy Commission 


N7. Analysis of Elastic Scattering of 31.5-Mev Pro- 
tons.* Micue, A. Me.kanorr, Joun Nopvix, anp Davin 
S. Saxon, University of California, Los Angeles.—Recent 
experiments performed on the Berkeley linear accelerator 
have yiclded differential cross sections for the elastic scat- 
tering of 31.5-Mev protons from about 20 elements through- 
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out the periodic table. We have analyzed this data® on the 
basis of the diffuse surface optical model of the nucleus.’ The 
best fit with experiment is obtained with a complex potential 
depth of about 36+15¢ Mev for all elements heavier than 
say Fe (lighter elements show some fluctuations). This 
result may be compared with the value 45+8i Mev which 
has been found to give the best fit at 17 Mev.‘ The space 
dependence of the potential, however, is not significantly 
altered. Detailed comparisons between calculated and ob- 
served cross sections will be presented. 

* Supported in part by the National Science Foundation, the Office of 
Naval Research, and the Office of Ordnance Research. 

1 We are indebted to B. T. Wright, B. B. Kinsey and J. Leahy, each of 
whom has furnished his results prior to publication, 

* The calculations were performed on the SWAC, Numerical Analysis 
Research Project, Dept. of Mathematics, UCLA using the code prepared 
by R. D. Woods 
*R. D. Woods and D. S. Saxon, Phys. Rev. 96, 577 (1954). 

*To be published. See also UCLA Physics Dept. Technical Report 
12-55 


- 
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N8. Small-Angle Proton-Proton Scattering at 20 Mev.* 
Hersert N. Roypen anp Byron T. Waicut, University of 
California, Los Angeles——The differential cross section for 
the scattering of 19.8-Mev protons by protons has been 
measured for angles between 18° and 36° in the center-of- 
mass system, using photographic emulsions as detectors. 
The angular resolution was 0.6°. Cross sections were meas- 
ured simultaneously at all angles and azimuths, one run 
with analyzing slits closed serving to evaluate the small 
slit-edge correction. The scattering chamber used was a 
modification of that described by Faris and Wright.’ The 
external proton beam of the U.C.L.A. 20-Mev synchro- 
cyclotron passed through a collimator and the scattering 
chamber, filled with hydrogen gas at one atmosphere, and 
was collected in a Faraday cup. The charge collected by the 
Faraday cup was measured with a 100% feedback elec- 
trometer which had been calibrated to 0.3%, using a current- 
time method.’ A scintillation counter was used to‘ monitor 
contaminants in the hydrogen gas. Results will be presented. 

* Supported in part the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission 


‘F. E. Faris and B. T. — Phys. Rev. 79, $77 (1950) 
*H. N. Royden and D. O. Caldwell, Rev. Sci. Instr. (to be published) 


N9. Energy Loss of Protons in Metals.* R. E. Pixxey, 
M. Baper, anp Warp Wuatinc, California Institute of 
Technology.—The rate at which protons lose energy in pass- 
ing through thin evaporated layers of metal has been meas- 
ured for protons in the energy range between 50 and 600 kev. 
The materials studied are Li, Be, Al, Cr, Mn, Fe, Co, Ni, 
Cu, Zn, Au, and Pb. Together with earlier measurements 
in this laboratory of the rate of energy loss in several gases, 
these results provide information about the variation of 
energy loss with the atomic number of the stopping material. 
For high energy protons, the energy loss per stopping atom 
increases smoothly with Z; the scattered results that are 
available are consistent with the theoretical Z’” dependence. 
The influence of molecular binding on the stopping cross 
section of compounds becomes noticeable below 150 kev. 
For protons of 500 kev, a fairly uniform Z-dependence is 
apparent over most of the periodic table, but two types of 
deviation are still observed. First, the stopping cross sections 
of the noble gases are relatively lower than that of their 
neighbors. This effect can be understood in terms of the 
reduced energy loss to the more tightly bound electrons of 
closed shells. Second, in the region from Z=23-—29, the stop- 
ping cross section decreases with increasing Z. With the 
exception of a high value at Cr, the decrease is fairly uni- 
form from V through Cu. 


* Assisted the joint program of the Office of Naval Research and the 
U. S. Atomic Commission. 
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FripAY AFTERNOON AT 1:30 


133 Founders Hall 





C. D. ANDERSON, presiding) 
Invited Papers on Cosmic Rays and K-Mesons 


Ol. The intecaction of K-Particles from the Bevatron. G. GotpHaser, University of Cali- . e 
fornia, Berkeley. (25 min 

Q2. Properties of Positive K-Mesons. D. H. Stork, Radiation Laboratory, University of 
California. (25 min.) 

O03. K-Meson Counter Experiments. M. L. Goon, Radiation Laboratory, University of Cali- o « 
fornia. (25 min ; 

O4. Orgin of Cosmic Rays. L. Davis, Jr., California Institute of Technology. (25 min.) 

OS. Recent Experiments on Primary Cosmic Rays. E. P. Ney, University of Minnesota 
(30 min.) 





? 


FRIDAY AFTERNOON AT 1:30 
129 Founders Hall 


E. L. KINSEY, presiding 
Solid State II 


P1. Compound Formation between Lithium and Boron P3. Thermal Conductivity of Neutron- Damaged Graph- 
Dissolved in Single Crystal Silicon. C. S. FULLER AND ite. Nep S. Rasor anno Joun E. Hove, North American 
H. Retss, Bell Telephone Laboratories.—At high tempera- Aviation, Inc.—Graphite conducts heat by lattice waves and 








tures (above 800°C) ‘the s ty of iu n doped the ther conductivity of the artificial pitch-bonded graph- 
with boron is considerably er than in undoped silicon. ites exhibits an anomalous temperature dependence in that 
The detection of this p menon is based on measurements it is stronger than the temperature variation of the specific 





vf the resistivities of crystals saturated with lithi um by dif- heat at low temperatures. This has been explained in terms 


















fusion. The increased solubility is not explicable in terms f the two-medium nature of such graphites."* The present 
of the hole-electron mechanism developed previ isly." A paper shows the effect of pile neutron exposure on the 
theory which fits the data quantitatively can be developed by tl mductivity of three types of artificial graphite with 
assuming that boron, and a vacancy which has ac- cry ite sizes of about 6000 A, 3000 A, and 300 A. In all 
cepted an electron combine to form LiB~ complexes in which cases, the values have been measured as a function of tem- 
the lithium occupies an sp” position relative to the boron and perature from 15°K to 300°K. There is a large crease in 
s bound to it by a covalent bond. The reaction in favor of the magnitude of the conductivity (e.g., by a factor of five 
the complex is aided by the high concentrations of vacancies for the large crystallite graphite after being ex sed to a 
and conduction electrons available at higher temperatures. fast flux of about 2x10" nvt) while the temperature de- 
1H. Reiss and C. S. Fuller, Phys. Rev. 97, 559 (1955): also to be pul pendenc e of the thermal conductivity also changes with 
lished in the Journal of Metals damage, but less strongly. These data have been analyzed 
on the basis of the two medium theory’ by which the relative a ’ 
P2. Ionization of Hydrogen in Germanium and Silicon. number of internal defects has been obtained as a function 
Howarp Re Bell Telephone Laboratories —Considerable of neutron exposure and found to vary in an inverse manner 
evidence exists ‘a at grown germ 1 silicon crystals with the crystallite size. The general behavior of the thermal 
contain large amounts of dissolved hydrogen which do not conductivity with damage supports the basic theory very well ‘ 4 
ee ee ee ee eo ee W. Smith, Phys. Rev. 98, 1563(A) (1955 
tals failure of hydrogen to ionize, when dissolved, is +) E. Hove, Phys. Rev. 98, 1563(A) (1955 
puzzling because lithium which, like hydrogen, is presumably 
~enacangy possesses the upetr y ionization energy of all P4. Magnetic Susceptibility of Neutron-Damaged 


known donors in germanium and silicon. A quar 





. yar chani- Graphite.* Joun E. Hove, North American Aviation, Inc. 
ce amomely reveals thet th ation 38 A recent paper’ attempts to establish a quantitative theory 
1d RCE In pictorial corms the explanation of the magnetic susceptibil ity of graphite. The experimental 
is as follows. A lattice interstice may be regarded as &@ results obtained from bromine-graphite residue compounds 
spherical cavity in a dielectric. An interstitial hycrogen, are used to verify the theory. The effect of introducing 
being seme mcs euuirely SRO the cavity while i jum 18 bromine into the graphite in this manner is to trap some of 
large enough to spill over into the surrounding dielectric. the conduction electrons and thereby alter the value of the 
As a result the dielectric me , lum atom diamagnetism. Similarly, one of the results of irradiating 
ant outside the hydrogen, reducing the n energy Of graphite in a reactor is the trapping of electrons. As ex- 
one former and having a much less profound effect on the pected, therefore, the diamagnetic susceptibility of damaged 
tatter. graphite is markedly decreased. The values of the total 

‘0. H. Johnson, Chem. Revs. 81, 431 (1952) susceptibility (ic. the sum of the susceptibilities measured 
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in three mutually perpendicular directions) of AGOT-KC 
graphite have been measured by J. D. McClelland (unpub- 
lished) at room temperature and at liquid nitrogen tem- 
perature as a function of integrated neutron flux. The 
interpretation of these data in terms of the above theory’ 
yields two results of interest: (1) The quantitative theory 
is again verified and (2) a value of 1.4+10~ electron (per 
carbon atom) trapped after 1.7X10" nvt of fast neutrons is 
obtained for the rate of electron trapping with pile exposure. 
This agrees very well with that determined by use of the 
bromine-graphite residue compounds. 


* Based on studies conducted for the U. S. Atomic Energy Commission. 
1 John E, Hove, Phys. Rev. 100, 645 (1955). 


PS. Stored Energy Release in Graphite Irradiated at 
Low Temperatures.* S. B. AusterMaNn, North American 
Aviation, Inc—Previous measurements of electrical and 
thermal resistivities and paramagnetic resonance have shown 
that graphite, when irradiated near liquid nitrogen tempera- 
ture, retains considerable damage which anreals out below 
room temperature. This report deals with the release of 
stored energy associated with this damage. To compute 
stored energy release, the relative specific heat of an ir- 
radiated specimen is compared with that of the specimen 
after annealing. Various types of artificial and natural 
graphite were irradiated in the liquid nitrogen facility of 
the Brookhaven reactor. The stored energy release spec- 
trum during steady temperature rise shows a peak at 215°K 
for graphite having large crystallites (3000 A length) and 
about 185°K for fine-crystallite graphite (300 A length). 
If the defects are assumed to diffuse out of the crystallites 
on heating, the dependence of the annealing behavior on 
crystallite size can be accounted for with an activation energy 
of about 0.4 ev. The total stored energy releasable below 
275°K accumulates linearly with neutron exposure at a rate 
of 1.4 cal/g per 10” nvt. By estimating the number of re- 
sponsible defects from neutron scattering data, the stored 
energy per atomic displacement is found to be of the order 
of 2 ev. An apparent increase in specific heat appears at low 
temperatures and can be qualitatively accounted for on the 
basis of isolated interstitial atoms behaving as Einstein 
oscillators. 


* This work supported by the U. S. Atomic Energy Commission 


P6. Ion Pairing Involving Lithium in Germanium and 
Silicon. F. J. Morin, Howarp Reiss, anp C. S. Futter, 
Bell Telephone Laboratories——The formation of ion pairs 
involving the donor lithium and the acceptors boron and 
gallium, has been observed experimentally in the semi- 
conductors silicon and germanium. Several methods of ob- 
servation have shown the effect. Measurements of the dif- 
fusion coefficient of lithium revealed a reduction in diffusivity 
as pairing occurred. Measurements of the mobilities of car- 
riers in the ionized impurity scattering region showed large 
changes as pairing removed scatterers. Observation, by Hall 
effect, of energy diagrams showed alterations of the impurity 
levels in the presence of pairing. In germanium it is found 
that the pair distributions relax towards equilibrium at tem- 
peratures as low as 100°K. At such temperatures very com- 
plete pairing occurs even when the impurities are present in 
traces, e.g. 10% atoms per cm’. 


P7. Effect of Low-Temperature Electron Irradiation 
on the Electrical Resistivity of Copper.* C. J. Meecnan, 
North American Aviation, Inc—High purity copper has been 
irradiated at —196°C with 1.25-Mev electrons. The electrical 
resistivity (p) was measured (1) as a function of exposure 
(@) during the irradiation and (2) as a function of anneal- 
ing temperature following the irradiation. An initial curva- 
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ture was observed in the p vs @ curve up to approximately 
6X10" electron/em’. From this point, up to at least 3x10" 
electron/cm’, the exposure curve is linear. The slope of this 
linear portion of the curve was 4.24+10 ohm-cm per 
electron/em’. Approximately 50% of the induced resistivity 
change recovers in a well-defined state centered at 25°C. 
About 30% of the damage recovers at lower temperatures. 
The remaining 20% begins to recover at 125°C and all of 
the damage was removed at 300°C. 


* This work performed under contract for the U. §. 
Commission 


P8. A New Method for the Determination of Activa- 
tion Energies.* J. A. Brinkman, North American Aviation, 
Inc—A new procedure for obtaining and analyzing data for 
the purpose of determining activation energies governing the 
recovery of the physical property changes of damaged solids 
has been developed. For situations in which the method is 
applicable, it generally yields greater accuracy and is fre- 
quently more convenient to use than other methods. If 
a general recovery equation of the form, dp/dt=F(p) 
exp(—E/ekT), is assumed, where p is the measured prop- 
erty, two initially identical specimens are required for the 
determination of the activation energy, E, by this method. 
An isothermal annealing curve is obtained by annealing the 
first specimen at a constant temperature and measuring ? 
as a function of time. A tempering curve is obtained by 
heating the second specimen to successively higher tempera- 
tures for equal time intervals and measuring / after each 
such temperature pulse. If an equation of the form, dp/dt 
= —vp’ exp(—E/kT), is assumed, only the tempering curve 
is needed to determine E; thus one specimen is sufficient. 
Application of the method to the 25°C recovery state de- 
scribed in the preceding abstract yielded an activation energy 
of 0.63 ev and a value of 2.5 for y in the above equation. 


Atomic Energy 


* This work performed under contract for the U. S. Atomic Energy 


Commission 


P9. Influence of Lattice Defects on the Young’s Modu- 
lus of Copper.* H. Drecxamp, North American Aviation, 
Inc.-—The Young's modulus of copper has been measured as 
a function of energetic electron flux. Relative measurements 
of the Young’s modulus of 99.999% purity copper were made 
by observing the driven resonant frequency of a cantilever 
beam during bombardment with 1-Mev electrons at a tem- 
perature below —50°C. The modulus is observed to increase 
with the change saturating at an increase of about 1 to 2% 
after an exposure of about 10” electrons/cm*. A model in- 
volving the pinning of dislocations by interstitials and/or 
vacancies seems to be appropriate. The introduction of such 
a model into the result of Mott for the dislocation contribu- 
tion to Young’s modulus, AE/E=1/6NP, yields a flux de- 
pendence of the modulus which fits the experimental data. 
The choice of an appropriate value for the probability of 
producing a pinning point allows the theory to yield reason- 
able values for the number and average length of disloca- 
tions in a sample. 


* This work performed under contract for the U. S. Atomic Energy 


Commission 


P10. Field Dependence of the Hall Potential and Mag- 
netoresistance of Irradiated Graphite.* J. D. McCietranp, 
North American Aviation, Inc.—-The magnetic field de- 
pendencies of the Hall potential and magnetoresistance have 
been determined for a series of irradiated artificial graphite 
samples. Measurements were made at room temperature at 
fields between 5 and 15 kilogauss. Irradiations ranged up to 
an integrated fast neutron flux of 2x10" nvt. The Hall 
coefiicient changes from a value of —0.66 emu for the 
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unirradiated sample to +0.86 for the most highly damaged tivity of pure polycrys 1inum has been measured 
sample. In all cases the absolute value of the Hall potential in its normal state from ‘13 °K to 3.5°K and, by adiabatic 
increased linearly with field and extrapolated to zero at zero demagnetization techniques, in its superconducting state from 


field. Over the range of magnetic field studied - magneto- 0.3°K to 0.8°K. The high Debye temperature of aluminum 


resistance can be expressed as (AX/K {H*. At a field of m takes t the lattice conduction negligible compared to the elec- 
10 kilogauss the value of 4X/F fell from a ze irradiation tronic contribution. If the normal results are extrapolated to 
value of 210% to 7X10* for the highly damaged specimen. the sa r temperature range, the ratio of the superconduct- 
At the same time the exponent of H increased with exposure ing to the normal conductivity may be plotted as a function 
from 1.77 to 1.88. Thus, with neutron damage, the magneto- of reduced temperature, T/T crit. The points thus obtained 


approach the behavior can be combined with previous results’* for the electronic 2 - 
which may be compared with theory. 


resistance of graphite appears to 
typical of a good metal, both in absolute value and in field conductivity 
dependence. The reasons for this will also be discussed. 





1 Hulm, Proc. Roy. Soc. (London) A204, 98 (1950) 
? Goodman, Proc. Phys. Soc. (London) A 21 





* This work performed under contract for the U. S. Atomic Energy 
Commissior 2 
P13. Transverse Field Effects in PbS. D. E. Martz 


Pll. Thermal Conductivity of Superconducting Lead AND R. S. Wirre, U. S. Naval Ordnance Test Station — 
below 1°K. B. R. Feurx, L. Passet, ano H. B. Smspee, Recent investigations on commercial lead sulfide cells have 


University of California, Berkeley—The thermal conduc- revealed that large changes in resistance, time constant, and 
tivity of single crystals of high purity lead has been meas- SMsitivity can occur when the cells are subjected to de elec- 
ured from 0.15°K to 0.8°K in the superconducting state. The tric fields that are directed normal to the surface of the layer. 
electronic contribution should be negligible in this region A field directed from the substrate to the layer gives rise 
while the lattice conductivity is expected to follow the pre- ‘© an initial increase in layer resistance followed by a long 
. —~ ee - . - - ; j oe en _ leon Tunic saloon 
diction of Casimir.’ The experimental temperature depend- ‘*e™m (days) decrease to a very low value, Typical values 
ence is as 7*"™-*, i.e, faster than the 7* to be expected from f the initial resistance, peak resistance, and final equilibrium 


the specific heat, and the magnitude of the conductivity is Value are 1.0 megohms, 100 megohms, and 1000 ohms, re- 
appreciably smaller than predicted. The results suggest a  SPectively The rate of change in resistance is approximately 
scattering mechanism for phonons for which the cross section proports mal to the applied field and is strongly temperature 
increases with decreasing temperature. A speculative ex- ‘dependent In promeaste these changes, a metal film is either 
planation of the results will be offered evaporated or painted onto the underside of the glass sub- 
strate and voltage is applied between this backing and the 
layer. The changes are not observed if a thin insulating layer 
is placed between the metallic back and the glass. A two-step 
P12. Thermal Conductivity of Aluminum at Low Tem- mechanism is postulated. The field introduces ions from the 
peratures. |. Passett, B. R. Fetix, ann H. B. Sissee, glass into the layer and these ions then distribute themselves 
University of California, Berkeley —The thermal conduc- throughout the layer by means of thermal diffusion, 


* Casimir, Physica 6, 495 (1938) 
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j (R. Feynman, presiding 


Theory 


Q1. An Alternative Interpretation of Magnetic Forces time between scatterings may be short compared to the char- 
between Moving Charges. Jonn Backus, University of — acteristi 
Southern California.—Magnetic interactions of charges are have a succession of inde 





mes of the scatte 





x system, so that we no longer e 
lent scattering events with no 





usually described in terms of a force between a charge in phase relations between them, i¢., a Boltzmann transport 
motion (relative to an assumed reference system) and an- equation may be meaningless. A theory has therefore been 
other charge in motion. It will be shown that magnetic devel ped that omits the customary assumptions and treats & 
forces may be interpreted in terms of moving charges exert- the electric field as a perturbation. The resulting mo- 






ing forces on charges at rest, i.e., as forces acting -harges ty 1s uw=er/m where the (tensor) relaxation time 1+ 
0 


in relative motion. If charge q: is moving with a velocity vis given by thr=/f_.° exp(iwt) trace [(r(é), p)po dt, where 








relative to charge q:, and r is the vector from q: to qs, then r(t) is the Heisenberg position of the electron exp(iHt/h) 
if a force t (in addition to the Coulomb force) is assumed to -r exp Ht/h) and pe is the thermal equilibrium density 
act on gs, the usual formulas for the magnetic interactions of natrix exp(—8H)/trace [exp(—8H)], with B=(kT)* and 
circuits will result if f Vo, where, in mks units, ¢ H is the total (undecomposed) Hamiltonian of the electron- 
~(wogi/16r){(3(v-r) rn v/r)) lattice system. A generalized Nyquist theorem will be given 


that relates both the real and the imaginary part of the con- 


Q2. Generalized Theory of Mobility. Metvin Lax, Bell ductivity ¢(w) =ne*r/m to the current fluctuations. 
Telephone Laboratories and Syracuse University—In the 


presence of strong interaction between an electron and a Q3. A Schrédinger-Like Equation for the Measurement 
scattering system it is difficult, if not impossible, to decom Process. Ricnarp ScaLettar, University of Southern Cali- 
pose the Hamiltonian of the electron plus scatt¢ring system fornia.—It has been shown’ that, if ps and p. are the density 
uniquely into an unperturbed portion (describing the re- matrices before and after an ideal measurement and E is the 


normalized electron) and a perturbation. Furthermore, the measurement projection operator, then pea—EpE. If a se- 








SESSION 


quence of measurements, E(t,;), is performed at times ¢, 
=je(j=0, 1, 2,--+) and in the time intervals, ¢, between 
measurements, the system propagates undisturbed with a 
time-independent Hamiltonian, H, then the probabilistic be- 
havior at time fs is given by the state vector, 


V(te) > =Elte) exp( i) ¥(ts1)>. 


It follows that, if the measurement process is continuous in a 
sense to be defined precisely, 

h dE(t) | L(t) 
i dt ¥ 


> hd'y(t) 
ee ae 


{E()H- 





a Schrodinger-like equation for the ideal measurement proc- 
ess. (It is assumed that p is initially pure.) The physical 
significance of this result, its relation to the question of 
reversibility, and an application to Feynman’s statistical 
assertions’ will be discussed. 


1G. Ludwig, Die Grundlagen der Quantenmechanik (Springer-Verlag, 
Ber! 1954) 


P. Feynman, Revs 





Modern Phys. 20, 367 (1948) 





Q4. Variational Methods in Scattering Problems.* 
Mitprep M. Moe anv Davin S. Saxon, University of Cali- 
fornia, Los Angeles.—The application of variational methods 
to scattering problems has been limited by (a) the com- 
plexity of the integration required in the use of the Schwinger 
formulation’ even for the simplest trial functions, and (b) 
the difficulty of finding adequate trial functions in the rela- 
tively simple Kohn formulation.* We have slightly modified 
the latter by setting the trial function equal to the incident 
wave plus a correction term and then rewriting the varia- 
tional principle in a form independent of the amplitude of 
the correction term. In this form, any trial function can 
immediately be generalized using finite sets of partial waves 
as previously reported in connection with the Schwinger 
formulation. We have also examined the relation between 
the Kohn formulation in terms of phase shifts and in terms 
of the total scattering amplitude. As a result we have been 
led to the view that the variational principles for scattering 
can be formulated in an enormous variety of ways none of 
which can be selected a priori as preferable to any other 
Possible criteria for a choice 


are being sought. 


Science Foundation 


* Supported in part by the National 
79, 469 (1950) 


1B. P. Lippman and J. Schwinger, Phys. Rev 
?,W. Kobn, Phys. Rev. 74, 1763 (1948 


Q5. Polarization Effects in Electron-Photon Interac- 
tions. Cramer ScHuLtTz AND Ross D. F. THompson, Uni- 
versity of Southern California.—This paper discusses th 
means of detecting the circular polarization states of gamma 
rays. It is analysis of Compton scattering, 
using a method suggested by Halpern, offers the most ef 
fective means of determining the polarization. In addition, 
other experiments to detect circular polarization are discussed. 


shown that ar 


Q6. Radiative Corrections to Decay Processes.* R. E. 


Benrenpos, R. J. FInkKerstern, ano A. Sirtin, University 
of California, Los Angeles—Radiative corrections asso- 
ciated with the electromagnetic field have been determined 


for the decay of a fermion of arbitrary mass into a lighter 
one with the of a single boson or of two other 
fermions; no special assumptions have been made about the 
nature of the interaction responsible for the instability. The 
particular example of the muon-electron decay has been 
worked through in detail. Sufficiently accurate experimental 
determination of the muon spectrum would permit the ob- 
of a Lamb without vacuum polarization 


formulas for the Michel parameter p are given 


emission 





= 


ettect 


servation 


Modified 


Q 1809 


The experimental results of Lederman ef al.’ are modified 
by this correction from p exp=0.64+0.10 to 0.68+0.10. In 
addition the p values of the various proposed Fermi inter- 
actions are slightly altered. For example, the p of S-7T+P 
is decreased from 0.75 to 0.727. 


* This work was supported in part by the National Science Foundation 
1L. Lederman (private communication) 


Q7. Photoproduction of x-Meson Pairs in Hydrogen. 
F. Zacnariasen, M.1.T. (introduced by S. D. Drell).— 
The reaction y+p—>p+2*+" has been studied in the Chew- 
Low formalism,’ assuming a linear P-wave meson-nucleon 
coupling and no meson-meson interaction. It is found that 
in the low-energy region, where the production consists pri- 
marily of S- and P-wave mesons, the cross section for this 
process can be related exactly to the experimental meson- 
nucleon scattering phase shifts. In this region the pair pro- 
duction comes almost entirely from the @-At-¢@ coupling, 
only 10 to 15% being contributed by the meson current. 
The cross section obtained here seems to be consistent with 
existing experimental evidence.* Experimental information on 
the #-pair production in the energy region threshold to 
almost 500 Mev will then produce information on the size 
of the meson-meson interaction (of S- and P-wave mesons). 


1G. P. Chew and F. E. Low, private communication 
7M. L. Sands, private communication 


Q8. Some Remarks on Strangeness. S. Epstetn, Uni- 
versity of Nebraska.—We consider couplings of the form 
(baryon) (baryon)’(meson) between the baryons =, 2, A, 
and N, and the mesons @, #, and m, and try to determine the 
minimum physical requirements which must be imposed so 
that the resultant classification of couplings as strong or 
forbidden agrees with the strangeness rules." Our results 
may be stated as follows. There are several classifications 
consistent with the requirements that (A) hyperons and 
mesons should be stable against r emission and (B) that 
in -N collisions any of the hyperons can be produced in 
association with one or more heavy mesons, the nature of 
the latter being subject to the restriction (C) that it be 
impossible to convert two nucleons into two hyperons. The 
strangeness classification is then distinguished by the fact 
that it alone then permits 2 and A particles to be produced 
in association with but one positive heavy meson. We will 
also comment on the fact that with this model any reaction 
which conserves strangeness can be realized by a sequence 
of strong couplings 

1M. Gell-Mann, Phys. Rev. 98, 833 (1953); T. Nakano and K. Nishi 
jima, Progr. Theoret. Phys. Japan 10, $81 (1953) 


Q9. Difference in Lifetimes of ® and 6* Mesons.* S 
Oxuso AND R. Marsuak, University of Rochester —The 
lifetime of 6° is approximately 100 times shorter than that 
of 6°. Dalitz’ has suggested one possible explanation of this 
difference (assuming that @ is scalar) by remarking that the 
—>x* +e decay is compatible with the selection rule A/ 

+1/2 (I is the isotopic spin) whereas 6*—>9*+° requires 
4I=+3/2 and therefore may be more strongly forbidden 
We have examined an alternative explanation by postulating 
a strong pion-pion attraction in the appropriate /=0 state but 
not in the /=2 state. The parameters of the pion-pion at- 
tractive potential are determined by invoking the conjecture 
of Piccioni, Dyson,’ and Takeda that it is the same inter- 
action which is responsible for the second maximum in the 
negative pion-proton scattering cross section. The effect on 
the # lifetime is sensitive to the assumed range of the pion- 
pion potential. If the range is the nucleon Compton wave- 
length, it appears possible to reconcile the @ and @* lifetimes 
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If the range is closer to the pion Compton wavelength, the a strongly bound state of the proton-antiproton system* 


t alled nucleonium) has been examined for its bearing on 











present explanation seems insufficient 3 n 
Sieinceial Go onit fe Ge U. 8, Anenic Enmay Comatedes the production and annihilation processes involving anti- 
1 Private communication F protons. In estimates are made of the relative 
* See F. J. Dyson, Phys. Rev. 98, 1037 (1955) production cross section for nucleonium and the relative 


ion reaction which 


Q10. Remarks on the Anti-Proton.* T. Recce, S._ it makes possible 
Oxuso, ann R. Marsuax, University of Rochester—There 2 
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between the A-meson pair produc- 1E. O. Salant (private communication 
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is a striking re eb , 
tion mechanism at Cosmotron energies and the proton pair ? Multiple pior yn is also possible, even likely; multiple X-meson 
or tion at | tron ener nal gores — : < 

produ nat Deva ener s 4 TUS ORY stilized to 7M. Lévy rshak, Nuovo cimento Supplem. No. 2, 253 (1954) 
estimate the anti-proton yield at 6 Bev from the measured 

K--yield at Bev." The ant ation reactions p+p-—/ Q11. Wave Equations for Arbitrary Spin. C. Fronspat, 


a, Los Angeles—A method is pre- 
» equations for particles of arbitrary 











er so that they should a priors « pete f rably with derivir 

the ns p+p-r x” or 2r°.* Est t ut subsidiary conditions. The equations obtained 
annihilation cross sections |} een ma to 500 Mev lent to that of Dirac, for spin 4, and to that of 
kinetic ener the i nt antiproton, cons ing bot spin 3/2. The equations are not all of the first 
scalar and pse alar K-me s. Finally, the hypothesis of of orders 2s in the operator p 
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SP1. Electron Spin Resonance of Impurities in Mag- atellites, explainable for an electronic spin of 5/2. At high 
I : J V IV ty, a number of weak lines are found 





nesium Oxide.* E. Wertz ANA ) nectrometer sens 
) investigated. Heating to 
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S. T. Butler, and M. R. Schafroth—481 
Superconductivity of charged ideal Bose gas, M. R 
Schafroth—463 
Superfluidity of ideal Bose-Einstein gas, J. M. Blatt and 
S. T. Butler—476 
Thermodynamics of irreversible processes and Overhauser 
nuclear polarization effect, W. A. Barker and A. 
Mencher—1224(L) 
Statistical Methods (see Mathematical Methods) 
Superconductivity 

Angular correlation of annihilation radiation in super- 

conducting Pb, R. Stump—1256(A) 

Connection between superfluidity and superconductivity, 

M. R. Schafroth—502 

Effect of pressure on superconducting transition tempera 

ture of Tl, J. Hatton—1784(L) 
Phenomenological equations for superconductors, M. R 
Schafroth and J. M. Blatt—1221(L) 

Properties of In and “Tl at low temperatures, C. A 
Swenson—1607 

Relative absorption of 10 Mc/sec longitudinal sound waves 
in superconducting polycrystalline Sn rod, L. Mackinnon 
—655 

Search for Hall effect in superconductor. Il. Theory, 
H. W. Lewis—641 
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Superconductivity (Continued) 

Superconductivity at mm wave frequencies, Gilbert S 
slevins, Walter Gordy, and William M. Fairbank 
1215(L) 

Superconductivity of charged ideal Bose gas, M. R. Scha- 
froth—463 

Superconductivity of Zr alloys, B. T. Matthias and E 
Corenzwit—626 

- 


Thermal conductivity of In-T1 alloys in normal and 


1 super 
conducting states, Norman E. Phillips—1719 

Thermal conductivity of superconducting Pb below 1°K, 
B. R. Felix, L. Passell, and H. B. Silsbee—1808(A) 

Ultrasonic attenuation in superconducting and normal 
conducting Sn at low temperature, H. E. Bommel 
758(L) 


Supersonics (see Fluid Dynamics) 


Thermal Conductivity (sec Thermal Properties 
Thermal Diffusion (sce Diffusion) 
Thermal Expansion (see Thermal Properties 
Thermal Properties 
Magnetic and thermal properties of Ul, at liquid He 
temperatures, |. D. Roberts and R. B. Murray—650 
Properties of In and T1! at low temperatures, C. A. Swen 
son 1607 
Stored energy release in graphite irradiated at low tem 
peratures, S. B. Austerman—1807(A) 
Temperature anomalies in properties of liquid water, W 
Drost-Hansen and H. W. Neill—1800(A 
Thermal conductivities of gases and gaseous mixtures 
J. M. Davidson—9%66(A) 
rhermal conductivity of Al at low temperatures, L. Passel! 
B. R. Felix, and H. B. Silsbee—1808(A) 
[Thermal conductivity of In-T1 alloys in normal and super 
conducting states, Norman E. Phillips—1719 
Thermal conductivity of neutron-damaged graphite 
S. Rasor and John E. Hove—1806( A) 
Thermal conductivity of superconducting Pb below 1°K 
B. R. Felix, L. Passell, and H. B. Silsbee—1808(A) 
Thermal diffusivity of U from room temperature to 
1000°C, P. H. Sidles—1256(A) 

Variation with temperature of thermal conductivity of 
seven alkali halides, Kathryn A. McCarthy and Stanley 
S. Ballard—969(A) 


Ned 


‘ 


Thermal Radiation (see Radiation) 
Thermionic Emission (see Electrical Properties) 


Thermodynamics (see Statistical Mechanics and Ther- 


modynamics ) 


Thermoelectric Effect (see Electrical Properties; Semi- 


conductors) 
Thermoluminescence (see Luminescence) 
Thermomagnetic Effect (see Magnetic Properties) 


Total Cross Sections (see Electrons and Positrons; 


Nuclear Reactions) 
Transmutation (see Nuclear Reactions) 


Uncertainty Principle (see Quantum Mechanics) 
Units (see Constants, Standards, Units) 


Vacuum Tubes (see Methods and Instruments) 


Van der Waals Forces (see Molecular Structure and 


Spectra) 
Viscosity (see Liquids) 


Wave Mechanics (see Quantum Mechanics) 
Work Function (see Electrical Properties) 


X-Rays 

Auger effect in Fe, Ni, Cu, and Zn, Charles E. Roos— 
1267(A) - 

Effect on x-ray fine structure of deviations from a Cou- 
lomb field near nucleus, A. L. Schawlow and C. H 
T ownes 273 

K-series fluorescence yields of A®, Cu, and In’, G. R 
Harrison, R. C. Crawford, and J. I. Hopkins—841 

Miy and My absorption lines and edges of oGd, wDy, and 
»wYb, Hassan F. Zandy—1549( A) 

Mesonic x-rays from capture of cosmic-ray « mesons in 
chemical compound, A. Fafarman and M. H. Shamos 
—874 

Soft x-ray absorption of Te and vitreous and metallic Se, 
M. Parker Givens, Charles J. Koester, and William L. 
Goffe—1112 

Soft x-ray emission spectrum of Ge, D. E. Bedo and D. H 
Tomboulian—1257 (A) 

Ic K x-ray spectrum, George L. Rogosa and William F. 
Peed—1763 


X-ray lattice constant of BaO, Robert J. Zollweg—671 
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